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Preface

This study guide is based on the prescribed book

J.W. Brown and R.V. Churchill: Complex variables and Appli-
cations (8th edition), McGraw—Hill, New York, 2009,

and must be used in conjunction with this book. In the guide the prescribed book
is called “the textbook”, and the chapter numbers correspond with those in the
textbook. Most of the guide consists of solutions to selected problems set in the
textbook, and, since we make many references to various sections of the textbook,
the guide will be of no use to you unless you have the textbook in front of you.

The study material consists of the following sections in the textbook:

Chapter 1: All sections. (Note that aside from section 11, the material in this chapter
is mainly a revision of material dealt with in MAT1511 and MAT1503.)

Chapter 2: Sections 12-27. We will only study section 27 up to and including the
formulation of the theorem on p. 84. (Note that in essence much of
the material of sections 15, 16 and 18 is also covered in MAT2613 and
MAT3711.)

Chapter 3: Study sections 29-35 only, and leave the section on inverse trigonometric
and hyperbolic functions.

Chapter 4: Study all sections (37-54). (Note that sections 37-39 are largely a revision
of concepts dealt with in MAT2615.)

Chapter 5: Study all sections (55-67). In section 66 the proofs of Theorems 1 and
2 may be left. (Note that aside from the fact that here we are dealing
with series of complex rather than real numbers, the material in sections
55, 56 and 63 and much of the material in section 67 was dealt with in
MAT2613 and hence may be viewed as revision.)

Chapter 6: Study sections 68, 69, 70, 72-77. (So leave section 71).

Chapter 7: Study sections 78-83 and sections 85-87. (So leave sections 84, 88 and
89.)

The material that is largely revision will not be greatly emphasized in this
course, but should nevertheless be studied as it forms essential background for the
rest of the course.

The guide consists mainly of solutions to some of the problems in the textbook.
Use these solutions as follows:
e First study the relevant sections in the textbook.
e Then get the numbers of the problems solved in the guide, BUT DO NOT
READ THE SOLUTIONS. Try and solve these problems on your own.
e Then compare your solutions with those in the guide.

When reading the textbook and this guide you should have paper and pencil
at hand. There will be steps left out by the author which you must fill in as you
read — it is not possible to write a mathematics book without leaving steps out and
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you should regard learning this “filling in ” process as part of your mathematical
training.

Finally keep in mind that no shortcut — no matter how slick — can ever serve
as a substitute for hard work. In the words of Thomas Edison: “Genius is 1%
inspiration and 99% perspiration”.

Good luck with your studies!

LE Labuschagne



A road—map to MAT3705

This course aims at providing an introduction to the analysis of complex-valued
functions defined on some subset of the complex plane. It investigates and weaves
together the three strands of differentiability, Taylor and Laurent series, and inte-
gration theory. As the reader will realise the nature of complex analysis is such
that it rests on a number of extremely deep and elegant principles and techniques.
A lot of initial hard work is needed to establish these techniques and principles, but
once in place, they prove to be an extremely powerful, almost indispensable, tool
for solving a variety of problems in analysis. Initial effort at mastering and under-
standing these principles will be well rewarded. To fully appreciate the theory, you
will need some geometric insight. If you try to learn this material “parrot fashion”,
you may just scrape a pass, but you will neither be able to appreciate the beauty
of this theory, nor be able to exploit its power. In what follows we will attempt to
give a brief resumé of the course, and the road we are going to walk in adding the
powerful theory of complex analysis to our mathematical arsenal.

Chapter one of the textbook is mainly revisionary in nature and reviews the
fundamentals of complex numbers in addition to introducing the conceptual frame-
work within which we will proceed with deeper analysis in the subsequent chapters.
The main function of chapter 1 is to set the scene for what follows and since much of
this material is already covered in MAT1511 and MAT1503, you should not pause
too long here.

Chapter two introduces and studies the idea of differentiability of complex
functions, with cahpter three introducing and describing complex analogues of some
common elementary functions. Though much more can be said, two overriding
themes will emerge from your study of differentiability: Firstly the central role the
Cauchy-Riemann equations play in identifying the points at which a given function
is differentiable, and then later the close link of differentiability to power series.
As you will see when investigating differentiability, the Cauchy—Riemann equations
are an extremely powerful and useful tool in eliminating a large number of points
where a given function cannot possibly be differentiable. However, they are not
always as useful in finding points where the function actually is differentiable (see
the discussion at the start of section 22 of the textbook).

Laplace’s equation plays a very important role in Applied Mathematics. One
very valuable serendipity of the complex theory of differentiability, is that it provides
us with a large number of solutions of Laplace’s equation. Specifically if a complex
function is differentiable on some domain, then both its real and imaginary parts
turn out to be solutions to Laplace’s equation on that same domain.

With the theory of differentiability in place, we proceed to investigate integra-
tion theory for complex functions. The theory of complex integration is extremely
elegant and once again closely linked to the concept of analyticity. In chapter four
we initiate our investigation of complex integration by first of all considering the
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problem of existence of antiderivatives, and then (through the Cauchy—Goursat
theorem) showing that analyticity of a function is sufficient to guarantee the exis-
tence of antiderivatives. Building on this foundation we may then derive the very
powerful Cauchy Integral formulae.

Besides yielding other unexpected bonuses like Liouville’s theorem, the Fun-
damental Theorem of Algebra, and the Maximum Modulus Principle, the Cauchy
Integral formulae provide the tools we need to proceed to the next phase of our
programme which is to show that any function which is analytic on a region except
maybe at finitely many exceptional points, can effectively be broken up into powers
of (z — z0) on that region. We develop these ideas in a mathematically precise way
in the form of the theory of Taylor and Laurent series in chapter five. For example
if we compare Taylor’s theorem to the corollary on p. 215 of the textbook, it is clear
that that a function is analytic at a point (i.e. differentiable is some neighbourhood
of a point) if and only if it can be written as a power series at that point. Ultimately
we will see that any function f which is differentiable in a neighbourhood of zy,
except perhaps at zg itself, can be written in the form

F)= Y] anlz—=)"
around z9. Therefore terms of the form (z — 2¢)", prove to be the basic building
blocks of such functions. Now let v be a positively oriented circle in this neighbour-
hood centred at zg. The easily established fact that

n o, 0 if n#£-1
A(Z_ZO) d'z_{ omi if n=—1

(n € Z) now proves to be rather more significant than anticipated. Arguing formally
we have that

[1@a= 3w [z =omias
Y n=—oo Y

The integral of any such function may therefore be computed by effectively breaking
the function up into its component parts and integrating each component separately.

Having shown that any “nice” function may be broken up into powers of (z — zg)
at each point z, we are finally in a position to establish the promised residue theory
in chapter six. In short the result basically says that if a function f is of the form

oo

F)= Y an(z—2)"

n=—oo

inside and on a positively oriented closed curve v (with zy inside ), then

/7 f(2)dz = 2mia_,.

For such functions the process of integration therefore consists of computing the
coefficient a_; (the so—called residue of f at zp). As may be expected much of
chapter six is then devoted to developing techniques for computing the coefficient
a—_1. This simple yet elegant principle of integrating by computing residues enable
us to effectively compute a wide range of diverse complex integrals.

Finally in chapter seven we turn to applications, showing how the power of
complex analysis may be used to elegantly solve a number of highly non-trivial
real integrals.
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CHAPTER 1

Complex Numbers

All sections must be studied. The work in this chapter is mainly revisionary
in the sense of revising much of the material on complex numbers dealt with in
MAT1511 and MAT1503. Whereas sections 1-10 are more technical, the material
in section 11 is more conceptual by nature. Some of these concepts may be new
to you. Be sure you grasp their meaning as they will form the framework within
which we will describe more advanced concepts and techniques in later chapters.

The set of all complex numbers is essentially a two-dimensional extension of
the field of real numbers. By a complexr number we mean a number comprising a
real and imaginary part. It can be written in the form a+ib, where a and b are real
numbers, and i is postulated to be the imaginary unit with the property i2 = —1.
The complex numbers clearly contain the real numbers — these may be identified
with the complex numbers for which the imaginary part is zero. Extending the field
of numbers from the reals to the complex numbers, will enable us to solve equations
like w? = —1, that we weren’t able to solve using only real numbers. Specifically
with complex numbers, a solution exists to every polynomial equation of degree
one or higher. However although we gain a lot in passing to complex numbers,
we also lose something: in view of the fact that the field of complex numbers is
two-dimensional, there is no sensible way in which to order complex numbers. In
other words statements like p > ¢ that seem so natural when dealing with the reals,
make no sense for complex numbers.

In this first chapter we revise the basic algebraic properties of complex num-
bers, we look at two ways of representing complex numbers (cartesian form and
polar form), we look at the process of computing roots of complex numbers, and
investigate the properties of the modulus and complex conjugation functions.



Solutions to selected problems

Below you will find solutions to some of the exercises in chapter 1. Be sure to
attempt these yourself before you work through the solutions.

Exercise 1, §2, p. 5
Verify that

() (V2-i)—i(1-vai) =25 () (2-3)(-21)=(-18);

© G061 (5q) =)

Solution:

(a)

- —i)+(-v2-i)
= ~V2) +i(-1-1)
S
(b)
(2,-3)(—2.1) = (2(=2) - (=3)1, (=3)(~2) + 2.1)
= (-1,8)
(c)
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Exercise 4, §2, p. 5
Verify that each of the two numbers z = 1 4 ¢ satisfies the equation

22-92242=0.

Solution:
z =1+1 yields

(142 —2(1+14)+2

(1=1)+i(1+1)—2(1+1i)+2
— 22— (242i)+2
0.
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Similarly if z =1 — 4 then
(1—i)?—2(1—i)4+2=—2i—(2—2i)+2=0.

Exercise 5, §2, p. 5
Prove that multiplication is commutative, as stated at the beginning of Sec. 2.

Solution:
Let z1 = &1 + iy and z2 = x2 + iy2 where x1, x2, y1 and yo are real. Then
using the fact that multiplication of real numbers is commutative, we can show that
zize = (21 +iy1) (22 +iy2)
= (122 — Y1y2) + i (Y122 + T1Y2)
= (2221 — Y2y1) + i (T2y1 + Y211)
= (z2 +iy2) (z1 +iy1)

zZ2Z271.

Exercise 7, §2, p. 5
Use the associative law for addition and the distributive law to show that

2 (214 220+ 23) = 221 + 222 + 223.

Solution:
z(z1+2z2+23) = z((z21+22)+ 23) by (2) of section 2
= z(z1+ 22) + 223 by (3) of section 2
= (221 + 222) + 223 by (3) of section 2
= 221+ 229+ 223 by (2) of section 2

Exercise 9, §2, p. 5

(a) Write (z,y)+ (u,v) = (x,y) and point out how it follows that the complex
number 0 = (0,0) is unique as an additive identity.

(b) Likewise, write (z,y) (u,v) = (x,y) and show that the number 1 = (1,0)
is a unique multiplicative identity.

Solution:

(a) Let (u,v) be any complex number such that (z,y) + (u,v) = (z,y) for all
(z,y) € C. Then surely

(0,0) = (0,0)+ (u,v) by assumption
= (u,v) by (4) of section 2.
(b) Let (u,v) be given such that (z,y) (u,v) = (z,y) for all (x,y) € C. Then
(1,0) = (1;0) (u,v) by assumption
= (u,v)(1,0) by (1) of section 2
= (u,v) by (4) of section 2.

Exercise 1, §3, p. 8

Verify that

14+2¢ 2—1 2 5 )
@) Tt T A P Yo I Yo L
()  (1—i)=—-a




Solution:
(a)
1420 2—4  (142i)5i+ (3 —4i)(2—1)
5—4i | 5 (3 — 44) 5i
(=10 +5i) + (2 — 114)
N 20 + 151
_ (-8-60)
(20 + 154)
_ (=2)(4+30)
 5(4+30)
2
T 05
(b)
5 - 5
I-)2-0)B-i)  [@-D+i(-2-D]B—i)
5
 (1-30)(3-1)
7 5
(3=-3)+i(-9-1))
5 10
= T 100
~ 50i
"0
T2
(c)
(1—" = [1=)@a—a)
(11— (=1). (=1) +i (-1 1+ 1 (-1)?
= [-2i]
= (0.0 - (=2)(=2)) +i(0.(=2) + (-2)0)
= 4

Exercise 4, §3, p. 8

Prove that if 212923 = 0, then at least one of the three factors is zero.

Suggestion: Write (z122) z3 = 0 and use a similar result (Sec. 3) involving two
factors.

Solution:

Suppose z1z22z3 = 0. By the discussion at the start of section 3, it is clear
that if (z122) z3 = 0 then one of 2129 and z3 is zero. If therefore z3 # 0 we must
then have z12z9 = 0 in which case one of z; and z9 must then be zero. Therefore if
z12923 = 0, then at least one of z1, zo and z3 is zero.

Exercise 2, §4, p. 12
Verify inequalities (3), Sec. 4, involving Rz, Sz, and |z|.
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Solution:
Let z = R (2) +iS (2). Now since S (2)*> > 0 we have that

RGP <RE)P+S()P =2,

Taking square roots now yields

R (2)] =R (2)* <2
Since by definition
ReI={ R ¥ w650
we also have
R(z) < IR (2)].
In a similar fashion we can show that

S(z) < [S(2)] <zl

Exercise 4 (a) & (b), §4, p. 12
In each case sketch the set of points determined by the given condition:

(a) |z—14+14=1; (b) |z241|<3;

Solution:
(a) Here 1 = |z —1+4+14| = |z— (1 —4)|. Thus this denotes the circle with
centre (1 — i) and radius 1.

y

—i 1+ °

(b) 3> |z+1i| = |z — (—i)| This is the locus of all points within a distance of
no more than 3 units from (—3).

D

Exercise 5, §4, p. 12
Using the fact that |21 — 23] is the distance between two points z; and 22, give
a geometric argument that
(a) the equation |z — 44| + |z + 4i| = 10 represents an ellipse whose foci are
(0, 14) )
(b) the equation |z — 1| = |z + #| represents the line through the origin whose
slope is —1.



Solution:

(a) |z —4i| + |z + 4i] = 10 is the set of points z = (z,y) for which the sum
of the distance from 4¢ = (0,4) and from —4i = (0, —4) is precisely 10 (a
constant). Since 10 is larger than the distance between (0,4) and (0, —4),
(8 units) this yields an ellipse with foci at (0,4) and (0, —4).

(b) |z —1| = |z + 1| is the set of all points equi—distant from 1 = (1,0) and
—i = (0,—1). The locus of points is therefore a straight line. Note in
particular that both (0,0) and (4, —1) = 1 ((1,0) + (0, —1)) are equidis-
tant from (1,0) and (0, —1) and hence on this line. The slope of the line

(0=(=3))

is therefore oIy T —1.

=
~—

Exercise 2, §5, p. 14
In each case sketch the set of points determined by the given condition:

(a) R(z—i)=2; (b) |2z+i|=4
Solution:
(a) With z =z + iy (z,y € R) we get
REzZ—-1i) = R@—i(y+1))
= z
Rz.
Thus R (Z — i) = 2 is the straight line R (z) = 2.

y

(b) Since 22— i = 2% + i, we have that [2z —i| = |2z —i| = [22+4]. So
|2Z 4+ i| = 4, is the same as |2z — i| = 4. But this holds if and only if
|z — (i/2)] = 2. So this is the circle of radius 2 centred at i/2.

5

Y| 2
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Exercise 3, §5, p. 15
Verify properties (3) and (4) of Z in Sec. 5.

Solution:

Let z1 = 1 + ty1 and 2o = x5 + ty2 where x1, x2, y1 and ys are real. Then
Z1 = x1 — ty1 and Zy = xy — iye. Therefore using the elementary properties of
addition and multiplication we see that

z1—22 = ((v1+iy1) — (z2 +iy2))
(1 —x2) +1i (Y1 — Y2)

= (v1—22) —i(y1 —y2)
(x1 —iy1) — (22 — iy2)

Z1 — 22

and that

x1 +iy1) (z2 + iy2)
T1Z2 — Y1Y2) + i (Y122 + T1Y2)

iz = (
(
(172 — Y1y2) — i (Y172 + T1Y2)
(
(z

z1z2 — (=y1) (—y2)) + i ((=y1) 22 + 21 (—y2))
—iy1) (z2 — iy2)

S’I“

=z

Exercise 5, §5, p. 15
Verify property (9) of moduli in Sec. 5.

Solution:

Note that
2

2!

|
—
S
N—
/N

) by (7) of section 5

21
D)
= (%) (%) by (5) of section 5

2
= (@) by (7) of section 5.

Now take square roots to see that

|21]

|zl

2!

z2

Exercise 9, §5, p. 15
By factoring z* — 422 + 3 into two quadratic factors and then using inequality
(8), Sec. 4, show that if z lies on the circle |z| = 2, then

1 < 1
24— 422437 3
Solution:
First note that
24—422—1—3} = |(z2—3)(z2—1)}
= |2 =3||" -1
> |z|2—3‘ |z|2—1‘.




Thus if |z| = 2 then |z* — 422 + 3| > (4 — 3) (4 — 1) = 3, whence
1 B 1 1
24— 422 43| |24 —422+3] — 3

Exercise 11, §5, p. 15

Use mathematical induction to show that when n =2, 3,....
(8) zitza+ -tz =Z1 + 22+ + Zn;
(b) 2122 " Zp = 2122 Zn-

Solution:

(a) By (2) in section 5, z1 + 29 = Z1 + 22 for all z1, 22 € C. Now suppose
that for some fixed k > 2 we have that

sttt ta=21+2Z2 4+ + 2k

for all z1, z9,..., 2z € C. Then given any 21, 29,..., 2k, 2k+1, it follows
that

21+ 22+ 23 2k 24
(z14+ 224+ 2k) + 2p11
= 21+22+ -+ 2k +Zktr1 by (2) of section 5
= Z1+Z2+ - +Zp +Zkr1  (by the induction hypothesis).

Thus by induction

21tz + - +2,=Z1+Z2+ - +2Z, foralln>2.

(b) This follows by a similar argument using (4) of section 5 instead of (2).

Exercise 14, §5, p. 15
Using expressions (6), Sec. 5, for Rz and Sz, show that the hyperbola 22 —y? =
1 can be written

Solution:
Suppose z = = + iy where z, y € R. Then by (6) of section 5

?-yt=1 & %(2)2—%(2)221

2+z2\? [(2-7\°
() -(=0) =
(z+2)° (-2’
4 * 4
& (P42:2+7°) + (7 —222+7°) =4
& F+7 =2

=1

Exercise 4, §8, p. 22
Solve the equation |¢" —1| = 2 for §(0 < 6 < 27) and verify the solution
geometrically.

Solution:

Rewrite [ — 1| = 2 as|(cosf — 1) + isin | = 4, which reduces to cos = —1.
Since 6 is to be in the interval 0 < 0 < 2, it follows that & = . This solution of
the equation ‘ei‘g — 1’ = 2 is geometrically evident if we recall that e lies on the
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circle |z| = 1 and that ’ew — 1‘ is the distance between the points e’ and 1. See
the figure below.

eie

A
NI

Exercise 5, §8, p. 23
By writing the individual factors on the left in exponential form, performing

the needed operations, and finally changing back to rectangular coordinates, show
that
(a) i(1—+3i) (V3+i)=2(1+3i); (b) 5i/(2+14) =1+ 2

(©) (=149 =-8(1+1); (d) (1+v3i) =271 (—14 V3i).

Solution:
(a) Clearly i = e'™/2,
For 1 — v/3i we have r = /1 + 3 = 2. Thus we need 0 such that
1 —V3i = 2(cosf +isinb), i.e. cosf = i, sinf = —@. We may let
0 =—Z. Then

1-V3i = 2 (cos (—%) +isin (—g))

= 2¢7i/3,

For V3+i,r = /3+ 1 = 2. Select ¢ such that v/34i = 2 (cos ¢ + i sin ),

ie. cosp =3 sing = 1. We may let ¢ = Z whence V3 +i = 2¢'%.

2 2 6
Thus
i(l _ \/§z) (\/§+z) — T .2e7E 2008
T .. T
= 4 (cosg —i—zsm—)

3
- 2(1+\/§i).

b) Clearly 5i = 5e*2. Now for 241, r = /22 + 1 = /5. Thus if we select
Yy

RS [O, %} so that cosf = % and sinf = %, then we will have

2+i=15cos6+ivV5sind = vV5e®.
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(Since here tan§ = % = 1, 0 = arctan (1) will do the trick). Then

R

. 1/ 1
il - = o¢ _ (where 6 = arctan =)
2+i NG 2

—  /Bei(r/2-0)
= \/5(005 (g —6‘) +isin(g —9))

= V5 (sinf +icosh) by trigonometric identities
1 2
= V5 (— + —z) by the way 6 was chosen
NCRENG Yy Yy
= 14 2.

(c) For —1 44 we have |14 i| = v/2. Thus to write —1 4 i in polar form

we need to find 6 with —1 + 4 = /2 (cos# + isinf). Then cosf = —%,
1 ™

sinf = ok Clearly 6 = 7 — 7 will do the trick, i.e.
(=141) = V26T,
Then
7T aNT
(140" = (V) (%)
— 25"
— 923934i(57+%)
8v/2 (cos (57r + g) + ¢sin (57T + g))
1 )
sva (- - L
(%)
= —8(1+44).
(d) We need to select 6 so that

1+ /3 ’1+\/§i
= 2cosf+i2sinb

(cosf +isinh)

(i.g;r cosf =1, sinf = @) We may therefore set § = Z to get 1+ /3i =
2e's. Then

(1+\/§i)_10 ()
— 9-10 (ei(flog))

— 9-10,i(-37-7%)

= 2710 (cos (—371' — g) + i sin (—37r — %))

1 3
_ 910 __+\/—l
2 2

_ ou (—1+ \/51)

Exercise 7, §8, p. 23

Let z be a nonzero complex number and n a negative integer (n = —1,—2,...).

Also, write z = re? and m = —n = 1,2,.... Using the expressions z™ = r™¢™?

and 271 = (1/r) €(=9), verify that (2™)"' = (271)"™ and hence that the definition

2" = (z_l)m in Sec. 7 could have been written alternatively as 2" = (zm)_l.
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Solution:
Here z = re' is any nonzero complex number and n a negative integer (n = —1,
—2,...). Also, m=—-n=1,2,.... By writing

0

my—1 _ (.m _im8 -1 _ i i(—m@)
eyt = e = L
and . .
(=)™ = Lico| _ (L) Licmo _ L i-mo
r r rm ’

we see that (2”) ' = (271)™. Thus the definition 2" = (2~')™ can also be written

as 2" = (™).
Exercise 8, §8, p. 23
Prove that two nonzero complex numbers z; and zs have the same moduli if
and only if there are complex numbers ¢; and ¢ such that z; = ¢1c and 29 = ¢1%5.
Suggestion: Note that

01 + 0> 01 — 0> .
exp | i—— exp | i——— | =exp (i61)

and [see Exercise 2(b)]

01+ 02 01— 0 .
exp | i———— |exp |1 = exp (i02) .
2 2
Solution:

First of all, given two nonzero complex numbers z; and z3, suppose that there
are complex numbers ¢; and ¢ such that z; = c1co and 29 = ¢1¢3. Since

|z1] = le1]|ea] and  |z2| = [e1| @] = |ex][ezl,

it follows that |z1| = |22]|.

Suppose, on the other hand, that we know only that |z1| = |z2|. We may write
z1 =r1exp (i61) and 23 =ryexp(ibs).

If we introduce the numbers

(.91+92) <.91—92>
cp=riexp|i 5 and cy =exp |7 5 ,

we find that

01+ 02 01— 0o .
C1C2 = T1 €Xp ZT exXp | 5 =T exp (291) =21

_ 01+ 0o 01— 0o .
C1C2 =T1eXp (1 exp | —1 =T exp(z6‘2) = Z9.

and

2
That is,

zZ1 = C1C2 and 29 = C1C3.

Exercise 10, §8, p. 23
Use de Moivre’s formula (Sec. 7) to derive the following trigonometric identi-
ties:

(a) cos360 = cos®  — 3 cosfsin? 0 (b) sin 30 = 3 cos? §sin O — sin® .
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Solution:
We know from de Moivre’s formula that

(cos @ + isin0)® = cos 30 + i sin 36,
or
cos® 0 + 3 cos® 6 (i sin6) + 3 cos b (i sin ) + (i sin)® = cos 30 + i sin 36.
That is,
(cos3 0 — 3 cos 0 sin® 9) +1 (3 cos® fsin § — sin® 0) = cos 30 + i sin 30.

By equating real parts and then imaginary parts here, we arrive at the desired
trigonometric identities:

(a) cos30 = cos® @ — 3 cosfsin? 0 (b) sin36 = 3cos?fsinf — sin® 4.

Exercise 11, §8, p. 24

(a) Use the binomial formula (Sec. 3) and de Moivre’s formula (Sec. 7) to
write

n

.. o n n—=k .. k o
cosn@—l—zsmnﬁ—];)( 3 >cos 6 (isin0) (n=1,2,...).

Then define the integer m by means of the equations
[ n/2 if n is even,
M= (n=1)/2 ifnis odd,
and use the above sum to obtain the expression [compare Exercise 10(a)]

m

cosnf = Z ( 272 ) (—1)" cos™F g sin®* (n=1,2,...).
k=0

(b) Write £ = cosf and suppose that 0 < 6 < 7, in which case —1 < z < 1.
Point out how it follows from the final result in part (a) that each of the
functions

T, (z) = cos (ncos™" ) (n=0,1,2,...)

is a polynomial of degree n in the variable z.

Solution:
(a) By the Binomial theorem

n

(cosf +isinf)" = Z < Z ) cos” F 9 (isinf)"  (neN).
k=0

Combining this with de Moivre’s formula it follows that
cosnb +isinnf = (cosf +isinfh)" = Z ( Z ) cos" 6 (isin )" .
k=0

Since (i)*™ =1, (i)™ =i, ()" = =1 and ()" = —i for each
m € Z, it follows that taking the real part of the above sum is the same
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as summing over only even values of k. Hence if m denotes the largest
integer less than or equal to n/2, we get that

cosnfl = RN (cosnb +isinnb)

= R (zn:( Z >cos"k9(isin9)k>

k=0

m
= Z ( " ) cos™ %P 93P sin’P §
2p
p=0

- Z( 2" )(—1)pcos"_2p981n2p9.
p=0 b

(Here we have replaced even values of k by 2p.)

(b) Let 0 < ¢ < 7 and let * = cosf. Then sinf > 0, and so sinf =
V1 —=cos26 =+/1— 22. Hence

T, (z) = cos(narccosz)

cos (nd)
= i ") (—1)P cos™ 2P 9sin 6
2p
p=0
(m as in part (a))

_ i( 2’;)(—1)%”—21’( 1—w2)2p

p=0

_y < " )(_1)1”3;”—% (1-2%)".

p=0 2p

Now for any 1 <p<m

2 (1— %)’ = x"—%zp:( P ) (—1)" 2?r

r=0
is a polynomial of degree n. (To see that this really is of degree n and not
something smaller, note that for this polynomial the nth term is the term
corresponding to p = r; that is (—1)P2".)
If we substitute the above formula into the expression for T, (x), it
follows that T, is a polynomial of degree n with nth term

p=0 p=0

Exercise 1, §10, p. 29
Find the square roots of (a) 2i; (b) 1 —+/3i, and express them in rectangular
coordinates.
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Solution:
(a) Since 2i = 2exp [i (3 + 2km)] (k = 0,£1,£2,...), the desired roots are

(k=0,1) (2i)? = V2exp [z (%—i—kw)}

That is,
o T T 1 7
co = V267 :\/ﬁ(cos——i-isin—) _\/5(—4——) =1+14
’ 4 4 V2 V2
and

€l = (\/561%) e =—cy=—(1+41),

co being the principal root.
(b) Observe that 1 —v/3i = 2exp [i (—F + 2km)] (k= 0,+1,42,...). Hence
1
(k=0,1) (1—\/52')2 = V2exp [z (—%—l—kw)}.
The principal root is

co = V2e ™% Z\/i(cos%—isinz) :\/§<ﬁ_ﬁ> _ V3 —i

6 2 2

and the other root is

i\ V3 —i
1= (\/56_’5) e = —¢cog=— .
V2

Exercise 5, §10, p. 30
(a) Let a denote any fixed real number, and show that the two square roots
of a + 1 are
+VA exp (z%) ,
where A = Va? + 1 and o =Arg(a + i).

(b) With the aid of the trigonometric identities

2(04) 1+ cosa . 2(04) 1—cosa
cos’ (=)= ———, sin“(-)=—7—
2 2 ’ 2 2 ’
show that the square roots obtained in part (a) can be written

\/A—l—a—l—i\/A—a).

1
£
V2
Solution:

(a) Let a denote any fixed real number. In order to find the two square roots
of a + i in exponential form, we write

A=la+il=va*+1 and a=Arg(a+1i).

Since
(k=0,+1,%2,...) a+i= Aexp[i(a+ 2kn)]
we see that
N yael
(k=0,1) (a+14)2 = Aexp[z(g—i—kﬂ)}.

That is, the desired square roots are

VA and VAe'ze™ = —/ A2,
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(b) Since a + i lies above the real axis, we know that 0 < « < m. Thus
0 < § < 3, and this tells us that cos ( ) > 0. Since cosa = %, it follows

that
/1—|—cosa \/ a \/A—i—a
cos— —
1T VA
and
1—cosa \/ a _ —a
2 A A'
Consequently,
. . VA+a VJA-a
+VAE = +VA cosg—i—zsmg ::I:\/Z( +1
( 2 2) V2VA T V2VA

1

+— (\/A—l-a—l—i\/A—a).
V2

Exercise 6, §10, p. 30

Find the four roots of the equation z* + 4 = 0 and use them to factor z* + 4
into quadratic factors with real coefficients.

Solution

The four roots of the equation 244 = 0 are the four fourth roots of the number
—4. To find those roots, we write —4 = dexp[i (v +2km)] (k=0+1,£2,...).
Then

(k=0,1,2,3) (—4 )% \/_exp{ (Z—I—?)] V2eiieths
To be specific,
- T T 1 1
co = V2e' :ﬁ(cos—+isin—) _\/§<—+—) =141,
’ 4 4 V2 V2
a1 = coe't =(1+14)i=—1+1,
Cy = CO

)
=(1+z)( 1) =-1—14,
c3 coei%ﬂ:(l—i—z)( i)=1-—1.
This enables us to write

244

(z—co)(z—c1)(z—c2) (2 —c3)
= [(z—ca)(z—e2)].[(z — o) (2 — c3)]
= [(z+1) - H(Z+1)+Z] [(z—1) —d][(z = 1) + ]

= [+ G-
= (2+22+2)(¢° —2z+2).
Exercise 7, §10, p. 309
Show that if ¢ is any nth root of unity other than itself, then

l+ct+c+---+c"=0.

Solution:
Let ¢ be any nth root of unity other than itself. With the aid of the identity
(Exercise 9, Sec. 8),

1_ n
(= £1) T B S

1—=2
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we find that
l+ce+c+- 4= —

Exercise 1-3, §11, p. 33
Sketch the following sets and determine which are domains:

(a) |z —241i| < 1; (b) |2z + 3| > 4;
(c) Sz > 1; (d) Sz =1;
() 0<Arg:<Z(z#0) 6 le—41>]s].

Which sets in Exercise 1 are neither open nor closed?
Which sets in Exercise 1 are bounded?

Solution:

(a) Write |z —241i] < 1 as |z—(2—1)] < 1 to see that this is the set of
points inside and on the circle centred at the point 2 — ¢ with radius 1. It
is closed and bounded. It is not a domain as it is not open.

X

o y

(b) Write [2z+3| > 4 as [z — (—32)| > 2 to see that the set in question

consists of all points exterior to the circle with center at —% and radius

2. It is open and connected and hence a domain. It is not bounded.

y

(c) Write Sz > 1 as y > 1 to see that this is the half plane consisting of all
points lying above the horizontal line y = 1. It is open and connected
and hence a domain. It is not bounded.

y
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(d) The set &z =1 is simply the horizontal line y = 1. It is closed, not open
and hence not a domain. It is not bounded.

y

(e) Theset 0 < argz < 7 (2 # 0) is indicated below. It is not open and hence
not a domain. It is also not closed since the boundary point 0 does not
belong to the set (see (1) of section 6). It is not bounded.

y

O X

(f) The set |z — 4| > |z| can be written in the form (z —4)* 4+ 42 > 22 4 32,
which reduces to x < 2. The set is also geometrically evident since it
consists of all points z such that the distance between z and 4 is greater
than or equal to the distance between z and the origin. This set is closed
but not open and so not a domain. It is not bounded.

y
|4\Q

o 2 4 X

Exercise 4, §11, p. 33
In each case, sketch the closure of the set:

(a) —m<argz<m(z#0); (b) |Rz| < |z[; (c)%(l)gé, (d) R (2%) > 0.

Solution:

(a) The closure of the set —7m < argz < m (z # 0) is the entire plane.
y
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(b) We first write the set |Rz| < |2| as || < /22 + y2, or 22 < 2% + y%. But
this last inequality is the same as y? > 0, or |y| > 0. Hence the closure of
the set |Rz| < |z| is the entire plane.

y
(@) X
(c) Since % = Z = % = ;21132, the set %(%) < % can be written as
mgfﬂﬁ < %, or (:1:2 - 217) + 9% > 0. Finally, by completing the square,

we arrive at the inequality (z — 1)2 + 12 > 12, which describes the circle,
together with its exterior, that is centered at z = 1 with radius 1. The
closure of this set is itself.

y

N
oNzZL) X

(d) Since 22 = (z + iy)* = 22 —y2 +i2zy, the set R (2?) > 0 can be written as
y? < 22, or |y| < |x|. The closure of this set consists of the lines y = +x
together with the shaded region shown below.

y

Exercise 5, §11, p. 33
Let S be the open set consisting of all points z such that |z| < 1 or |z — 2| < 1.
State why S is not connected.
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Solution:

The set S consists of all points z such that |z] < 1 or |z —2| < 1, as shown
below.

y
//—‘\\ //_\\
/ \ // \
rZ A 0z
i 1 q ~ 2
T e
/
\\ //]\-\ 2 7
< s S 7

Since the point z = 1 is not in S, every polygonal line joining z; and zo must
contain at least one point that is not in S. Thus it is clear that S is not connected.






CHAPTER 2

Analytic Functions

Study sections 12—27. (Section 26 should only be studied up to and including
the formulation of the theorem on p. 84.) The thrust of sections 15, 16 and 18 is
covered in more detail in MAT2613 and MAT3711. For this reason we will use but
not greatly emphasize the material of these sections. However since this material is
essential background for what follows, the student should still take care to acquaint
himself with the ideas in these sections.

The proofs of the theorems in sections 26 need not be studied, although the
student should nevertheless be familiar with both their formulation and application.

In the following discussion we will assume that z = = + iy where z, y € R.
Any complex function f : C — C may be decomposed into a real and imaginary
part f(z) = u(x,y) + tv (z,y) where u and v are real valued functions on C. In
fact since C is basically just a copy of R?, we may think of v and v as real-valued
functions of two independent real variables. This simple little device of writing f as
a combination of two such 2—variable real functions allows one to apply the results
and techniques of real analysis to complex analysis. The essential idea behind this
approach is to try and describe the nature and behaviour of the complex function f
in terms of the behaviour of the real functions v and v. A classic example of where
this was done with great success is provided by the Cauchy-Riemann equations
(see sections 21 and 22). The theory surrounding these equations form much of the
heart of the theory of differentiability for complex functions.

On a different note this device of describing f in terms of v and v also allows
one to think of a complex function as a transformation of coordinates from the
z = x + iy = (x,y) coordinate system to the f(z) = u(z,y) + v (z,y) = (u,v)
coordinate system. So yet another important way in which we can gain some
understanding of the behaviour of a specific complex function f is to study its
behaviour as a transformation of coordinates and to see how it transforms regions
in the (x,y)-plane onto regions in the (u,v)-plane. We will not spend too much
time on this aspect of transformation of regions by complex functions, but it is
nevertheless an aspect of the theory that the student should be aware.

21
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Solutions to selected problems

Solutions to some of the exercises in sections 12, 14, 18, 20, 23, 25 and 26
follow.

Exercise 1, §12, p. 37

For each of the functions below, describe the domain of definition that is un-
derstood:

@ )= 0)  f()=Ars(2);
©  Fe)=— @ fe)=——s
z2+7Z 1—|z]
Solution:
(a) f(z2)= 22—:_1 is defined for all z except where 22 = —1, i.e. except where
z = =£i.

1
(b) z — — is not defined where z = 0. In addition Arg(w) exists for every
z

1
w # 0. Hence the composition z — Arg<—) is defined whenever z # 0.
z

z
f is here defined for all z with R (z) # 0.
1
(d) f(z)= 17|2 is defined whenever 1 — |z|> # 0, i.e. whenever |z| # 1.
z

() f(z)= j_ is not defined where z+%z = 0. But 24+ %z = 2R (z). Hence
z

Exercise 3, §12, p. 37
Suppose that f(z) = 2% — y? — 2y + i (2x — 2xy), where z = x +iy. Use the
fact (Sec. 5) that

Z+7Z and y:z—.z
24

to express f (z) in terms of z, and simplify the result.

xTr =

Solution: L _
Fre and y = % Thus f(z) = 22 — y? —

With z = x + iy we have x =
2y + i (2x — 2xy) becomes

f(z)

I
L —
Y
—~
N
_|_
l
S~—
—_
[ V)
|
L —
S{Es
—
N
|
Nl
~—
—_
V)
|
[\
| —
S{Es
—
N
|
Nl
~—
—_

= 2(22 +222+7%°) + - (¥ — 222+ 2°)
1 1
——(z—z)+i(z+z)—§(z2—22)
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Exercise 1, §14, p. 44

By referring to Example 1, Sec. 13, find a domain in the z plane whose image
under the transformation w = 22 is the square domain in the w plane bounded by
the lines u =1, u =2, v = 1 and v = 2. (See Fig. 2, Appendix 2.)

Solution:

By Example 1, Sec. 13, the mapping w = 22 will map the hyperbolae 1 = 2zy
and 2 = 2zy onto the lines v = 1 and v = 2. In Example 2, Sec. 11, we saw that
u =R (w) = 2% —y> Thus w = 2z? will also map hyperbolae of the form ¢ = 22 —y?
onto lines of the form ¢ = u. In particular it will map the region bounded by
1=2x2—-9y% 2=22—y?and 1 = 2zy, 1 = zy onto the square bounded by u = 1,
u=2v=1 v =2 However the region bounded by 1 = 22 — y2, 2 = 2% — 32
and 1 = 2zy, 1 = zy consists of two separate domains each of which maps onto
the square bounded by v = 1, u = 2 and v = 1, v = 2 (see the sketch). To see
that each maps onto the whole square observe that we can still cover all possible
values of v = 22y and u = 22 — y? in the square if we insist that either =,y > 0 or
z,y < 0.

~—X—Y=0

—X+y =0

Exercise 3, §14, p. 44
Sketch the region onto which the sector r <1, 0 < 6 < 7 is mapped by the
transformation (a) w = 2% (b) w= 2% (c) w=2z%

Solution:

Let 2 = re® (0<r, 0<#). Since 2" = r"e and since 0 < r < 1 and
0<0< % if and only if 0 < 7™ <1 and 0< nf < n%, it is clear that z — 2™ maps
the sector 0 <r < 1,0 < 6 < 7 into the sector 0 < p <1, 0 < ¢ <n7. To see that
the map is onto note that given any wy = pge’?® with 0 < pg < 1, 0 < g < ni,
we may set rg = (po)% and 0y = 22, Then surely 0 <79 < 1,0 < 6y < 7 and

2y = wo, where zg = roe'fo.

From the above it is clear that
(a) z — 22 maps the sector 0 < r < 1,0 < 60 < % onto the quarter—disc
0<p<1L,0<p< 3
(b) z — 2% maps the sector 0 < r < 1,0 <6 < 7 onto the sector 0 < p <
1, 0< <3
(c) z— 2% maps the sector 0 < r <1,0<6 < % onto the region 0 < p <1,
0 < ¢ <, i.e. onto the upper half of the disc |w| < 1 where w = pe'?.
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Exercise 5, §18, p. 55
2
Show that the limit of the function f (z) = (i) as 2z tends to 0 does not exist.
Z

Do this by letting nonzero points z = (z,0) and z = (z,z) approach the origin.
[Note that it is not sufficient to simply consider points z = (z,0) and z = (0,y), as
it was in Example 2, Sec. 15.]

Solution:
Let z =z + iy. Then

(2)2 - (w+iy)2 2t -y +i2wy

z T — 1y 2 —y?2 —2xy’

Now if z = (x,0) = = + ¢0, then

Z\?
Y= -1
(E) x?
If on the other hand z = (z,2) = z + iz (y = x), then
(3)2__2'2:52 _
z) Q22?2

2
Thus along the line z = (z,0), (é) tends to 1 as z — 0, whereas along the line
Z

2 2
z = (z,x), (i) tends to —1 as z — 0. Clearly then lin%) (é) can not exist.
z z—0 \Z

Exercise 10, §18, p. 56
Use the theorgm in Sec. 17 to show that

4 1 241
(a) lim % =4; (b) lim 5 =00; (c) lim Z = 0.
2—00 (2_1) z—1 (Z—l) z—oo 2z — 1
Solution:
(a)
422 4(2)
lim ——— = lim ——2~— (by (2) of the theorem)
SE T M-
B 4
2=0 (1 — 2)?
=4

(b) Now lim (z —1)® = 0 and hence (by (1) of the theorem) lim ﬁ'{ = 00.

z—1 )2 )
252 1 1 22
0 s = T s (1) =t -2

Since

z—1 z—z2
1
lim —~ = lim 5 5
z—0 (Z) z~>0(1+z)/(2—2)
L z— 22
= lim ——
2—0 1+ 22

= 0

it follows from (3) of the theorem that

2241
lim =

z—o0 z — 1

Q.
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Exercise 11, §18, p. 56
With the aid of the theorem in Sec. 17 show that when

T(2) = az+b

cz+d
(a) lim T (2) = 0 if ¢ = 0;

Z— 00

(ad — bc #0),

(b) lim T (z) = % and lim T (z) =o00if ¢ #0.
Z— 00 C Z_}_E

Solution:

1
(a) Since here ¢ = 0, we have T (z) = 3 (az +b). In this case

lim —— = lim _
EHONNE oD
lim dz .
z—0 a + bdZ
Note that a # 0 since by assumption ad — bec # 0 and ¢ = 0. Thus
. 1 . dz
ey P v

From (3) of the theorem we then have that lim T (z) = cc.
(b) Now let ¢ # 0. Then

lim T(z) = limT<1>

Z2—00 2z—0 z
1
=+
— i @ (lz )
==0c (2 +d)
a+ bz
= lim
2—0c+dz
_a
I
Moreover since
I 1 oy cz+d
zirflg T(z) zilflg az+b
d
= m (a <_E> + b # 0 since ad — be # 0)
fr— ()7
it follows that
lim T (z) =00

Exercise 13, §18, p. 56
Show that a set S is unbounded (Sec. 11) if and only if every neighbourhood
of the point at infinity contains at least one point in S.

Solution:
A set S is unbounded

< for every R > 0 we can find w € S so that w lies outside the circle |z| = R
& for every R > 0 we can find w € S with |w| > R

& for every € > 0 we can find w € S with [w| > I (set R = 1)

< every neighbourhood of oo contains at least one point of S.
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Exercise 1, §20, p. 62
Use results in Sec. 20 to find f’ (z) when

(a) f(2)=322—-22+4; (b) fz)=(1- 422)3;
© 10=25(#) @ ro=1 s
Solutions:

(a) If f (z) = 322 — 2z + 4 then f' (2) = 62 — 2.
(b) It £ (2) = (1 —422)° then f/ (2) = 3 (1 — 422)° . (=82) = —242 (1 — 422)”.
(c) If f(2) = % (z # —1) ,then by the quotient rule

(224+1).1-2.(z—1)

!
z =
F& (22 + 1)?
3 1
= — |z#—-32).
(22 4+ 1) ( . 2)
(1 + 22)4 . .
(d) If f (2) = ~——5—— then by the quotient and chain rules

z

22, [4 (1 + z2)3 .24 —[22]. (1 + z2)4

_ 2z(1+22)3(4222—(1+22))
2(1+22)° (322 —1)

= (2 #£0).
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Exercise 8, §20, p. 63
Use the method in Example 2, Sec. 19, to show that f’ (z) does not exist at
any point z when

() f(z)=7 () f() =Rz (©) f(z) =9
Solution:
(a) Let f(z) =% Then with w = f ()

ﬂ_g_ Ax —iAy
Az Az Az +ilAy’

A A
Now as Az = Az+iAy approaches 0 along the line (Az, 0), A_w = A—x =
z x
A 1A
1 approaches 1. On the other hand along the line (0, Ay), il _z._y
Az 1Ay

approaches —1. Thus for any z

f+A42)-f(2)

/ _ J— ] —_
Filz) = Jim A- = dim 5

fails to exist.
(b) Let f(z) =R(z). Then with w = f (2)
Aw _ AR(2) Ax

Az Az Azt iAy’
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Along the line (Ax,0) this tends to 1 as Az — 0 whereas along the line
(Az, Azx) (i.e. Az = Ay) this tends to

Az 1 1 1
= =——il= A .
Avtider 1+i 2 Z<2) as Az =0
Thus as before for any z
by g JEHAZ) - f() L Aw
F(z) = Al,lzgo Az N Al,lzIEO Az

fails to exist.
(c) If f(2) =S (2) then with w = f (2)

Aw  A(S(2) Ay
Az Az Az+iAy
1
Along the line (0, Ay) this tends to — = —i as Az — 0, whereas along the
)
A 1 1 1
line Ax = Ay this tends to x = =——j4—as Az — 0. As

Az +iAx 1437 2 2
before this ensures that for any z

P — i LEFAD S dw

Az—0 Az Az—0 Az

fails to exist.

Exercise 9, §20, p. 63
Let f denote the function whose values are

f)=4{ 5 when 2z #0,
0 when 2z =0.

Show that if z = 0, then Aw/Az = 1 at each nonzero point on the real and

A
imaginary axes in the Az, or (Az, Ay), plane. Then show that A_w = —1 at each

nonzero point (Az, Ax) on the line Ay = Az in that plane. Concfude from these
observations that f’(0) does not exist. (Note that, to obtain this result, it is not
sufficient to consider only horizontal and vertical approaches to the origin in the
Az plane.)

Solution:
For z = 0 we have

[0+ Az)— f(0) f(Az) -0
Az Az

1 (A
Az \ Az
()
_ Ax — sz
N Az + iAy 1Ay
Ax — Ay ) —12AxAy
(Ax2 Ay?) +i2AzAy
On the real and imaginary axes (i.e. either Ay =0 or Az = 0) we get

f(0+Az) — f(0)
Az

=1




(If Ay = 0, then

—Ay2 B
—Ay2 -

Thus there is no unique value we can ascribe to
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! (AZ)A; AU = izz = 1 whereas if Az = 0, then M

1.) However on the line Az = Ay we get

f(Az)— f(0) _ —i2Az?
Az 12Ax2

f(Az) - f(0)
Az

=—1.

as Az — 0. Hence

0= 1 LOFA) (O

Az—0 Az

fails to exist.

Exercise 1, §23, p. 71
Use the theorem in Sec. 21 to show that f’(z) does not exist at any point if

(a) f(2) =7 (b) f(z)=2—% (c) f(2)=2x+ixy® (d)e e .

Solution:
Let z =z 4+ 1y.
(a) For f(z) = Z = x — iy we have that u(z,y) = z and v (z,y) = —v.
Thus for all z = (x,y), uy = 1 and v, = —1. Clearly the Cauchy—

(b)

Riemann equations then fail to hold for every z. (We always have u, #
vy.) Therefore f is nowhere differentiable.

For f(z) = z — 2 = 2i¥(2) = 2iy we have u (x,y) = 0 and v (x,y) = 2y.
Therefore u, = 0 and v, = 2. As before the Cauchy—Riemann equations
never hold since we always have u, # v,. Thus f’(z) never exists.

For f (z) = 2z +ixy? we have u = 2z and v = zy?. Therefore

Uy =2, Uy =0, v, =y? and vy = 22Y.

The equation u, = —v, will therefore hold precisely when 0 = —y?, i.e.

when y = 0. However if y = 0 then
2=u; # vy =22y =0.

Therefore the equations u, = —v; and u, = v, can never hold simultane-
ously. Hence f’(z) does not exist at any z.

For f (2) = e®e™ % = e® cosy—ie® siny we have u = e® cosy, v = —e® siny.
Hence u, = e*cosy, u, = —esiny, v; = —e”siny and vy, = —e” cosy.

Recall that e” # 0 for all . Thus e” cosy = u, = vy = —e” cosy will hold
precisely when cosy = 0, i.e. when y = (2k+1) % (k € Z). On the other

hand —e®siny = v, = —v, = e*siny will hold precisely when siny = 0,
ie. when y = k7 (k € Z). Thus as before the equations u, = v, and
uy = —vy can never hold simultaneously. Therefore f’(z) fails to exist
for each z.

Exercise 3, §23, p. 71
From results obtained in Secs. 21 and 22, determine where f’(z) exists and
find its value when

() F(z) =5 () F(z)=a?+iy% (o) () =232,
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Solution:

(a) Given f(z) = é (z # 0) we write

1 z T — 1y
N T
T Yy
Thus h = ———andv=—-—"—=. N h 0,0
us here u 21 and v PO ow whenever (z,y) # (0,0)
we have
2 .2
oL
(z2 +y?)
and
2xy
Uy = ————————5 — —VUg.
Y@+ )’

Moreover ug, vy, Uy, Uy as given above are defined and continuous on all
of C — {0}. Therefore by the theorem in Sec. 22 of the textbook f’(z)
exists whenever z £ 0. At z =0 f (z) is not defined and hence f’ (0) does

not exist. Using differentiation rules it is easy to see that f/(z) =

22

for all z # 0.
(b) Given f(z) = 2% +iy? we have u = 2? and v = y*. Thus u, = 2z, u, =0,
vy =0, vy = 2y. Clearly we always have u, = —v, with u; = v, holding

precisely when « = y. In addition u,, u,, v, and v, are continuous on all
of C and hence f is differentiable at all points z = x + iy with x = y and
not differentiable at all other points. At a point z = x + ix the derivative
is

f(x+ix) = up + v, = 22

(c) Given f (z) = 2S (2) we have f (2) = xy + iy* and hence u = xy and v =
y%. Therefore u, =y, uy = x, v, =0, v, = 2y. Now y = u, = v, = 2y
will hold precisely when y = 0 with z = vy = —v, = 0 holding precisely

when = 0. Thus if z # 0 f’'(z) does not exist since then at least one of

Uy = vy and u, = —v; must fail. On the other hand if z = 0, we do have
Uy = vy and u, = —v,. Since in addition we also have that u,, uy, vg, vy
are continuous in a neighbourhood of z = 0 ((z,y) = (0,0)), f' (0) exists
with

1(0) = uy (0,0) + v, (0,0) = 0.
Exercise 5, §23, p. 72
Show that when f (z) = 2® +i (1 — y)* , it is legitimate to write
f'(2) = up + v, = 32°

only when z = 1.

Solution:

For f(z) = 2® +i(1—y)® we have u = 23 and v = (1 —y)®. Therefore
Uy = 322, uy = 0, v, = 0 and v, = —3(1 —y)°. Clearly u, = —uv, is always
true with u, = v, holding precisely 22 = — (1 —y)*, i.e. when 22 + (1 —y)> = 0.

Since #2 > 0 and (1 —y)® > 0, 22 + (1 —y)® = 0 can only be true if 22 = 0 and
(1- y)2 =0, ie ifx =0and y = 1. At all other points the Cauchy—Riemann
equations fail to hold and hence f’(z) fails to exist. Now the point (z,y) = (0,1)
of course corresponds to z = ¢ and since ug, uy, v, vy as given above satisfy the
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Cauchy—Riemann equations at this point and are continuous in any neighbourhood
of z =1, f'(z) does exist at z = i with
1 (2) = us (0,1) +dv, (0,1) = 0.

Exercise 6, §23, p. 72
Let u and v denote the real and imaginary components of the function f defined
by the equations

(z)°

Fle)={ —= when 2z #0,
z
0 when z=0.
Verify that the Cauchy-Riemann equations u, = vy and u, = —v, are satisfied at

the origin z = (0,0). [Compare Exercise 9, Sec. 20, where it is shown that f’(0)
nevertheless fails to exist.]

Solution:
Let z =z +iy. Then if z # 0,

7 (w—iy) w—iy _ w(e® = 3y%) +iy (y° - 32%)

z rH+iy T —iy 22 + y? '
Therefore for
2
fey=q 5 T 2#0
0 if z=
we have ( )
x (22 — 3y
u(z,y) = W if (z,y) # (0,0
0 if (x,y)=(0,0
and )
y(y> —32°)
) (I, y) o 72 + yg if (JJ, y) 7& (07 0)
0" i (r,y)=(0,0).
From first principles
ou . u(Az,0) —u(0,0)
o 00 = dm TR
3 2
—  lim (Az)” / (Az)" =0
Az—0 Az
=1
and
ou 0.0) = lim u (0, Ay) —u (0,0)
0 Ay—0 Y
= lim 0-0
o Ay—0 Ay
= 0.
Similarly
Ov v
—_ - d —_— =
o (0,0) =0 an a9 (0,0)
Clearly % (0,0) = g—: (0,0) and g—z (0,0) = —g—; (0,0). However in spite of

this fact we know from exercise 9, Section 20 of the textbook that f’(0) does NOT
exist.
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This example shows that the Cauchy—Riemann equations are on their own not
enough to guarantee differentiability of a function at a given point. We must also
have that the derivatives ug, uy, v., vy exist and are continuous in a neighbour-
hood of that point. In this present example the partial derivatives ug, uy, v, and
vy are not continuous at (0,0). For example by means of differentiation rules and
what we’ve already shown it follows that

xt — 3y* + 622y>
ug (z,y) = (22 + y2)?
1

if (z,y)# (0,0)
if (x,y) =(0,0).

On the line z = 0 we have u, (0,y) = =3 if y # 0. Thus as (z,y) tends to (0,0)
along this line we have u, — —3. Since u; (0,0) = 1 # —3, the function wu, can
not be continuous at (0,0).

Exercise 7, §23, p. 72
Solve equations (2), Sec. 23, for u, and u, to show that
sin 0 cos 6

Uy = Uy COSH — Ug , Uy =1u,sinf +ug
- :

Then use these equations and similar ones for v, and v, to show that, in Sec. 23,
equations (4) are satisfied at a point z if equations (6) are satisfied there. Thus
complete the verification that equations (6), Sec. 23, are the Cauchy-Riemann
equations in polar form.

Solution
From (2) in Sec. 23 of the textbook we know that

Up = Uy COS O + u,y sin O (a)
and
Ug = —ugrsing + uyrcosd.  (b)
Therefore
in 6
U, coS 0 — ug e = (ugycosf + uysinb) cosd
r
in 6
— (—ugrsin® + u,r cos6) Sy
¢ r
Uy (COS2 6 + sin? 9)
= ’u,x
and
. cosf . .
Uy sin 0 + uy = (uycosf + u,sinb)sinb
r
0
+ (—ugrsing + y,r cosh) o8
= Uy (sin2 6 + cos® 9)
= Uy
Similarly
sin 6 . cos
v co80 —vg—— = v, and wv,sinf + vg = vy.
r
Therefore if
1 1

ur = —vg and —ug = —v,
r r
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then
sin 0
Uy = UpCOoSl — ug
r
1 .
= —vg | cosf — (—v,.)siné
r
cosf .
= g + v, sin @
= ’Uy
and

1
u, sin 6 + (ug—) cos 6
r

1

(—1}9) sin @ — v, cos 8
r

sin@]

<
<
Il

= —|:1)TC089—1)9
= —u,.

Since we already know from (6) of Sec. 23 of the textbook that

1 1
ur = —vp and —ug = —v,
r r
whenever
Uy = Uy and Uy = —v,
it follows that u, = %1)9 and %ue = —v, if and only if u, = v, and uy = —v,.

Exercise 8, §23, p. 72

Suppose that a function f(z) = u + iv is differentiable at a nonzero point
20 = roexp (i6p). Use the expressions for u, and v, found in Exercise 7, together
with the polar form (6), Sec. 23, of the Cauchy—Riemann equations, to show that
1" (z0) can be written

' (z0) = e (uy + ivy),

where u, and v, are evaluated at (rg, 6p).

Solution:
We know from section 21 of the textbook that f’(z) = u, + iv, where—ever
f'(z) exists. But since

sin sin 0
and vz = v, cosl — vy

Uy = Uy COSH — Ug

(see exercise 7), it follows that

0 »
f/(Zo):urcosﬁ—UQSII; +i(UTCOS6‘—UGSH; )

Now since f’(zp) exists, the Cauchy—Riemann equations hold. By exercise (7)
above this is equivalent to
1 1

Ur = —vg and —ug = —v,.
r r
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U, cosf — (’U,gl) sinf + 14 (’UT cos B — (’U@l) sin@)
r r

= u;cosf+ v,sinh + i (v, cosf — u, sin )
(cos B — isinB) (u, + ivy)

Therefore

f' (ze)

e (u, +iv,).

Exercise 9, §23, p. 72

(a) With the aid of the polar form (6), Sec. 23, of the Cauchy-Riemann
equations, derive the alternative form

of the expression for f’(zp) found in Exercise 8.

(b) Use the expression for f’ (zp) found in part (a) to show that the derivative

1

of the function f (2) = 1/2 (2 # 0) in Example 1, Sec. 23, is f' (2) = ——.
z

Solution:

(a) As in exercise (8) above it follows that

0 -
f/(ZO):’U,TCOSH—UGSH; +i(vrcose—v9812 >

and

1 1
ur = —vg and —ug = —v,
r r

where—ever f’(z) exists. Hence f’(z9) may be written as

f'(z0) = (11)9) cosf _Ué)ﬂ +1 ((—lué)) cosf —veﬂ>
T r r r

. (—1%) (cos O — isinf) (ug + ivg)
r

1.
= —i—e Y (ug + ivp)
r

1 )

= —@ (up + ivg)
i .

= - (up + ivg)
0

where zp = re'.

(b) Let z =re®. Then

=—e % =" (cosf —isinb).
r



34

Therefore u = %cos 0, v= —% sinf. Clearly ug = —% sinf and vy =
—1 cos 6, and hence by 9(a)

Fz) = = g+ ive)

) 1 1
S (—— sinf — i— 0059>
z r r

SR (cos@ — isinf)
z

Exercise 1, §25, p. 77
Apply the theorem in Sec. 22 to verify that each of these functions is entire:
(a) f(z)=3z+y+iBy—=x); (b) f(z)=-sinzcoshy+ icoszsinhy;

(c) f(z)=e¥sinz—ieYcosw; (d) f(z)=(22—2)e e .

Solution:

(a) For f(2) =3z 4+y+i(3y—x) we have u = 32 + y and v = 3y — . For
all (x,y) we now have that u, = 3 = v, and uy, = 1 = —v,. Since in
addition ugz, uy, vz, vy are continuous on all of C, f is entire (analytic
on all of C.)

(b) Given f(z) = sinxzcoshy + icoszsinhy we have v = sinzcoshy and
v =coszsinhy. For all (z,y) we now see that

Uy = cosx coshy = vy
and
Uy = sinxsinhy = —v,.

In addition each of u,, uy, vy, v, are continuous on all of C and hence f
is entire.
(c) Here f = u+ iv where u = e ¥sinz and v = —e~ Y cosx. But then

Uy =€ Ycosr=v, and uy,=—e Ysinz = —u,

for each (z,y) with again each of u,, uy, v, and v, clearly continuous on
all of C. Therefore f is entire.

(d) Here
fz) = (22 — 2) e Tl
= ((a:2 —y? - 2) + i2zy) e " (cosy — isiny)
= [(2®—y* —2) e "cosy + 2zye “siny]
+1 [QIye_”” cosy — (3:2 —y? - 2) e~ *sin y]
and hence
u= (x2 —y? - 2) e T cosy + 2xye Tsiny
and

v =2xye cosy — (:102 . 2) e Tsiny.
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Now
Uy = 2ze” T cosy — (x2 —y? - 2) e Tcosy +2ye siny — 2xye” Tsiny = vy
and
Uy = —2ye T cosy — (:102 . 2) e Tsiny + 2ze” Usiny + 2zye” * cosy = —v,.

In addition all these first partials are continuous on all of C, whence
f is analytic on all of C.

Exercise 4, §25, p. 77
In each case, determine the singular points of the function and state why the
function is analytic everywhere except at those points:
2z +1 23+ 22+ 1
= - b = - = .
@ )=y O 6= agg 010 = iy ety

Solution:

Each of the functions is a quotient of two polynomials. Since polynomials are
analytic on all of C, each of these functions will therefore be analytic where—ever
the denominator is non—zero. At the zeros of the denominator the function is not
defined and hence these points are singular points of the function.

2241
(a) f(z) = ﬁ has singular points where z (22 + 1) = 0, i.e. where
2 (z
either z = 0 or z = +i.
25+ . . 9
(b) f(z) = P y—— has singular points where 0 = 23242 = (2 — 2) (z — 1),
22 -3z

i.e. where z =1, 2.

2241
(c) £(z) = (z4+2)(22+22+2)

has singular points where either z+2 = 0 or

—2+4-8

2242242 =0, i.e. where either z = -2 or z = 5 —141.
Exercise 6, §25, p. 78
Use results in Sec. 23 to verify that the function
g(z)=lnr+i0 (r>0,0<6<2nm)
1
is analytic in the indicated domain of definition, with derivative g’ () = —. Then
z

show that the composite function g (22 + 1) is an analytic function of z in the
quadrant z > 0, y > 0, with derivative 2z/ (22 + 1).

Suggestion: Observe that & (z2 + 1) > 0 when z > 0,y > 0.

Solution:
For g(z) = Inr +i0 (r >0, 27 > 6 > 0) where z = re? we have that u =
Inr and v = 0. Clearly u, = %, vg = 1 and ug = v, = 0 on the region

(r>0, 27 >6>0). Thus

1
U =—=-vy and —ug=0=1vy
ror r
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with in addition each of u.,, ug, vg, v, continuous on the entire region. Therefore
by the theorem in section 23 of the textbook ¢’ (z) exists in this region with

g (z) = e

Now note that the polynomial 22 + 1 is analytic everywhere. The composition
g(22+1) will therefore be analytic at all points zq for which 23 + 1 lies in the region
(r > 0,2 > 6 > 0). For any 29 = xg + iyo we have that 22 + 1 = (zo +iyo)? +1 =
(23 — y2 + 1) + i220yo and hence that (23 + 1) = 2z¢yo. Thus if 2o > 0, yo > 0
then S(2¢ + 1) > 0. Geometrically this means that 23 + 1 then lies above the real
axis, or rather that |22 + 1| > 0 and 0 < Arg(z2 + 1) < 7. From what we noted
earlier g(22 + 1) will therefore be differentiable at each such point. Thus g(22 + 1)
is differentiable, and hence analytic, on all of z > 0, y > 0. It now easily follows
from the chain rule that < g(2%+1) = [1/(22 + 1)].2z = 22/(2?+ 1) on this region.

Exercise 7, §25, p. 78
Let a function f(z) be analytic in a domain D. Prove that f(z) must be
constant in D if
(a) f(z) is real-valued for all z in D;
(b) |f (2)] is constant in D.
Suggestion: Use the Cauchy-Riemann equations and the theorem in
Sec. 24 to prove part (a). To prove part (b), observe that f (z) = ¢%/f (2)
if |f (2)| = ¢, where ¢ # 0; then use the main result in Example 3, Sec.
25

Solution:

(a) Let f be analytic and real-valued on all of D. Since f is real-valued,

v = 0, and since in addition f is analytic on D,
Uy =0y =0 and wuy=—v, =0.
But then
I(2) =uz +iv, =0

on all of D. Clearly f is then constant on D by the theorem in Sec. 24
of the textbook.

(b) If |f (2)] = 0 on all of D then surely f (z) = 0 on all of D in which case

we are done. Hence suppose |f (z)| = ¢ where ¢ > 0 on all of D. Then
f () has no zeros on D, and hence ¢?/f (z) will be analytic on D. But

¢ _@EP_I@FE
B e T i L

and hence both f and f will then be analytic on D. By Example 3, Sec.
25, f must then be constant.

Exercise 2, §26, p. 81
Show that if v and V' are harmonic conjugates of v in a domain D, then v (z,y)
and V (z,y) can differ at most by an additive constant.
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Solution:

If both v and V' are harmonic conjugates of v in the domain D then both u+iv
and u + ¢V are analytic on D. Thus it then follows from the Cauchy—Riemann
equations that

Vg =—Uy =V, and vy =u, =V,
Since now
0
ﬁ(“_v) = v, —V,=0
0
8—y(U—V) = v, -V, =0,

we may argue as in the proof of the theorem in Sec. 24 of the textbook to show
that v — V is then constant.

Exercise 3, §26, p. 82

Show that if v is a harmonic conjugate of u in a domain D and also u is a
harmonic conjugate of v, then u (x,y) and v (x, y) must be constant throughout D.

Solution:

If v and v are harmonic conjugates of each other then both u + iv and v + iu
are analytic on D. Cauchy—Riemann equations must hold for both these functions
whence

Uy = Uy, Uy = —Ty
for u + iv and

Vg = Uy, Uy = —Uy
for v+ du on all of D. It is not difficult to conclude from this that u, = uy = v, =
vy = 0. As before by arguing as in the proof of the theorem in Sec.24 of the textbook
we may then conclude from this that both u and v are constant throughout D.

Exercise 7, §26, p. 82

Let the function f (z) = u (x,y) +iv (x,y) be analytic in a domain D, and con-
sider the families of level curves u (z,y) = ¢; and v (z,y) = c2, where ¢; and ¢y are
arbitrary real constants. Prove that these families are orthogonal. More precisely,
show that if zg = (xg, yo) is a point in D which is common to two particular curves
u(z,y) = ¢1 and v (z,y) = c2 and if f'(z9) # 0, then the lines tangent to those
curves at (g, yo) are perpendicular.

Suggestion: Note how it follows from the equation u (z,y) = ¢1 and v (z,y) = 2
that
Ou Oudy ov  ovdy

-z - d
Jdr Oydx 0 an +

oxr  Oydr 0

Solution:
Observe that the equation u (x,y) = ¢; implicitly defines a function y of x. To

compute the derivative % of this function we differentiate the equation u (z,y) = ¢;
implicitly to get
Ou  Oudy
dx ' dydr
(We could also have used the chain rule for functions of 2 real variables to see that

OJu Oudy Oudr OJudy d 0)
P e — —_—— = 1 = .
Or Oydr Oxdr Oydr dx !
In any case at any (z,y) the slope of the line tangent to u (z,y) = ¢; is given by

0]
my = el where gu + ml—u = 0. Similarly we can show that at any (z,y) on the
dx ox dy

0.
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curve v (z,y) = co the slope of the line tangent to this curve at (z,y) is given by
v

v
mo where — + mo— = 0.

Ox dy

Now let zp be a point on the intersection of u (z,y) = ¢; and v (z,y) = c2 at
which f’(z9) # 0. Then
Uz (%0, 90) = vy (%0, %0) ; ty (T0,%0) = —va (%0, Y0)

at zg. Since 0 # f/ (20) = ug (To, Yo) + 10z (0, Yo) , Uy and v, can not both be zero
at zo = xo + iyo. Suppose ug (o, Yyo) # 0. Then

1 uy (o, %)

my uz (20, Yo)
Vg (z0,y0)
vy (w0, 90)
= —Ma.

This proves that the tangent lines to u (x,y) = ¢1 and v (z,y) = ¢2 at 2o = zo + iyo
are orthogonal. (To see this recall that two straight lines y = myxz + ¢; and
Yy = max + co are orthogonal precisely when mimo = —1.)



CHAPTER 3

Elementary Functions

Study only sections 29-35. Complex inverse trigonometric and hyperbolic func-
tions will not be dealt with in this course.

Our primary objective in this chapter is to introduce complex analogs of the
most important elementary functions, to describe the basic properties of these func-
tions, and to gain some experience in working with these functions. The complex
cousins of the well-known elementary real functions, are both more interesting and
more tricky. For example whereas the real-valued version of sin is bounded, the
same is not true of the complex version. Where for each positive real number x
there is a unique real number w = log(x) for which z = ¥, for any given non-
zero complex number z, there are infinitely many possible values we can ascribe to
log(z). The complex version of the logarithm is therefore what we may call a multi-
valued function. To produce a complex version of the logarithm which ascribes one
single value to each element of its domain, we need to restrict the possible values of
log(z) in a natural way, by taking a so-called branch cut. These and other aspects
are explained in this chapter.

39
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Solutions to selected problems

Solutions to some of the exercises in sections 29, 31-35 follow.

Exercise 1, §29, p. 92
Show that

() exp (2 4 3mi) = —e2; (b) exp (ﬁ“) - \/2(1 i)

(c) exp(z+ mi) = —expz.

Solution

()

26:t37ri

|
)

exp (2 £ 3mi)
e? (cos (£3mi) + i sin (£37i))
e? (cos 3m + i sin 3)
= ¢ (=1+10)

—62

e 2+mi = e l—i—iﬁ
P\ Ty P gy

o risn)
e COS4 251n4

)

\/g(l—i—i)

exp(z+mi) = expz-expmi

exp z (cos T + isinm)

= —expz

Exercise 3, §29, p. 92
Prove that the function exp Z is not analytic anywhere.

Solution
Let z =z +4y. Then Z = z — 4y and

exp(z) = e%e W

€” (cos (—y) + isin (—y))
= e%cosy —ie®siny.

Thus here
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Therefore

u; = e*cosy

v, = —e’siny

uy = —e’siny

vy = —e”cosy.

Now since e® # 0 for all x,

e’ cosy =uy = vy =

—e” cosy

can only hold when cosy = — cosy, i.e. when cosy = 0. Similarly

—e¥siny =uy =

—v; = €e¥siny

can only hold when siny = 0. Since cos y and sin y can never simultaneously be zero,
it follows that the Cauchy—Riemann equations never hold and hence that exp (Z) is

nowhere differentiable.

Exercise 5, §29, p. 92

Write |exp (22 4 i)| and |exp (i2?)| in terms of z and y. Then show that

lexp (22 + 7) + exp (i2%)| < € + e 2.

Solution
On setting z = x + iy we see that

joxp (22 +1)] =
— 621
and
’exp(izQ)’ = ‘exp
‘exp
ey,
Hence

|exp (22 + 7) + exp (iz7)]

Exercise 8, §29, p. 92
Find all values of z such that
(a) e = —2;
(b) e* =1+ V3i;
(c) exp(2z—1)=1.

Solution

lexp (22 +i (2y + 1))

i((e*—y )+Z2Iy))\

2xy—|—z ‘

lexp (22 + i)| + |exp (i2?)|

62x 4 67217;

(a) In polar form —2 = 2 (cos7 + isinm) = 2¢'™. Therefore if

eTel — o7 —

-2 =2¢"

then by the statement at the top of p. 25 of the textbook we must have

et =2

Therefore e* = —2 if and only if z=In2+4(2n+ 1)

and y=m+2nmw

(neZ).
m(neZ).
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(b) We first write 1 + V/3i in polar form. Here re’? = 1+ v/3i where r
’1 + \/gz} = 2 and 6 is chosen so that

1 1
cosf 4 isinfh = — (1+\/§i) =3 +z‘§,
.

i.e. cosf = % and sinf = @ Clearly 8 = % will suffice. Hence 1+ +/3i
2¢'7/3. Again by the statement at the top of p. 25 of the textbook

"W =¢* =14 /3i = 27/3

if and only if e* = 2 (i.e. © = In2) and y = § + 2n7 (n € Z). Thus

e? = 14 \/3i precisely when z =In2+ i (% + 2n7r) ,nEZ.
(c) With z =z + 4y, exp (22 — 1) = exp ((22 — 1) + i2y) . Thus as before
el —exp (22 —1) =1 =1
if and only if

e?* 1 =1 and 2y=2nm necZ.

Consequently exp (22 — 1) = 1 if and only if # = § (or equivalently 2z —

1=In1=0)and y=nn (n€Z), that is z = 1 + in7 (n € Z).

Exercise 9, §29, p. 92

Show that exp (iz) = exp (i2)

pare

Exercise 4, Sec. 28.)

Solution
Observe that

Thus

exp (iz) = exp(i(z+iy))
= exp(—y+ix)

= e Y(cosz+isinz).

exp (iz) = e Y(cosx +isinx)
= e Y(cosx —isinzx)

(
= e Y(cos(—x)+isin(—zx))

= e Ye T,
On the other hand
exp (iz) = exp (i(v —iy))
= exp(y+iz)
= eYe'.

Again by the statement at the top of p. 25 of the textbook

exp (iz) = exp (iz) & e Ve " =cYe”
& e V=¢¥ and —z=2+2n7 (nEZ)
& y=0 and z=nn (n€Z)
& z=nw (n€Z).

Exercise 10, §29, p. 92

(a) Show that if e* is real, then Sz =nm (n=0,+1,+2,...).
(b) If €* is pure imaginary, what restriction is placed on z7

if and only if z =nw (n =0,£1,+2,...). (Com-
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Solution
(a) e = e%e® = €% (cosy + isiny) is real if and only if siny = 0 if and only
ity=QSz=nr (n€Z).
(b) Similarly e* = e* (cosy + isiny) is pure imaginary if and only if cosy = 0
ifandonly if y =Sz =(2n+1)% (n€Z).

Exercise 11, §29, p. 92
Describe the behaviour of exp (x + iy) as

(a) z tends to —oo;
(b) y tends to oco.

Solution
(a) By (7) of Section 29 of the textbook

jexp (z + )] = €.
As © — —oo it therefore follows that |exp (z + iy)| = ¢* — 0 and hence
that
exp (z +iy) — 0.
(b) For any fixed x and w = exp (z + iy) it follows from (7) of Section 29 of
the textbook that
y € arg(w) with |w|=¢€"

Thus as y increases, exp (z + iy) rotates anticlockwise around the circle
centred at the origin with radius e*.

Exercise 13, §29, p. 92
Let the function f (z) = u (z,y) +iv (x,y) be analytic in some domain D. State
why the functions
U(z,y) = e“@¥cosv(x,y)
V(z,y) = e"®Ysino(x,y)

are harmonic in D and why V (z,y) is, in fact, a harmonic conjugate of U (z,vy) .

Solution
Since f(z) = u(z,y) + iv (x,y) is analytic in a domain D and exp (z) = e*
analytic on all of C, the composition
expof(z) = /@
= @) iv(z,y)

@) (cos (v (z,y)) +isin (v (z,y)))
is analytic in D. Thus by Theorems 1 and 2 of Section 26 of the textbook it follows
that
U(z,y) = R(expof (2)) = " cos (v (z,y))
and
V (z,y) = S (expof (2) = eV sin (v (z,y))
are both harmonic in D and that V (z,y) is a harmonic conjugate of U (z,y) .

Exercise 1, §31, p. 97
Show that

(a) Log(—ei) =1 — Zi;

(b) Log(l —i) = 3In2— Zi.
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Solution
(a) For —ei we clearly have Arg(—ei) = —%. Hence
Log(—ei) = In|—ei|+ iArg(—ei)

T

= lne—i—
2

- 1-i .

2

(b) To find Arg(l — i) we need to select 6 in the fourth quadrant with —7 <

¢ < 7 so that tanf = —1. Clearly Arg(1 —i) = —7F whence

Log(l—i) = In|l—i|+iArg(l—14)
1 ™
— m2¥ T
n2% —iz
1

Exercise 3, §31, p. 97
Show that
(a) Log(1+1i)* = 2Log(1 4 1) ;
(b) Log(—1+14)* # 2Log(—1+1i).

Solution
(a) In polar form (1 +4) = v/2e"™/%. Therefore

Log(l+1i) = 1n2%+z£
1
= §ln2+i%.
Moreover (1 +14)* = 2i = 2¢i™/2 whence
Log(1+i)? = ln2+ig
1
- 2<§1n2+z£>
= 2Log(l+1).

(b) In polar form —1+ i = v/2¢? where 6 is selected in the second quadrant
so that tanf = —1, i.e. 6§ = ??Tﬂ' Therefore

3
Log(—1+1i) = 1n2%+i£

1 3
— 51m2+z{.

Furthermore (—1 4 4) = —2i = 2¢~*"/2, Therefore
Log(—1+i)? =In2— zg

whereas
. 3
2Log (—1+1i) =In2+ i
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Exercise 5 §31, p. 97
Show that
(a) the set of values of log (i*/2) is (n+ 1) mi (n=0,£1,%2,...) and that
the same is true of %logi;
(b) the set of values of log (22) is not the same as the set of values of 2log?.

Solution
(a) In polar form i = ¢™/? whence
(%) it = i(F1hm)  f = 0,1
and
log (i) = Inl+i (g + 2n7r)
= 1 (g + 2n7r)

(n € Z) . Moreover by (*)

log (z%) = Inl+34 (% + mr)
= i(%—l—nﬂ') (neZ).
Clearly %1og (1) = log (z%) .
(b) From (a) above we know that
logi =1 (g + 2nﬂ') (ne€Z)
and hence that
2logi=i(m+4nm) (n€Z).
In polar form 32 = —1 = 1e’™ whence
logi? = Inl+i(m+ 2nn)
= i(r+2nm) (n€Z).
Clearly log (i%) # 2logi.
Exercise 7, §31, p. 97
Find all roots of the equation logz = (7/2) 1.
Solution
log (2) = (n/2) i ln|z|+i6‘=i(g) (where z = |z| €')

In|z| =0, g € arg(z)

=
=
o T

2
=
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Exercise 9, §31, p. 97

Show that
(a) the function Log(z — 4) is analytic everywhere except on the half line y = 1
(z <0);
(b) the function
Log (z +4)
2241

is analytic everywhere except on the portion x < —4 of the real axis and
at the points 4 (1 — i) /2.

Solution

(a) By (5) of Sec. 31 of the textbook Logz is analytic everywhere except
where either z = 0 or Arg(z) = 7. In terms of Cartesian coordinates
this means that Logz is analytic everywhere except on the non—positive
real axis. By contrast z — z — i is a 1 — 1 analytic map from C onto
C. Hence the composition Log(z — ¢) is analytic on all of C except where
z—1i=ux+1i(y—1) lies on the non—positive real-axis, i.e. except where
r<0andy=1.

(b) By a similar argument to that in (a) above we can show that Log(z + 4) is
analytic on all of C except where z+4 = (x + 4)+4y is on the non—positive
real axis, i.e. except where z < —4 and y = 0. Therefore

Log (z +4)
22+

will fail to be analytic on this portion and also where 22 + i = 0. Now

since 22 = —i = e~"™/2 if and only if 22 +1i = 0, the roots of this equation
will be
1 1
s 2] iy (R=0)

Thus Log(z +4) / (22 + z) is analytic everywhere except on the portion

x < —4 of the real axis, and where z = :I:% (1 —14).

Exercise 11, §31, p. 98
Show that

R [log ( — 1)] = %m [(x_1)2+y2 (z#£1).

Why must this function satisfy Laplace’s equation when z # 17

Solution
Since
log(z—1)=In|z—1|+iarg(z — 1)
we surely have
Rlog(z—1)] = Inlz—1]

In ((:v —1)°+ yQ)%
= %ln((x— 1)2—|—y2).

Now for any z with z — 1 # 0 (i.e. z # 1) we can find a branch of log (z — 1) such
that the branch cut is analytic at z (see (4) of Sec. 31 of the textbook). By Theorem
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1 of Section 26, the real part, that is %ln ((x — 1)2 + y2> , must be harmonic at
each such z.

Exercise 1, §32, p. 100
Show that if $z; > 0 and Rzy > 0, then

Log (z122) = Logz; + Logzs.

Solution
Since R (z1) > 0 and R (22) > 0, both 21 and 25 are in either the first or fourth
quadrant. Consequently

™ ™
) ST < Am <]
m ™
—5 < AI‘g (ZQ) < 5
With 91 = Arg(zl), 92 = AI‘g(ZQ)
2129 = (|zl| ewl) (|22| ew2)
= |zz|e @)

where —7 < 01 + 02 < 7 from (*) above. Thus here

Arg(z122) = 01+ 62 = Arg(z1) + Arg(z2)
whence

Log(z122) = In|z129| +iArg(2z122)

In|z1]|22] + i (Arg (21) + Arg (22))
= (Inf|z1] +1nlz2]) + i (Arg(21) + Arg(22))
(In|z1]| + tArg (21)) + (In|22] + iArg (22))
= Log(z1) 4+ Log(z1).

Exercise 2, §32, p. 100
Show that, for any two nonzero complex numbers z; and zo,

Log (z122) = Logz1 + Logze + 2Ni

where N has one of the values 0, +1. (Compare Exercise 1.)

Solution
For general nonzero complex numbers 2z, zo we have —m < Arg(z;) < 7 and
—7 < Arg(z2) < m whence

(x%) — 271 < Arg(z1) + Arg (z2) < 2.
Now as before
2122 = |21 |22| exp (i (Arg (21) + Arg (22)))
and hence
Arg(z129) = Arg(21) + Arg(22) + 2N«
where N € Z is chosen so that

—7 < Arg(z1) + Arg(z2) + 2N7 < 7.
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) above we need either N =0, 1 or —1. For such an N

Log(z122) = In|z129] +iArg(z122)

= (In|z1|+In|22|) + 4 (Arg(21) + Arg (22
= (In|z1| 4+ iArg(z1)) + (In]z2| 4+ iArg (22

Log(z1) + Log (z2) + i2N .

Exercise 1, §33, p. 104
Show that when n = 0,£1,+2,...,

(a) (1+4)" =exp (-2 4+ 2n7)exp (£1In2);
(b) (~1)V/7 = efen,

Solution

(a) In polar form 1 + i = v/2¢""/4. Hence

)) +i2N7
)) +i2N~

log (1+i) = 1n2%+i(g+2mr)
1 (T
= 51112—1—2(1—1—27177) (nez).
Therefore
(1+4)" = exp(ilog(l+1i))

0 1n2
= exp|— (Z +2n7r) —l—zT

— o (- (§+2m))en (i52) (e,

(b) In polar form —1 = 1e’™, whence

“log(<1) = < (ml+i(r+2nm)
0+i(l+2n) (nez).

Therefore

(—1)7 = exp (%log(—l)) —exp(i(2n+1)) (nez).

Exercise 2, §33, p. 104
Find the principal value of

(a)
( )

b) [5 (-1 V)"
(1- )

)—‘wlm -

Solution

(a) In polar form i = 1¢'"/2. Therefore

T
Log(i) =Inl+4i- =i—.
og (i) =1In —|—z2 i5

The principal value of i* is then given by

i* = exp (iLog (7)) = exp (z2g) = exp (—g) .
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(b) In polar form § (—1 — \/gz) is of the form § (—1 - \/§z) = ‘% (—1 - \/gz)’ et?
= ee'? where 6 is an angle in the third quadrant with tané = = V3.

For our purposes we also need —m < § < 7. Then 6 = —%” and hence
2
Log F (—1 — \/gz)} = Ine+1 _
2 3
21
= 1—i—.
3

The principal value of [% (—1 — \/gi)}gﬂ is therefore given by

[g (—1 - ﬁz‘)]w — exp (3m'Log [g (—1 - \/§Z)D

)

= exp (27r2 + i37r)
exp (21%) (cos 3m + i sin 37)

= —exp (27r2)
(¢) In polar form (1 — i) = v/2e7"%. Thus
Log(1—1i) = In2% +i (—%)
= lmeoiT
2 4

The principal value of (1 — ¢ 4

)
(1—i)* = exp(4iLog(l —1))
= exp(r+i2Iln2)
= €™ (cos(2In2) +isin(2In2)).

is therefore given by

Exercise 6, §33, p. 104
Show that if z # 0 and a is a real number, then |2%| = exp (aln|z|) = |z
where the principal value of |z|* is to be taken.

a
"

Solution:

For any z # 0 the principal value of |z|* is given by |2|* = exp (aLog|z|) =
exp (aln|z]). Moreover

2% = exp(alogz) = exp (a (In|z| +iarg(z))).
If in addition a is real, then
R(a(ln|z| +iarg(z))) =aln]z].

It then follows from (7) of Sec. 29 of the textbook that
“

[z¢] = |exp(aln|z| +iaarg(z))]

= exp(aln|z|)
KN

in this case.

Exercise 7, §33, p. 104

Let ¢ = a + bi be a fixed complex number, where ¢ # 0,£1,+2,..., and note
that ¢ is multiple—valued. What restriction must be placed on the constant ¢ so
that the values of |i¢| are all the same?
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Solution:
In polar form i = 1.¢?

log(i)zlnl—f—i(g—i—er) :i(g+2nw> (nez).

s
2

and hence

Therefore
1© = exp(clog(i))
(T
exp ((a +ib)i (5 + 2n7r))
™ T
= exp (—b (5 + 2n7r) + ia (5 + 2n7r)) .
From (7) of Sec. 29 of the textbook it follows that

|Zc| _ e—b(%+2n7r)

e 0(5)g—2nmb (nez).

Now the only way these values can be the same for all n € Z is if the 2n7b’s are
the same for all n € Z, i.e. if (¢) = b= 0. Thus |i°| has only one possible value
whenever c is real (that is S (¢) = 0).

Exercise 9, §33, p. 104
Assuming that f’(z) exists, state the differentiation formula for d [cf(z)] /dz.

Solution:
We may mimic the proof of (11) at the end of Section 33 in the textbook to get
d ; d ., X d
L 2 f(®)lege _ f(2)loge &
¢ ¢ e - (f (2)loge)
= P f (2)loge.

Exercise 7, §34, p. 108
In Sec. 34, use expressions (13) and (14) to derive expressions (15) and (16)
for |sin z|* and |cos z|* .

Solution
Given that
sinz = sinzcoshy 4+ icosxsinhy
cosz = cosxcoshy —isinxsinhy
it follows that
sinz]®> = sin®zcosh?y + cos? zsinh?y

= sin’z (1 + sinh? y) + cos? zsinh? y
= sin?z + (sin2 x + cos? x) sinh? Y
= sin?z +sinh?y
and
lcosz|> = cos?xcosh?y + sin? z sinh? y
= cos’z (1 + sinh? y) + sin? zsinh?y
= cos’x+ (cos2 x + sin? 3:) sinh? y

= cos?z 4 sinh?y.
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Exercise 8 §34, p. 108
Point out how it follows from expressions (15) and (16) in Sec. 34 for [sin z|?
and |cos z|* that

(a) |sinz| > |sinz|;
(b) |cosz| > |cosz]|.

Solution
It follows directly from what we proved in exercise (7) above that

|sin z| = \/sin® z + sinh® y > Vsin® z = |sin z|

and similarly that |cos z| > |cosz].
Exercise 9, §34, p. 109

With the aid of expressions (15) and (16) in Sec. 34 for |sin z|* and |cos z|*,
show that

(a) |sinhy| < |sin z| < coshy;
(b) |sinhy| < |cosz| < coshy.

Solution
Again using what we showed in exercise (7) above it follows that

|sinhy| = /sinh’y
< 4/sin?z 4 sinh? y = |sin 2|
< \/cos2 z + sin® z + sinh? y
v/ 1+ sinh?y
= 4/ cosh? y

= coshy.

(The last equality follows from the fact that coshy > 0 for all y.) By a similar
argument to the above we can also show that

|sinh y| < |cos z| < coshy.

Exercise 11, §34, p. 109
Show that neither sin Z nor cos z is an analytic function of z anywhere.

Solution
If z = 2+ iy, then Z = 2 — iy. From equation (13) of Section 34 of the textbook
it follows that
sinz = sinzcosh (—y)+ icoszsinh (—y)

= sinxcoshy — i cosxsinhy.
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Thus for sinz, v = R(sinz) = sinzcoshy and v = F(sinz) = —coszsinhy.
Therefore

Uy = cosxcoshy

vy = sinxsinhy

uy = sinxsinhy

vy = —coszcoshy.
Clearly cosxcoshy = u, = v, = —cosxcoshy can only hold if coszcoshy = 0.
Since coshy # 0 this means that cosz = 0, i.e. that v = 2n+1)5 (n€Z).
Similarly sinzsinhy = u, = —v, = —sinzsinhy can only hold if sinzsinhy = 0.

Since sinz # 0 when x = (2n +1) § (n € Z), we must then have that sinhy = 0,
i.e. that y = 0. Thus by the Cauchy—Riemann equations the only points where sin z
may be differentiable are the isolated points z, = (2n 4+ 1) § (n € Z) . For any z € C
the function sin Z can therefore never be differentiable in an entire neighbourhood
of z, that is sin Z is never analytic.

For cos Z we follow a similar argument. Here
COSZ = U+ 1iv

where

u = cosxcoshy,

v = sinxsinhy.

The equation —sinx coshy = u, = v, = sinz coshy only holds if sinz = 0, i.e. if
x =nm (n € Z). For these values of z, coszsinhy = 4, = —v; = —coszsinhy can
only hold if y = 0. Thus the only points where cos z may be differentiable are the
isolated points z = nw (n € Z) . As before it follows from this that cos z is nowhere
analytic.

Exercise 13, §34, p. 109
With the aid of expressions (13) and (14) in Sec. 34, give direct verifications
of the relations obtained in Exercise 12.

Solutions
From the equations we verified in exercise (11), it follows that

sin Z = sinx coshy — i cosz sinh y = sinx cosh y + % cos x sinh y

and

cos Z = cosx coshy + i sinz sinh y = cosz cosh y — ¢ sin x sinh y.

On applying (13) and (14) of Section 34 of the textbook, it now follows that sin z =
sin z and cos Z = COS 2.

Exercise 14, §34, p. 109
Show that
(a) cos (iz) = cos(iz) for all z;
(b) sin(iz) = sin (i2) if and only if z =nmi (n =0,+1,£2,...).

Solution
We use what we proved in exercise (13) above.

(a) Note that
cos (iz) = cos (iz) = cos ((—i) 2) = cos (i2)

for all z since cos (—w) = cosw for all w.
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(b) Here
sin (iz) = sin (iz) = sin ((—i) 2) = —sin (iZ) .
Thus —sin (iZ) = sin (iz) = sin (¢Z) can only hold if sin (iZ) = 0, i.e. if
iz = nw (n€Z). But iz = nr if and only if z = imn (m € Z) (set
m = —n), and hence we are done.

Exercise 15, §34, p. 109
Find all roots of the equation sin z = cosh 4 by equating the real parts and the
imaginary parts of sin z and cosh 4.

Solution

By (13) of Section 34 we will have sin z = cosh 4 whenever sinz coshy = cosh 4
and coszsinhy = 0. To find all z for which sinz = cosh4, we therefore need to
solve the simultaneous equations

sinxz coshy = cosh4 and coszsinhy = 0.

Now coszsinhy = 0 < either y =0 or z = (2k + 1) /2 (k € Z) . However if y =0
then coshy =1 in which case

sinx coshy = sinx < 1 < cosh4.

Thus y = 0 does not yield a solution and so we must have z = (2k + 1) 7/2 (k € Z).
We now substitute these values into sinx coshy to get the required solution. Now
if x = (2k+ 1) (/2) then
o 1 if kis even
ST -1 if ks odd.

However since coshy = % (e¥ +e7Y) > 0, the case sinx = —1 must be excluded in
the light of the fact that we will then have that

sinz coshy = —coshy < 0 < cosh4.

Hence we must have that x = (dn+ 1)7/2 (n € Z). (Here we have set k = 2n.)
For such an x we get

sin x coshy = cosh .
Now since coshy = cosh (—y), it follows that either y = 4 or y = —4 will be enough

to ensure that coshy = cosh4. Thus we finally conclude that sinz = cosh4 & z =
(dn+1)7m/24+id (neZ).

Exercise 16, §34, p. 109
Find all roots of the equation cosz = 2.

Solution
By (14) of Section 34 of the textbook cosz = 2 yields
cosxcoshy —isinzsinhy = 2.
Comparing real and imaginary parts we get
cosxcoshy =2 and sinzsinhy =0.

Now if sinz sinhy = 0 then either x = kw (k € Z) or y = 0. However if y = 0, then
coszcoshQ = cosz < 1 < 2, and hence this does not yield a solution. Clearly we
must have

x=kr (k€Z).

Substituting this into cosz coshy yields cos (k) coshy = (—1)k coshy. If k is odd
we get no solution since then cos (k) coshy = —coshy < 0 < 2. If k = 2n is even,
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then cos (km) coshy = coshy = 2 will hold whenever y = + arccosh (2) . Therefore
cos z = 2 precisely when

z=2nmtiarccosh(2) (n€Z).

Alternative
cosz = z& % (e”+e ™) =2
& (eiz)2 —4e 4+ 1=0
& e Vel = = (2 + \/5) e
& V= (2ix/§) and 2 = 2n7 (n € Z)
(By the remark at the top of p. 25 of the textbook.)
& y:—ln(2:|:\/§> and z=2nm (n€Z)

& z:2nﬂ':|:iln(2—|—\/§)

In the last equality we used the fact that

1 243 _
Vi eevere Y

and hence that

—1n(2—\/§)=1n( )zln(2+\/§).

1
2-V3

Exercise 4, §35, p. 111

Write sinh z = sinh (z + iy) and cosh z = cosh (z + iy), and show how expres-
sions (9) and (10) in Sec. 35 follow from identities (7) and (8), respectively, in that
section.

Solution
sinhz = sinh (z + iy)
= sinhx cosh (iy) + cosha sinh (iy)  ((7) of Sec. 35)
= sinhxcosy +icoshxsiny ((3) of Sec. 35)
coshz = cosh(z +iy)
= coshz cosh (iy) + sinh sinh (iy)  ((8) of Sec. 35)
= coshzcosy+ isinhzsiny ((3) of Sec. 35)

Exercise 5, §35, p. 111
Verify expression (12), Sec. 35, for |cosh z|? .
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Using the expressions obtained in exercise (4) above we get

|cosh z|?

= cosh? zcos? y + sinh? zsin? y

= (1 +sinh®z) cos® y + sinh® zsin’ y

= sinh?z (0052 y + sin? y) + cos?y

= sinh?z + cos?y.

Exercise 6, §35, p. 111
Show that |sinh z| < |cosh z| < coshz by using

(a) identity (12), Sec.

39;

(b) the inequalities obtained in Exercise 9(b), Sec. 34.

Solution

(a) Using the identity obtained above we see that

sinh? x

INIA

|cosh z|* = sinh? z + cos? y
sinh? z + cos? y + sin?y
sinh® z 4 1

cosh? z.

Taking square roots and keeping in mind that coshx < 0, it follows that

|sinh z| < |cosh z| < coshz.

(b) Recall that cosh z = cos (iz) = cos (—y + ix) . Thus on applying the results
of exercise (9) of Sec. 34 of the textbook, it surely follows that

|sinh 22| < |cos (iz)| = |cosh z| < coshz.

Exercise 8, §35, p. 112
Give details showing that the zeros of sinh z and cosh z are as in statements
(14) and (15) in Sec. 35.

Solution
1 z —z :
5(6 —e ):smz:O
(ez + efz) =coshz=0

¢

t e

ef=e7* (xe)

e2mei2y _ e?z =1

20 =0, 2y=2nmw (n€Z)

(see the top of p. 25 of the textbook)
z=1inm (n €Z)

ef=—e"* (xe")
e =—1
2z=(2n+1)7i (n € Z)

(see the example in Section 29 of the textbook)
i .
z = (§+n7r)z (neZ)
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Exercise 9, §35, p. 112
Using the results proved in Exercise 8, locate all zeros and singularities of the
hyperbolic tangent function.

Solution

We recall that both cosh z and sinh 2z are analytic on all of C. In addition, from
what we showed in exercise (8) above, it is clear that coshz and sinh z are never
simultaneously zero. Therefore

is analytic at all points z where cosh z # 0, and zero where sinh z = 0. Therefore
tanh z has singularities where coshz = 0 (i.e. where z = (5 +nn)i (n € Z)) and
zeros where z = nmwi (n € Z) .

Exercise 14, §35, p. 112
Why is the function sinh (e*) entire? Write its real part as a function of x and
y, and state why that function must be harmonic everywhere.

Solution

Both the functions z — e* and z — sinh z are analytic on all of C and hence so is
their composition sinh (¢%) . By Theorem 1 of Section 26 the textbook, Rt (sinh (e¥))
must therefore be harmonic on all of C. Now for any w € C it follows from exercise
(4) above that

R (sinh w) = sinh (R (w)) cos (T (w)) .
In particular for w = e* we have
w=e* =e”cosy + ie’ siny
and hence
R (sinh (%)) = sinh (e” cos y) cos (e” siny) .

Exercise 15, §35, p. 112
Find all roots of the equation

(a) sinhz = 4;
_ 1.
(b) coshz = 3;

Solution

(a)

1
sinhz =1 < g(ez—efz):i (xe?)
& () =2 —1=0
. 2ity—d+4
& f=—=j
2
& ef=e¢'
=

e
z:i(

1
(ez—l—efz):coshz:i & ef4e =1 (x€°)

+2n7r) (nelZ).

N =
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In polar form

1 \/g ™ .. ™ P
5—1—27 _cos(§> —l—zsm(g) =e'3
and
l_ @ = (_K) + (__) — oty
5 iy =cos|—3 isin =e
By the remark at the top of p. 25 of the textbook
1 -
efe W =¢e"=—-+ zﬁ =e's

if and only if

z=0+i(g+2mr) (nez).
Similarly
.1 V3
e =——1— —=e 3
2 2

if and only if
z:0+i(—g+2n7r) (neZ).
Therefore

1
coshz:§<:>z:i(2mr:|:%) (nelZ).

Exercise 16, §35, p. 112
Find all roots of the equation coshz = —2.
Suggestion: Compare this with Exercise 16, Sec. 34.

Solution
Since cosh z = cos (iz) = — cos (iz + 7) by (4) of Sec. 35 and (11) of Sec. 34 of
the textbook, it follows that

coshz = —2 & cos(iz +7) = 2.

Comparing this with what we showed in exercise (18) of Section 34 in the textbook,
it follows that

coshz=-2 & iz+7r=2k7r:|:i1n(2+\/§)

& z=+h(2+V3)+i@n+ )7 (n=—keZ).






CHAPTER 4

Integrals

Study all sections. Note that much of sections 37 — 39 amount to a revision
of material covered more extensively in MAT2615. We will therefore freely use
the concepts and results contained in these sections, but will not emphasize them
greatly.

In this chapter we start our investigation of the theory of integrating complex
functions along some given contour. Such integrals are easy enough to define, but
finding elegant ways to compute them is another matter. Once again the concept
of analyticity ends up playing a crucial role. The Cauchy-Goursat theorem tells
us that if a function is analytic on some domain, then for any closed contour C' in
that domain, fc f(2)dz = 0. By the Anti-derivative Theorem, this is equivalent
to saying that such a function has an antiderivative on that domain. Once we are
assured of the existence of an anti-derivative for a certain class of functions, then
for that class we can try to mimic the theory of integration as done in elemen-
tary calculus. However the ramifications of the Cauchy-Goursat theorem go far
beyond the existence anti-derivatives. The consequences of this theorem include
the very elegant Cauchy Integration Formulas (a very powerful integration tool),
the Maximum Modulus Principle (which tells us where to look for the maximum
of |f(2)] on some bounded closed region), Liouville’s theorem (which basically tells
us how difficult it is for an analytic function to be bounded), and even the Funda-
mental Theorem of Algebra (which guarantees that every polynomial equation of
degree one or higher has a solution). But let’s get down to practicalities, and close
this overview chapter 4 with some hints on using this powerful theory to compute
integrals.

As alluded to above, the elegance with which we are able to integrate a complex
function on some given contour, depends entirely on the extent to which that func-
tion is analytic. If the function is very bad and not at all analytic on or near the
contour, then our only real option is to parametrise the contour and try to compute
the integral from “first principles”. If however the integrand, say f, does behave
well in the sense of being analytic everywhere except for some isolated points, we
have many more options available to us.

If the contour C'is not closed and f is analytic on some domain containing C', we
may then use antiderivatives to compute [, f () dz. If C'is closed and f is analytic
on and inside C, then the Cauchy-Goursat theorem tells us that [ f(z)dz = 0.
(Note that to be able to apply the Cauchy-Gourat theorem to some function f,
it is not necessary for f to have no singularities. All we need is for f to have no
singularities on or inside C. For example although f(z) = 1 has a singularity at
z = 0, this point is outside |z — 2| = 1 and so we still have

1
/ —dz=0
|z—2]=1 #
by this theorem.)

If now f is of the form f (z) = ZEE; where g is analytic inside and on C' and p is

a polynomial, we can use the Cauchy Integration Formulas to compute the integral
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Jo f(2)dz. The idea is as follows: If Z 8 is a rational function we can use partial
fractlons to decompose it into a sum of simpler terms to which we may apply the
integration formulae. However even if ¢ is not a polynomial, we can still use partial
fractions to decompose ( ) into a sum of terms of the form € _I‘; - On multiplying
throughout by g, we end up with a formula expressing f as a sum of terms of the
form € (Z)L . Once this is done, we can then use the Cauchy Integration Formulas

to compute the integral of each (f_g fgl , and add the results to get [, f c z)dz. For

example if f(z) = ey
use partial fractions to conclude that

1 B 1 1

2(z—2) 2(z-2) 2z

and then multiply throughout by sin z, to get

and C' is the positively oriented curve |z| = 3, we may

Sinz 511'212 511'212
2(z—=2) z-2 z

It now follows from the integration formulas that

sin z sin z
_SmE g, = —d
/CZ(Z—Q) * /02—2 *

sin
2
i (5

= misin2.

(If of course we were integrating over the positively oriented circle |z| =
instead of |z] = 3, we would not have needed partial fractions since in this case
only the singularity z = 0 lies inside |z| = 1. In particular this means tha Sm;
although not differentiable at z = 2, is nevertheless analytic inside and on |z| = 1.
We can then directly see that

sin z

sin z z—2) sin z
——dz = / dz = 2w —— =0.)
/|z|—1 z(z—2) l2l=1 % (2 =2) .-

But what if f is of the form f (2) = ,’;8 with both g and h analytic, but with h

not a polynomial. (For example something like tan(z) =

sin(z)
cos(z)
If in this case we want to compute the integral |, o [ (2) dz for some closed contour C,
there is no easy way to reduce it to an application of the Cauchy Integral Formulas
like we did above. So although such functions are very nice, the technology we
develop in this chapter, cannot adequately deal with this class of functions. Our
theory of integration therefore clearly needs a bit more development. However
before we can further refine the theory of integration, we need the background of
the theory of power series expansions. This we investigate in the next chapter,
before returning to the theory of integration.

is such a function.)
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Solutions to selected problems

Solutions to selected problems in sections 38, 39, 42, 43, 45, 49, 52 and 54
follow.

Exercise 2, §38, p. 121

Evaluate the following integrals:
(@) [2(E—i)%dt; ) [0 () [Te tdt (Rz>0).

Solution:
(a)
2 2 2
1 1 2
/ o = / ~ 1) —ifla
L\t N t
1
= (———t)—izlntﬁ
t
1
= —5—2'.21112
(b)
/gemdt _ e
0 i2 0

(o5 i03) )
= - COS — 81m — ) —
) 3 3

1 1
Y B S
12 2 2
_ 3L
4 4
(c)
0o b
/ e *'dt = lim e *tdt
0 b—oo 0
b
1
= lim — —e *
b—oo z 0
= lim l (1 — eiZb)
b—oo 2

Note that ’e_Zb’ = e R 0 as b — oo since by hypothesis R (z) > 0.

1 1
H FemFdt = lim = (1—e ) = =,
ence [ e Jim z( e ) p;

Exercise 4, §38, p. 121
According to definition (2), Sec. 38 of integrals of complex—valued functions of

a real variable,
us T us
(144)z _ T . T
e dr = e cosxdr +1 e¥ sin xzdx.
0 0 0

Evaluate the two integrals on the right here by evaluating the single integral on the
left and then identifying the real and imaginary parts of the value found.
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Solution:

T s T
/ e® cosxzdr +1 / efsinxzdr = / et g
0 0 0

Hence

T
/e””cos:z:d:z: = R
0

= ——(e"+1)
i 1 1
Tsinzdr = S|z —iz ) (—e" -1
/Oe sin xdx & <2 12)( e )>
= %(e”—i—l).

Exercise 2, §39, p. 125
Let C denote the right—hand half of the circle |z| = 2, in the counterclockwise
direction, and note that two parametric representations for C are

z=z(9)=2ei0 (—ggegg)

and
z=Zy)=vi-y*+iy (-2<y<2).
Verify that Z (y) = z [¢ (y)], where

1) (y) = arctanzlL_y2 (—g < arctant < g) .

Also, show that this function ¢ has a positive derivative, as required in the condi-
tions following equation (9), Sec. 39.

Solution:
With z and Z defined as before

o
— 2 <cos <arctan <%y2>> +isin <arctan <%y2>>>

_ 2<@+1@>

2 2

Vi—-y?+iy (—2<y<2).
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o — y : _
Note that if o = arctan <\/W)’ ie. tana = Ti then
2
y
\ 4~ y2
Finally note that with f (y) = \/%7, it follows from the chain rule for real func-
tions that p )
¢'(y) = —arctan (f (y)) = —————= 1" (y).-
dy L+ f(y)*

Now by elementary differentiation rules we can show that
4
ffly)=——.
(4—y%)>
Substituting into ¢’ (y) we get
1 4 1

R rn R TR RV

Clearly ¢’ (y) > 0 on —2 < y < 2. (Strictly speaking ¢’ (y) doesn’t actually exist
at y = +2.)

Exercise 6, §39, p. 126
Let y (z) be a real-valued function defined on the interval 0 < z < 1 by means
of the equations

3 o3 (E
| x°sin x) when 0<z <1,
y(a:)—{ 0 when z=0.
(a) Show that the equation
z=z+iy(z) (0<z<])

represents an arc C7 that intersects the real axis at the points z =

1/n(n=1,2,...) and z = 0.
(b) Verify that the arc C in part (a) is, in fact, a smooth arc. Suggestion: To

establish the continuity of y (z) at = = 0, observe that

0< ‘:zr‘o’sin (z)‘ <23
x

when z > 0. A similar remark applies in finding 3’ (0) and showing that
y' (z) is continuous at = = 0.
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Solution:
(a) For z = 1 we have

) -

Il
SI= 3=
+
o~
A/
S|
w
=z.
=
/N
—~
TE
SN—
N—————

Sie 3

For # # 1 (n€Z), Z # nr and hence sin (Z) # 0 (that is S (z (z)) #
0). Thus for any z with z # 1 (n € Z) z(z), is not on the real axis.
Clearly z intersects the real axis at precisely the points 0 and % (nez).
(b) Since z3, %, and sinx are all continuously differentiable for x # 0, it

follows that 23 sin (%) is continuously differentiable when x # 0. Clearly
the same is then true of z (z). It remains to show that 2’ exists and is
continuous at 0. Now since —h? < h?sin (%) < h? it is clear from the
sandwich theorem that h?sin (%) — 0 as h — 0 and hence that

. h) — z(0)

) = 1 2(7
Z(0) i h
. 9 . ™
= lim 14 ¢h“sin (—)
h—0 h
= 1
. . (T T .
For © # 0 we have 2/ (z) = 1+ (3:102 sin (—) — Tx Ccos (—)) Since
x x
—32% < 32%sin (z) < 32?, —7|z| < —7mz cos (ﬁ) < 7lz| it follows from
x

the sandwich theorem that 2’ () =1+ (3:1:2 sin (E) — 7T COS (E)) —
T T

1440 =z’ (0). Thus 2’ is continuous at 0.

Exercise 1, 3 and 4, §42, p. 135
For the functions f and contours C in Exercises 1 through 7, use parametric
representations for C, or legs of C, to evaluate

/Cf (2) dz.

1. f(z)=(2+2)/zand Cis

(a) the semicircle z = 2¢% (0 < § < 7);
(b) the semicircle z = 2¢? (7 <0 < 27);
(c) the circle z = 2¢* (0 <6 < 27).

3. f(z) = mwexp (7Z) and C is the boundary of the square with vertices at the
points 0, 1, 1414, and ¢, the orientation of C' being in the counterclockwise
direction.

4. f(z) is defined by the equation
B 1 when y <0,
Fle) = { 4y when y >0,

and C is the arc from z = —1 — i to 2 = 1 + 7 along the curve y = 23.
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Solution of exercise 1:

(a) Observe that dz = 2’ (0) df = 2ie’®df and hence here

2 ™2l 42
/Z+ dz = / 2 S ieitdg
c Z o 2e’
= 2@/ (" +1)db
0
1, T
= 2 (—,e“’+9)
t 0
(1
= 22(—,(—1—1)+7r>
1

= —4 4127

(b) By a similar argument to that in (a) it follows that in this case
z+2 2 i0
/ dz 2i / (e +1)do
C ™

A
1 .
2 (—,e“’ + 9)
1

4 +12m.

27

s

(c¢) Here the contour is just the join of the two contours considered in (a) and
(b). Thus the integral turns out to be the sum of the integrals in (a) and
(b). Hence

2
/ E s — (—d4i2m) + (4+i27) = idr.
C z

Solution of Exercise 3:

C3
i < 1+i
c.Y AcC,
of ¢, 1

Here C = C7 U Cy U C3 U Cy where Cq, Cs, C3 and Cy are as shown. These line
segments may be parametrised as follows:

Cllzl(t):t,OStSI CQZQ(t):1+Zt7O§tS1
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Now
- 1
/ we™fdz = / me™ldt = et o=€" -1
Cq 0
/ e dz = /
Cs 0

1
/ e dy = / me™ (== (_1) dt
C3 0

1
= —ﬂ'e”e*”/ e Ttdt
0

— ™ (efwt’(l))

= e"—1,

1
/ e dy = / me” ™= (i) dt
Ca 0

1
—ime ' / et dt
0

it ‘ 1
0

and

= -2

Therefore

4
/ me™rdz = E / e 2 dz
C n=1 Chn

= (" =1)+2"+ (" —=1)+ (-2)
= 4(e"-1).

Solution of Exercise 4:
Here

C:z2=x+ix> where —1<z<1.
Hence
1
/f(z)dz:/ f(z+iz®) (1 + i32%) da.
c 1

Nowon C, y =22 > 0 when > 0 and y = 2> < 0 when # < 0. Thus if z € C
then

1 if =<0
f(z)_{él:z:?’ if 2> 0.
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Therefore
0

/Cf(z)dz = /f(x+ix3)(1+i3x2)da:

—1

1
x+ i3 i322) dx
+/Of(+ ) (1+432%)d

0 1
= / (14 i32%) da:+/ 42° (1 +14327) da
-1 0

= (gc + i;v3) ’(11 + (x4 + i2:106) ‘(1)
(1+4+i)+1+442
= 2+13.

Exercise 8, §42, p. 136
With the aid of the result in Exercise 3, Sec. 38, evaluate the integral

/ 2MZ"dz,
c

where m and n are integers and C' is the unit circle |z| = 1, taken counterclockwise.

Solution:
The circle |z| = 1 may be parametrised by z () = €%, 0 < 0 < 27. By exercise
2(b) of section 8 we have z () = ¢ = e~ (To see this note that
e = cosf+isnd
= cosf —isind
= cos(—0) 4 isin(—6)
— it

Hence

2m
/zm z)"dz = / emle=inbici% g
c 0
2m
— Z/ ei(mfnJrl)Hde
0

2mi if m=n-1
= 1 . 2
i(m—n+1)60 if —1
7(m—n+l)e }0 if m#n
_ 2t if m=n-1
a 0 if m#n-—1.

Exercise 10(b), §42, p. 136

Let Cy denote the circle |z — zg| = R, taken counterclockwise. Use the para-
metric representation z = zy + Ret? (—=m <0 <) for Cy to derive the following
integration formulas:

d
(i) / S 2mi;
C, zZ— 20
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Solution:
(i)
dz T 1 0
/Co z2—z20 /_W (20 + Ret?) — 2o (iR do)
= z/ df = 2n
(ii)
/ (z—20)" tdz = ((zo—l—Rew) —zo)n_l (iRewd@)
C() —T
= z/ R"e™%dg
_ l Rnein9|7:
n s
1 n im\ " —im\"™
= —R"((¢)" = ()"
1 n n n
= LR - (1))
= 0

Exercise 1, §43, p. 140
Let C be the arc of the circle |z| = 2 from z = 2 to z = 2i that lies in the first
quadrant. Without evaluating the integral, show that

/ dz s

< —.
C 22 -1/ 3
Solution:

The length of the arc of the circle |z| = 2 in the first quadrant is 1 of the
circumference, i.e. § (72%) = 7. In addition whenever |z| = 2, we have

1
2 2 P
Therefore by (1) in section 43 of the textbook
1 1 m
———dz| < -m= .
/cz2 —1%=3"73

Exercise 3, §43, p. 140
Show that if C is the boundary of the triangle with vertices at the points 0, 34,
and —4, oriented in the counterclockwise direction, then

/ (e* —2)dz
c
Solution:

Here the length of C' is the sum of the distances from 0 to 37, 37 to —4 and —4
to 0, that is

< 60.

0 — 3i| + [3i — (—4)| + |—4 — 0] = 12.
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- 3i

Now for any z on C' we see from the sketch that R (z) < 0 and hence that |e*| =
e®(*) < 9 = 1. Also on C the point furthest away from the origin (i.e. the point
where |z — 0] is a maximum) is —4. Thereforeon C |Z| = |z| = |z — 0| < |-4 - 0] =
4, whence |e* — Z| < |e*| 4 |Z| < 5. Consequently

/C(ez —%)dz

Exercise 5, §43, p. 141
Let Cg be the circle |2| = R(R > 1), described in the counterclockwise direc-

tion. Show that 1
| B <o (;R>
Cr %
Solution:

R
The circumference of the circle Cg:|z| = R is 2rR. Recall that —7m < Arg(z) <
7. In addition since, R > 1, In R > 0. Therefore for any z with |z| = R we have

|Log (2)] [In R+ iArg ()]
In R| + |Arg (2)]
In R+ .

<5 x 12 =60.

<
<

Consequently

L | 27 (1
/ 0g2(z)dz}§<nR;—7r)2ﬂ_R_ 7r(nR+7r)'

Exercise 8, §43, p. 141
Let Cy denote the boundary of the square formed by the lines

1 1
x—:|:<N+§>ﬂ' and y—:|:<N—|—§>ﬂ'

where N is a positive integer, and let the orientation of C'y be counterclockwise.
(a) With the aid of the inequalities
|sinz| > |sinz| and |sinz| > [sinhy],
obtained in Exercises 8(a) and 9(a) of Sec. 34, show that |sin z| > 1 on the
vertical sides of the square and that |sin z| > sinh (7/2) on the horizontal
sides. Thus show that there is a positive constant A, independent of N,

such that |sinz| > A for all points z lying on the contour Cy.
(b) Using the final result in part (a), show that

/ dz 16
cy Z2sinz 2N+ 1)7A

and hence that the value of this integral tends to zero as N tends to
infinity.

=7
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Solution:

(a) By means of the inequality [sinz| > |sinz| it follows that on the lines
z=:|:(N+%)7r+iy we have

net = o (+ (1))
- em((v+3))

= |=nY|
= 1
Now note that [sin z| > [sinhy|. Therefore on the lines z = z+i (N + 3) 7
we have
|[sinz| > |sinh <:|: <N + %) 7T)

o ((v+3)7)

sinh (g) (sinh is increasing on [0, c0))

Y

> 1.

Therefore |sin z| > 1 on Cy, the perimeter of the square bounded by the
lines

1 1
$=:|:(N+§>7T and y=:|:<N+§>7T.
(b) Now for any z on Cy we surely have
1
o1 = VI 2 max ]yl = (N + 5 ) =

and hence
1

z2sin z

1 4

S v
In addition the length of Cy is

4><2|:(N+%>7T:| —4(2N +1)7.

Therefore
dz 4 16

< ——  xXx42N+ 1) = ————.

/CN Z2sinz| — (2N+1)27T2 X4@N+1)m 2N+1)~w
—0 as N — oo.
d
It follows that fCN 272 —0 as N — oo.
z2sin z

Exercise 2, §45, p. 149
By finding an antiderivative, evaluate each of these integrals, where the path
is an arbitrary contour between the indicated limits of integration:

(a) /i%e”dz; (b) /OﬁJFQicos (g)dz; (©) /13 (2 — 2)° do.
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Solution:

()

T+24 T4+2i
/ cos (f) dz = 2sin (f)
0 2 2/ 1o
- 2sin(g+i) —0
= 2 (sin (g) cosh1 + 7 cos (g) sinh 1)
= 2coshl
1
= e+ —_
e

(C)
/3 ( 2)3 d . ( 2)4
: z z 1 zZ —

Exercise 5, §45, p. 149

Show that .
. 1Le ™
/ Z'dz = te (1—-1),

where 2z denotes the principal branch

2 =exp(iLogz) (]z| >0, -7 < Arg z < )

and where the path of integration is any contour from z = —1 to z = 1 that, except
for its end points, lies above the real axis.
Suggestion: Use an antiderivative of the branch

, 3
2" = exp (ilog 2) <|z| >0, —g <argz < ;)
of the same power function.

Solution:

Except for the endpoints the entire contour lies in the region 0 < 6 < 7, |z| > 0.
This region lies in both (|z| >0, —7 < Arg(z) < =) and (|2| > 0,—-F < arg(z) <
3%). Hence if log z is the branch (|z| > 0,—% < arg(z) < 2f), then for any z on
the given contour (except the endpoints +1) we will have that Log(z) = log (2) and
hence that

exp (iLogz) = exp (ilog z) .
Therefore replacing the one branch of 2 by the other in the integral will not change
the value of the integral. We may therefore use the branch

. 3
2" =exp (ilogz) (|z| >0, —g <arg(z) < ;) .

For the same branch of log z the branch

‘ 3
L) exp ((1 4 1) log 2) <|z| > O,—g <arg(z) < ;)

has the derivative p
% (2(1“)) = (1+41) 2
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on the region (|z| > 0,—% < arg(z) < 2F). Therefore = (2 D) = (3 —4d) 204
(with z(49) as above) is an ant1der1vat1ve of z* on a domain containing the entire
contour from —1 to 1. In polar form 1=e?"m —1= ei(””m”). Selecting n and

3T
m so that —5 < 2nm < — and —5 <74 2mw < 3& , it follows that

2
log(1) =In1+440=0, log(—1) =In1l+ir =ir
and hence that
1 1
/ PR (1 —1 > (+9)
. 2 »
1 1
= 5 (1 —i)exp((1+i)log(2))
2 —1
1
= (=) exp (0) — exp (~ + i)
1

= L0 -eTen)
_ (1—1—26_”)(1_2_)'

Exercise 1, §49, p. 160
Apply the Cauchy—-Goursat theorem to show that

/Cf(z)dz:

when the contour C is the circle |z| = 1, in either direction, and when
2
z 1

@) flR)=s=5 ) fle)=z7 (O f()= 5573

(d) f(z) = sechz; (e) f(z)=tanz; (f) f(z)=Log(z+2).

—/Cf(z)dz_/cf(z)dz
/Cf(z)d220<:>/_cf(z)dz:

We may therefore assume that C' is positively oriented in each of (a) — (f).

Solution:
Since

it is clear that

2
is not differentiable is z = 3. There-

(a) The only point where f (z) =

fore f is analytic inside and on |z| = 1, and so by Cauchy’s theorem

2
/ z dz = 0.
CZ—3

(b) z — ze™* is an entire function and so

/ ze ?*dz =10
c

by Cauchy’s theorem.
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() f(z) = PR P fails to be differentiable where 2% + 22 +2 = 0, i.e.

where z = 2 (—2+£/4—8) = —14i. However since |[-1+i| =2 > 1,
both these points lie outside C' and so by Cauchy’s theorem

1
————dz=0.
/022—}—224—2 ?

1
(d) f(z) = sechz = —— fails to be differentiable where coshz = 0, i.e.
> — > 1 for

z'n—i—lﬁ
2)2| 7 2

each n € Z. That is all these points lie outside the circle C' and so
/ sechzdz =0
c

fails to be differentiable where cosz = 0, that is

(o4

points are outside the circle |z| = 1 and hence

/ tan zdz = 0.
c

(f) z — Logz fails to be differentiable on the line segment y = 0, z < 0.
(See (5) in section 31 of the textbook.) Hence z — Log(z + 2) fails to
be differentiable precisely where y = 0 and z + 2 < 0, i.e. where y = 0,
x < —2. Since all these points lie outside the circle C, it follows that

/Log(z+2)dz=0.
c

1
where z = 4 (n—i— 5) 7w (n € Z). However z

by Cauchy’s theorem.
z

(e) f(z) =tanz = EE;Z

1
where z = (n—i— 5) 7w (n € Z). Since > 5 > 1, all these

Exercise 2, §49, p. 161

Let C; denote the positively oriented circle |z| = 4 and C3 the positively ori-
ented boundary of the square whose sides lie along the lines © = +1, y = +1 (Fig.
63). With the aid of the corollary in Sec. 49, point out why

Feyde= [ f()d
Cy Ca

1 z+2 z
:m§ (b)f(z):m; (c) f(z)= 1 o2

when (a) f (2)

Solution:
By the corollary in section 49 of the textbook we will have that

fRldz= [ f(z)dz
Cq Ca

whenever f is analytic on the closed region consisting of the contours C; and Cs,
and all the points between them. For each of the functions in (a), (b) and (c)
we therefore only need to show that all the points where these functions fail to be
differentiable lie either inside Cy or outside C;.
1
(a) f(z) = Fyoa] fails to be differentiable where 322 +1 = 0, i.e. where
z
z = :l:i%. Both these points clearly lie inside Cs, that is in the region
-l<z<l, -1<y<1.
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2
(b) f(z) = % fails to be differentiable where sin (£) = 0, that is where

zn = 2nm(n € Z). Now for n = 0, zp = 0 lies inside Cy. For n # 0 we
have

|zn| = |2n7| > 27 > 4,

that is z, lies outside C; when n # 0.
() f(z) = % fails to be differentiable where e* = 1, that is where
— eZ
zn = i2nm(n € Z). A similar argument to that used in (b) now reveals
that zg = 0 lies inside C5, whereas all the other points lie outside C1.

Exercise 6, §49, p. 163

Let C' denote the entire positively oriented boundary of the half disk 0 < r <
1, 0 < 0 <, and let f(z) be a continuous function defined on that half disk by
writing f (0) = 0 and using the branch

f(2) = re?/? (T>O, —g<9<3§>

of the multiple-valued function z2. Show that

/Cf(z)dz—()

by evaluating separately the integrals of f (z) over the semicircle and the two radii
which constitute C. Why does the Cauchy—Goursat theorem not apply here?

Solution:

The half—circle Cy from 1 to —1 (with |z] = 1) which lies in the upper half-
plane, lies entirely in the region (|z| > 0, —g <h< 3; . By (4) of section 32 in
the textbook the branch

24 - 2o (B102) (12150, ~F <arg(z) < T
37 T3P (278 T T E 2

is then an antiderivative of 22 on this region. Therefore using this branch of %z%,
we conclude from the theorem in section 42 that

|
_

/C e =4 1
= ; (exp (g log(—l)) — exp (g log(1)>)
- g (exp (g (m)) — exp (0)>

(The values of log (—1) and log (1) were computed in the solution to exercise 5 of
section 43.) For any z on the line segment (|z| > 0, arg(z) = 7) we have

log (z) = In|z| + im.
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Therefore for any z on the real axis between —1 and 0 we have
27 = exp <l 1ogz>
2
exp (l In|z| + iﬁ)
2 2

= exp(ln |z|)exp(ig)

= izl

If we parametrise this segment by Cy : z (t) = (t — 1), 0 < ¢ < 1, then

1 1
2 :
/z%dz:/ i\/|z|dz:i/ V1—tdt=—i=(1—1%)
Ca2 C2 0 3

Similarly for any z on the non-—negative real axis we have 23 = \/z, and hence if
Cj5 is the line segment C3 : z =¢, 0 <t < 1, from 0 to 1 we have

1
2 : 2
/ z%dz:/ \/Edtz—t%
& 0 3

3
1 1
z2dz = / z2dz = 0.
/c n;l Chn

1

0 3
Finally note that we may not use Cauchy’s theorem since 22 fails to be differentiable
at the point 0 on the contour.

ol

= ]—

0 3

Therefore

Exercise 7, §49, p. 163
Show that if C' is a positively oriented simple closed contour, then the area of
the region enclosed by C can be written
1
21 e}
Suggestion: Note that expression (4), Sec. 46, can be used here even though
the function f (z) = Z is not analytic anywhere (see Example 2, Sec. 19).

Solution:
Let R denote the interior of the contour C'. Then with v = z and v = —y, it

follows from (4) in section 46 of the textbook that
1 1
zdz = — | (v —1iy)dz
21 C
. / (u+iv)d
= — u+ i) dz
2 Jo

_ 2l //(_Um—uy)dAJri//R(um—vy)dA

R
_ %U/R(_o_())dAH//Ru_(_1))dA]
/RdA

2 Jo

<

as required.
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Exercise 1, §52, p. 170
Let C denote the positively oriented boundary of the square whose sides lie
along the lines = £2 and y = +2. Evaluate each of these integrals:

W [ 0 [t © [ £57

(d) /CMCJZ (—2 <0 <2); (o) /CCOSthz.

(z —x0) 24

Solution:

T
(a) Since e~ * is an entire function and 25 is inside C, we have that

;T
z 22

by the Cauchy integral formulae.

/ ¢ dz = 2mie /2 = o (—i)=2m
c

1
(b) Here cosz is entire with ) failing to be differentiable where z =
z
+i21/2. However both these points clearly lie outside C' and so % is
z

analytic inside and on C. Therefore

/ cosz . _ /cosz/(22+8)dz
c 2 (22 +8) c z
_ o [ Cos2
22 +38

- )

(c) Since —% lies inside C' we have

/02211@_/0#/3%))@_27”‘ (5)

(d) tan(z/2) = = Ez)) fails to be differentiable where cos(z/2) = 0, that
cos (£
2
is where z = (2n+ 1) 7 (n € Z). However for any n,|(2n+1)n| > 7 >
2. Therefore all these points lie outside C' and so tan (z/2) is analytic
(differentiable) inside and on C. By contrast xq lies inside C'. Thus

/C%dz = % (%tan@/?))

(e) The function cosh z is entire and so
cosh z 2mi [ d?
/C p dz = o (@ coshz)

Exercise 3, §52, p. 171
Let C be the circle |z| = 3, described in the positive sense. Show that if

22—z —
g(w)zéudz (] #3).

zZ—w

2=0

Z=—

[N

= imsec? (x0/2).

Z=T0

)
= —sinh 0 = 0.
3sm

z=0

then g (2) = 8mi. What is the value of g (w) when |w| > 37
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Solution:
The point z = 2 clearly lies inside the circle C' : |z| = 3. Therefore

222 — 2 —2
g(2) = / R Tt~ omi (22 — 2 -2) = 8mi.
C z—2 2—2
Now for any fixed w the function
222 —2-2
z— —

(z — w)

fails to be analytic where z = w. Now if |w| > 3, this point clearly lies outside C.
The above function is then analytic inside and on C, whence by Cauchy’s theorem

222 —2 -2
g(w)—/CWdz—O

for all such w.

Exercise 5, §52, p. 171
Show that if f is analytic within and on a simple closed contour C' and zg is
not on C, then

[ (2) dz :/ f(z)dz
o (

c 2% z— )%

Solution:

If f is analytic inside and on a simple closed contour then so is f’ by theorem
1 of section 52 in the textbook. Therefore on applying (6) in section 51 first to f
with n = 1 and then to f/ with n = 0, it follows that

/CMdzzsz’(zO)z/ 16 g,

(z — 20)° c (z—20)

for every zq inside C. If now 2 is outside C, both f (2) /(z—z20)? and f’ (2) / (z — 20)
are analytic inside and on C. For such zp we then have by Cauchy’s theorem that

f e == [ e

Exercise 7, §52, p. 171
Let C be the unit circle z = ¥ (—7 < @ < 7). First show that, for any real

constant a,
ellZ .
dz = 2mi.
C z

Then write the integral in terms of 6 to derive the integration formula

The claim follows.

/ e®*8% cos (asin ) df = .
0

Solution:
Let C be the unit circle z = € (—7 < 6§ < ) centred at 0. Since e* is an
entire function, it follows that
ellZ
/ dz = 2mie® = 27i.
c Z 2=0
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In terms of the parametrisation z = % (—7 < § < ) the integral becomes

) P T eaexp(iG) L
21 = dz = Tzeledﬁ
c . €

— z/ﬂ' eaexp(i@)d9

T
= 4 / ea cos 0+1a sin 9d9

—T

= z/ %% (cos (asin ) 4 i sin (asin 0)) df

—T

= —/ e“cosesin(asin@dé‘—i—i/ e?*5% cos 0 (asin 0) df.

—T —T

Comparing imaginary parts we conclude that

/ €% cos (asin @) df = 2.

—T

Since
eacos(fe) cos (asin (_9)) _ eacosGCOS (_a sin6‘)
e?°*5% cos (asin 6)
the integrand is an even function and so
T 1 ™
/ €259 oo (asinf)dfd = = / €% cos (asin®) do
0 2 Jr
= 7.

Exercise 9, §52, p. 172
Verify the expression

(z)= i/07( 1) ds.

m s—2z)

Solution:

We show how one may use the binomial formula and mathematical induction
to prove (6) of Section 51. The specific case n = 2 then corresponds to the solution
of the above problem.

Let C be a simple closed contour and zg a point inside C. Then by the theorem
in section 50

f(z0) = L Mdz.

2 Jo 2 — 2

Now suppose that for some integer & > 0 we have

k! z
f(k)(zo)——/ci( f())k+1dz.

211 zZ—2p
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Now for n = k + 1 if follows from this that

S8 (20 + Az) = f) ()
Az

N | 1 Ve,
27 (z— 20— Az)kJr1 (z — zo)kJr1 Az

I R S (CEEDES y (O
2miJo (2 — 20— Az)k+1 (z — zo)kJrl Az

() w (2 = 20)" — anilo (kr-;l) ()R (ALY f(z)dz
2mi Jo (z — 20— Az)kJrl (z — zo)kJrl Az

_ Zm 0 k+1 )k_m (Az)k_m (Z — Zo)m

= 271—1/ Z—Zo—Az) l(Z—ZQ)k-H f(Z)dz

_ R K1Y (L yk=m (A Yk f(z)dz

_ 27”-7;( ey s e —

where Az is small enough so that zp + Az is inside C. Let M be the maximum of
|f (2)| on C, L the length of C' and d the shortest distance from zy to the points z
of C. For any z € C' and 0 < |Az| < d we then have

|z — 20| > d |z — 20 — Az| > |z — 20| — |Az| > d — |Az].

Given any m with 0 < m < k we then have
dz
Az k—m/ f(Z)
(82) ¢ (z— 20— A2)" ! (2 — zp)FH ™
IAzF™ ML
Bl -0
(d— |Az|) Jk+1-m

Therefore in the above sum all the terms except the one with m = k tend to 0 as
Az — 0. To conclude the proof we show that for the integral in the m = k term

we have
f(z)dz _ f(z) ~
/c (z — 20— Az)kJrl (2 — z0) /c (z— ZO)kJrz'd

as Az — 0. To see this note that

fc<( 1k+1( - : k+2>f(z)dz

as Az — 0.

<

z—2z9— Az) z—2z0) (2—20)

— Z k1 — z— Z — z k1
(Z 0) ((]H_l 0) Ak3_2 f (Z) dz
)7 (2= 20)

:fc

(z— 20— Az z—

(2 _ Zo)k+1 . kil (kJTrl) (_Az)k+1—r (Z . ZO)T
=/ r=0 N f(z)dz

(z— 20 — A2)" (2 — 2

_ Zk: (ki—l) (_AZ)kJrlfr I f(z)dz

=0 (z — 20 — Az)FT (2 — 2)" 27T
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Now for any 0 < r < k we see that

_r z)dz
(— Az /C e f(2) N

A" (2 — 2

|Az|" " ML
_
(d— |Az|)k+1 dk+2-r

as Az — 0. Therefore the term in () above tends to zero. Applying this to («)
it follows that

<

SO (20 + Az) = f) ()
Az

- () L

eSO IO,
o Jo (2

27 _ zo)k+2

fle) .

)k-‘r?

k+1)!
as Az — 0. Therefore f++1) (z;) exists and equals ( +.) Jo
21 (Z — 20
Thus by induction
F (20) = _/ iz
o (z—20)""

211 — 20
foralln=0,1,2,....

Exercise 10, §52, p. 172
Let f be an entire function such that |f (z)| < A|z| for all z, where A is a fixed
positive number. Show that f (z) = ayz, where a; is a complex constant.

Suggestion: Use Cauchy’s inequality (Sec. 52) to show that the second deriva-
tive f” (z) is zero everywhere in the plane. Note that the constant Mg in Cauchy’s
inequality is less than or equal to A (|20 + R).

Solution:

Let f be given such that | f (z)| < A |z| for all z. Then for any z on the positively
oriented circle Cg : |z — 29| = R we have |f(2)] < Al|z| = Alz+ (2 —20)| <
A(|zo| + |z — 20]) = A(|z0| + R). If in addition f is entire, Cauchy’s integration
formulae ensure that for each zg

2!
@ (z0) = _/ L)de_
211 Cr (Z — ZO)
Since the circumference of C'g is 27 R, estimating the integral yields

1 [Alzl +R
£ )| < = <%) 2R,

As R — o0, the right-hand side tends to 0 thereby proving that f(?) (29) = 0. Since

20 was arbitrary this shows that f(®) = 0, and hence that f (z) = a1z +ao. Finally
note that since |f (z)] < A|z| for all z, f(0) must be 0, that is ag = 0. Therefore

f(z)=az.

Exercise 1, §54, p. 178

Suppose that f(z) is entire and that the harmonic function u (x,y) = R[f (2)]
has an upper bound; that is, u (z,y) < ug for all points (z,y) in the 2y plane. Show
that u (x,y) must be constant throughout the plane.
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Suggestion: Apply Liouville’s theorem (Sec. 53) to the function g(z) =
exp [f (2)].

Solution:
Let f (2) = u(z,y) +iv (x,y) be entire. Since e is also entire, so is e/(*). Now
note that

‘ef(z) — cul@y)

by (7) in section 29. If therefore u (z,y) < ug for some ug and all z, e/(®) is a
bounded entire function since then

F@| 2 pu@y) < guo

for all z. By Liouville’s theorem ef(*), and therefore also ‘ef(z)| = (=Y must
then be constant. Thus u (z,y) = In (e“(“v’)) is constant.

Exercise 3, §54, p. 179

Let a function f be continuous in a closed bounded region R, and let it be
analytic and not constant throughout the interior of R. Assuming that f(z) # 0
anywhere in R, prove that |f (z)| has a minimum value m in R which occurs on the
boundary of R and never in the interior. Do this by applying the corresponding
result for maximum values (Sec. 54) to the function g (z) = 1/f (2).

Solution:

If f(20) = 0 for some 2y on the perimeter of R, then |f (z0)| = 0 is surely the
minimum of |f| in which case we are done as |f (z)| > 0 for all z in the interior of
R.

If f (2) # 0 on the perimeter of R as well, then % is continuous on R and analytic

on its interior since the same is true of f. By the maximum modulus principle H}

then assumes its maximum on the perimeter of R and not the interior. Since

e (|fgz>|) " (min ﬁf @D’

this proves that | f| assumes its minimum on the perimeter of R and not the interior.

Exercise 6, §54, p. 179

Let f(z) = u(x,y) + iv(z,y) be a function that is continuous in a closed
bounded region R and analytic and not constant throughout the interior of R.
Prove that the component function u (z,y) has a minimum value in R which occurs
on the boundary of R and never in the interior. (See Exercise 3.)

Solution:

Since f (z) = u (z,y) + v (z,y) is continuous on the closed bounded region R
and analytic on its interior, the same is true of e/(*). By (6) of section 29, e/(*) #£ 0
on R. Therefore by what we showed in exercise 1 above ‘ef (Z)‘ = ¢“=¥) assumes
its minimum on the perimeter of R and not the interior. Since In is increasing on
(0,00) and e*(®¥) > 0, the same must then be true of In (e*®¥)) = u (z,y).

Exercise 7, §54, p. 179

Let f be the function f(z) = e* and R the rectangular region 0 < z < 1,
0 <y < m. Hlustrate results in Sec. 54 and Exercise 6 by finding points in R where
the component function w(z,y) = R[f (2)] reaches its maximum and minimum
values.
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Solution:

For f(z) = €* we clearly have R[f (z)] = e®cosy. Now in the rectangular
region 0 <z < 1,0 <y <7 e” increases from 1 to e as x varies from 0 to 1, and
cosy decreases from 1 to —1 as y varies from 0 to m. Therefore e* cosy assumes
a maximum of e at the point 2z = 14+ ¢0 = 1 and a minimum of —e at the point
z =1 +im on the perimeter of this rectangle.



CHAPTER 5

Series

Study all sections. Of this material sections 55, 56 and 63 are largely revision
of material dealt with in MAT2613 and will therefore not be tested directly. The
student should nevertheless be conversant with the concepts and results contained
in these sections. In addition since Theorems 1 and 2 of section 66 follow fairly
directly from Theorem 1 of section 65, the proofs of these two theorems need not
be studied.

The basic goal of this chapter is to investigate the extent to which complex
functions can be written as power series. The two theorems which form the cor-
nerstones of this chapter are Taylor’s theorem, and Laurent’s theorem. Taylor’s
theorem establishes yet another very important fact regarding analytic functions.
If a function is analytic in some region of the form |z — a| < R, then in that region
the function can be written as a power series centred at a. But by the corollary to
Theorem 1 in section 65, the converse is also true! Together these two results es-
tablish the fact that a function is analytic at a point if and only if it can be written
as a power series in some neighbourhood of that point. The analytic functions are
therefore precisely the class of functions which allow for power series expansions.

But what if we are interested in the behaviour of a function f at a given point a,
and f is analytic all around this point, but not at the actual point we are interested
in? Is there anything that can be said about such functions as far as power series
expansions are concerned? Because f is not analytic at a itself, Taylor’s theorem
is no longer valid. However all is not lost. In the absence of Taylor’s theorem,
Laurent’s theorem comes to our rescue. What this theorem tells us is that if f is
analytic on a region of the form r < |z — a| < R (which excludes the troublesome
point @) then provided we allow negative powers of z —a, we can in that region still
write f as a series of powers of z — a. Such an expansion in powers of z — a we will
then call a Laurent series for f in the region r < |z — a| < R.

When studying the behaviour of functions around isolated singular points it
is this theory of Laurent series that proves to be especially helpful. So if we want
to be able to study the behaviour of complex functions at such points, we clearly
need a bit of practice in dealing with Laurent series. In this regard we suggest
that example 3 of section 62 and the material in section 67 be studied with care as
they demonstrate a wide range of techniques which prove to be very useful in the
computation of Laurent series.

We close our overview of this chapter by presenting some hints on computing
Laurent series of rational functions. If approached correctly then at least for ra-
tional functions, this should be a reasonably straightforward process. In short the
idea runs as follows: If f (z) = Zgz;,
panded as a Laurent series centred at a (i.e. in powers of z —a) we can use Taylor’s
theorem to rewrite ¢ (z) in powers of (z —a). Next we can use partial fractions

to decompose ﬁ into a sum of terms of the form (Z_Lb)n. Each of these terms
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where p and ¢ are polynomials, needs to be ex-
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are then separately written in Laurent form and finally all the various expansions
for ¢ () and the (Z_Lb)n’s combined algebraically to get the Laurent expansion for

f(z) = ggzg So all that remains is to explain how to write terms like ﬁ in
Laurent—form.

However before doing so we note that a function f may have several Laurent
expansions centred at z = a depending on the number of singularities it has. A
careful look Laurent’s theorem reveals that if a particular form of the Laurent
expansion in powers of (z — a) holds at a point (say wp) then this form will converge
on the largest annulus of the form S < |z —a| < R (where 0 < S < R) which
contains wg and on which f is still analytic! As soon as we leave the annulus
and move beyond a point where f is NOT analytic, the expansion changes. For
example if f has say two singularities at say zp and z; with say

O<R0=|zo—a|<R1:|zl—a|
then f will be analytic on the annuli
|z—al < Ry, Ro <l|z—a| <Ry and R <|z—a|]< o0,

but not on the circles |z — a| = Ry and |z — a] = R; as such, since these contain
2o and z1. So by Laurent’s Theorem on each of the annuli |z —a| < Ry, Ry <
|z —a] < Ry and Ry < |z —a| < oo, f will have some Laurent expansion, however
the expansion may be different on each of these sets!

We finally indicate how a term like —L; (where b # a) may be written as
a Laurent series centred at z = a. The expansions for (z—;b)2’ ﬁ, ... may

then be obtained from this one by differentiating the expansion for ﬁ. (Note for

example that ﬁ; = —%j—;ﬁ.) Now we know that
1 o0
If therefore |#=2| < 1 (i.e. |z —a| < |b— a|) we may write
1 - 1
z—0b (b—a)l_(lzjfa)

and set w = (g:g) to get

n oo
z—a)".
=0

1 -1 S(z—a)"
z—b_b—anZ:O(b—cL)"_nZ

If on the other hand ‘%

-1
G

z—a

<1 (ie. |z—a|] > |b—al) we set w= (b*a) to get

1 1 1
z—0 z—a 1_(b—a)

1 = /b—a\"
- z—az(z—a>

n=0
o0
_ 1
— (b _ a)m 1 -
m=1 (Z - a)m
Suppose for example that we are asked to compute the Laurent series of %

in each of the following regions: (i) |z —1| < 1, and (ii) 1 < |z — 1| < 2. So for each
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of these regions we must find an expansion in powers of (z — 1) that converges on
the given region.
First of all note that by means of partial fractions we can see that

22 — 8z 1 4

(z—22(z41) 241 (2—2)%

We first consider the term ﬁ If |z — 1| < 2 (equivalently |25+ < 1), then

(R 1
2+1 2\1- (=)

= Z(—l)n (22;}1)”

n=0
1 (z—1)  (2—1)?
T2 22 23

If however |z — 1| > 2 (equivalently |=%| < 1), then

11 1
z4+1  z-1 1-(=2)

1 </ -2\"
- z—l%(z—l)

o0 N 2n
= Ly
_ 12 2
o (z—=1) (z—-1)2 (z—1)3"7

Now consider the term 1. If |z — 1| < 1, then

=5 = ()

o0

= (DY (z-D"

n=0

“1—(z=1)—(z—=1)2...

and if |z — 1| > 1 (equivalently [15| < 1), then
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On differentiating these two expressions and changing the sign we get

1 d 1
(z —2)2 T T (z—2)
= 1+42(z—-1)+3(z—1)2...

oo

= Z(n—l—l)(z—l)" whenever |z —1| <1,
n=0
and
1 d1
(z—2)2  dz\z-2
1 n 2 n 3
(-1 (-1? (z-1*
> n+1
= —_— h -1 1.
7;()(2_1)114»2 whenever |z | >

In the region |z — 1] < 1 it will of course also hold that |z — 1| < 2. So in this
region

22— 8z - 1 4
(z—22(z+1) 241 (2—2)?
- <7;)(—1)”(22;7+11)n> —4 (;(nﬂL 1)(z — 1)")
— (%_4)+(_Tl_8)(3_1)+(%—12)(z—1)2...

= -35-825(z—1)—11.875(z — 1)...

In the region 1 < |z — 1| < 2 we have 1 < |z — 1| AND |z — 1| < 2. So in this
region

22 — 8z _ 1 4
(z—22(z+1)  z+1 (z—2)?2
_ <§:( =" ) <§: n+1 )
— 2n+1 n:() Z—l n+2
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Solutions to selected problems

Exercise 1, §56, p. 188
Use definition (2), Sec. 55, of limits to verify the limit of the sequence

1"
zn=—2+i( ) (n=1,2,...)

n2

found in Example 2, Sec. 55.

Solution:

For z,, = -2 +1

(="

n2

we have

1 1
n>Ne=e>— > =|zn — (=2)]| = = <e.
n

N,

n2
2 n

Hence z,, — —2.

Exercise 2, §56, p. 188
Let 6,, denote the principal values of the arguments of the complex numbers

(="
Zn =241 — n=1,2,...).

Point out why 6,, — 0, and compare this with Example 2, Sec. 55.

Solution: 1
For n = 2k even, we have 2o, = 2+ zm This is a point in the first quadrant
1
for which tan (f2x) = 2 (where 0o = Arg(zo)). Hence

1
0o, = arctan (@> — 0.

1
Similarly for n = 2k — 1 odd, z9_1 = 2 — zm is a point in the fourth
quadrant and hence here

-1 -1
o1 = arctan [ ————— | = arctan | ————— | — 0
2(2k — 1) 2(2k — 1)

where a1 = Arg(zox—1). Clearly (6,,) then converges to 0.
Exercise 3, §56, p. 188
Use the inequality (see Sec. 4) ||z,| — |2|| < |2n — 2| to show that
if lim z, =z, then lim |z,|=|z|.

Solution:
Let (z,) and z be given. By (5) in section 4 of the textbook

llzn] — |2|| < |2n — 2] for all n € N.

Now if lim z,, = z, then given € > 0 we can find N; so that |z, — z| < € whenever
n > N.. But by the above inequality we then have that

l|z],, — |2]| <e whenever n > N..
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Clearly this means that lim |z,| = |z|.
n

Exercise 4, §56, p. 188
Write z = re®, where 0 < r < 1, in the summation formula (10), Sec. 56.
Then, with the aid of the theorem in Sec. 56, show that

> rcosf — r? > rsin 6
;r cosn 1—2rcosf +r2 an ZT Swn 1—2rcosf + r2

n=1

when 0 < r < 1. (Note that these formulas are also valid when r = 0.)

Solution:
For z = re? (with 0 < 7 < 1) we have |2| = r < 1. Hence by the formula in
Section 56,

oo [eS)
- 1 1

E Tnelne — E L — : _ : —.

n=0 n=0 -z —re

We proceed to compute the real and imaginary parts of the term 1/ (1 - reie).
1 1 (1 —rcosf) +irsiné
1—re? (1 —rcosf) —irsingd (1 —rcos6)+irsind
(1 —rcosf) +irsiné
(1 —rcosf)® +r2sin 6
(1 —rcosf) +irsind
1 —2rcosf + 12 (cos? 0 + sin? 9)
(1 —rcosf) 4 rsinf
1—2rcosf+r2 ' 1—2rcosf+r2’

00 . 00 00 0

Now since Y 7™ = 3" ¢ (cosnf +isinnf) = . r"cosnf +i > r"sinnb, it
n=0 n=0 n=0 n=0

easily follows that

oo oo
E r"cosnf = N E rhein?
n=0 n=0

1
R (1 —rei(’)
1—rcos6

1—2rcosf +r2’
Finally subtract the n = 0 term (ie. 1) from both sides to get the answer. Similarly

oo

Zr"sinn@ = &
T 1—2rcosf 412’

n=1

Exercise 1, §59, p. 195
Obtain the Maclaurin series representation

oo
Z4n+1

z cosh (2’2) = Z @n)!

n=0

Solution:
From example 3 of section 59 in the textbook we know that

> 2n

z
coshz = Z w

n=0
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Therefore

o (,2)2" X An+1
z cosh (zQ) =z (Z ((22)' ) = go @

n=0

Exercise 3, §59, p. 196
Find the Maclaurin series expansion of the function
z z 1

T&) =5 =9 T+

Solution:
From the example in section 56 of the textbook we know that

1 o0
—— =) "w" if |w <L
1—w =

Therefore

oo

I 1 _
l+w 1—(-w)

(—w)" = Z (—Dw" if |w|<1.
n=0

n=0

Consequently

z

z 1
f(Z) = Z4+9_§<1+%>

o0 4n
z n 2
= — —1 B

St Z4n+1
- S
oy 9n+1

4

<1,ie when |z| <97 = /3,

where the series converges whenever

Exercise 6, §59, p. 196
Use representation (2), Sec. 59, for sin (z) to write the Maclaurin series for the
function f (z) = sin (%), and point out how it follows that

f(4n) (0) =0 and f(2"+1) (0) =0 (n =0,1,2,.. ) .

Solution:
From example 2 in section 59 of the textbook we know that

) e n 22n+1
n=0
Therefore
00 2)2n+1 00 An+2
i 2y — —1)" & — —1)" Zi.
sin (=) n;( )V enrD) ;( V En

2n+1

Now by Taylor’s theorem the coefficients of the 24" and z terms in the Maclau-

rin series are exactly
Fa ) £ )

N Sy d —~= =0,1,2,....
) M epriy "TO0
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But from the series expansion we just obtained it is clear that these coefficients
must all be zero. This can only be the case if

FA0)=0 and f@Y(0)=0
foralln=0,1,2,....

Exercise 7, §59, p. 196
Derive the Taylor series representation

L :i (2 = 9" (1=l < va).

1—z (1—q)"*

n=0
Suggestion: Start by writing
1 1 1 1

1—z (1-i)—(2—4) 1-i 1—-(z—i)/(A—1i)

Solution:
at z = 1. Notice that

We compute the Taylor series expansion of T
—z

1 1 1 1
1—z (1—@)—(,2—@')_1—z’<1—(z—z')/(1—z’)>'
1

Recall that 1 = > w" (Jw| <1). Therefore on setting w = (z —14) /(1 —1) it
—w n=0

follows that

11 1 0l S & (D)
1—2_(1—i)(1—(2—1)/(1—i)>_(1—i)z(1—i)n_z(1—i)"+l

n=0 n=0

z—1

—1

whenever <1, ie. whenever |z —i| < |1 —i| = V2.

Exercise 9, §59, p. 197

Use the identity sinh(z 4+ 7i) = sinh z, verified in Exercise 7(a), Sec 35., and
the fact that sinh z is periodic with a period of 27i, to find the Taylor series for
sinh z about the point z = .

Solution:
If we set w = z — 7i, we have that

sinh z = sinh(w + 7i) = — sinhw
On applying (4) of Example 3 in Sec. 59 to sinhw, it now follows that

0o 0o
w2n+1 _1

SlnhZ:—Slnhw:—;m:;m

Exercise 10, §59, p. 197
What is the largest circle within which the Maclaurin series for the function
tanh z converges to tanh z? Write the first two nonzero terms of that series.

Solution:

By Taylor’s theorem the Taylor series centred at 0 (the Maclaurin series) for
tanh z will exist on the largest disc of the form |z| < Ro on which tanh z is still
analytic. Therefore the largest circle within which the Maclaurin series will converge
is the circle |z|] = Rg where Ry is the distance from 0 to the nearest point where
tanh z fails to be analytic. Now tanh z = ig;’]z fails to be analytic where cosh z = 0,
i.e. where z = (2k+ 1) 7w (k € Z). The singularities closest to 0 are £7i and so
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the Maclaurin series converges inside the circle |z| = |+mi| = m. The first three
derivatives of f (z) = tanh z are

fY(z) = sech®z, f® (2) = 2sech®z tanh z
z) = sech”z tanh” z 4+ 2sech™ z.
®) 4sech’®z tanh? z + 2sech®
Therefore the coefficients of the first four terms of the Maclaurin series will be

M (o 1

f(0) = tanh0=0, ! 1'( ) = 1' ech?0 = 1
f@0 o1 [P 1

ST TR T TR

with the first two nonzero terms in the series being z + %23 + ...

Exercise 11, §59, p. 197
Show that when z £ 0,

e* 1 1 1 =z sin (22) 1 22 20 210
@ a=Sttgtgt s O =m gty -t
Solution:
S| 1
a) From example 1 of section 59 we have that e* = — 2 =14z24+=—22+
1 o1
n=0 N
s, 14
gz + - + ---. Therefore
e 1, 1, 1., 1
2 = altrrgth gt gt
11111
= 2—2"1‘;4—54—524—52 + -
b) From example 2 of section 59, sinz = 5°°°  (—1)" Z-"_ Therefore
n=0 (2n+1)!
sin (2,2) 1 ( . i ( )2n+1
= — (sin(
z4 z4 o @2n+1)!
i 4n—2
o @2n+1)!
1 22 28 10
A TR T

Exercise 12, §59, p. 197
Derive the expansions

sinhz 1 o= 22! 1 z > 1 1
= - —_— b) z%cosh | = ) = =+2° ——
(&) 22 Z+n¥0 (2n+3)!" (b) 27 cos (z) 2+Z +n¥1 (2n 4 2)! z2n—1

where 0 < |2]| < o0.

Solution:

(a) From example 3 of section 59

h 1 1 1
sin z-z—i—gz +§Z —l—ﬁz + -



92

and hence

sinh z 1 1
— +§z +—z + -

1

31°

i H2n+1
= 2n +3)!

(b) From example 3 of section 59

1
22 ;
1
P

=1 1 1 1
h =§ | — —
costt 2 n:0(2n)! +2Z+4|Z+6|Z+

Therefore

1
23 cosh (—)
z

s(1+ 1 (1 NN WA
2! 4\ z 6! \ z
5,1 11 11 11
= z -z —— + =—
2 4' 6! 23 825
_ 3,z 1 1
- +2+;(2n+2)!22”*1'

Exercise 1, §62, p. 205
Find the Laurent series that represents the function

F(2) = 22sin <Zi2)

0o 1"
From example 2 of section 59 sinw = ) =D

in the domain 0 < |z| < oo .

Solution:
w1 (Jw| < 00). Therefore

1
on setting w = — we get
z

= =D 1
_ 27(2(7131)!23. (0 < 2] < 00)

Exercise 2, §62, p. 205
Derive the Laurent series representation

e? 1| (z+1)" 1 1
—a == + + 0<|z+1| <o00).
(z4+1)° e LZ_O (n+2)!  z+1  (z241)° (0<] | )
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Solution: .
For any w € C we have e” = ) %w". Therefore ee? = e*+1 =
n=0
doneo %(2 + 1)", whence
e? 1 11
= _ - 1 n
1 1 1 1 (z+41) (24 1)2
e (z+1)2+(z+1)+2!+ 3! + 41 +
1 1 1 e 1
T e + + z+1)"
el(z+1)?  (2+1) Z;(n+2ﬂ( )

Exercise 4, §62, p. 206
Give two Laurent series expansions in powers of z for the function

1
fz)= A=)

and specify the regions in which those expansions are valid.

Solution:
We know from the example in section 56 that
1
T =1+z+22+28+-- (2|l <)
Therefore for 0 < |z| < 1 we surely have
1 1
E——— | 2 3.,
22 (1 —2) z2( tetaitat)
11 )
= S t+t-+l+z+2"+--
z z
11 &,
= 2_2 + ; + Z z .
n=0
Now when |—| < 1 (i.e. when 1 < |z| < c0), it follows that
z
1 1 1 Y e ?+ 13+
1—z z 1- (%) oz z z z
111
B z 22 28
Therefore
11 1 1 L w1
22(1—2) 23 24 25 B 2m
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Exercise 6, §62, p. 206
Show that when 0 < |z — 1| < 2,

z RN VR
(z—1)(z—-3) 371220 2n+2 2(z—1)

Solution: .
To expand CESEEE)] in powers of (z — 1) we may write
S —— (%)
z=3 (¢-1)-2 2)\1- (%)
L&
o2& o

5 —
whenever

z I I (z—1)"
(z—1)(z=3)  z—1\ 2 on

I
N
—
_|_

N
_
5
|
[
—~
[\DN
3|
tl=
3
\_/

n=0
1 1 > 1 1
= —= — 1"
1 = 3
= — — n-
2(z— 1) nz:% ooz 27 1)

Exercise 7, §62, p. 206
Write the two Laurent series in powers of z that represent the function

1
&)= T
in certain domains, and specify those domains.
Solution:
For |—z%| = |2[* < 1 (i.e. |2| < 1) we have that
1 1
- = () () ()

1422 1—(-2?)
= 1—22424—204,8—

Therefore
1 1 3 5 7
z(1+ 22) Tz S S
1 - n+1l _2n+1
= = -1 ntl, 0< |zl <1
OB 0<lzl<1)

If on the other hand |—%| <1 (i.e. 1 < |z < 00 ), then

1+z2‘z2<1—<—z%>>‘z2n_o( 5) ~ Y
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Thus

1 Lon ()" (=D &K (=™
z(1+ 22) - Z St Z S2nt3 Z S2ntl
whenever 1 < |z| < oc.

Exercise 10, §62, p. 207

(a) Let z be any complex number, and let C' denote the unit circle
w = e (—r<od<m)

in the w plane. Then use that contour in expression (5), Sec. 60, for the
coefficients in a Laurent series, adapted to such series about the origin in
the w plane, to show that

o3 (w-2)] = ¥ e 0<ui<o)

n—=—oo
where

In (2) = i/7T exp [—i (nd — zsing)]dp (n=0,%£1,+2,...).

2 J_ .

(b) With the aid of Exercise 5, Sec. 38, regarding certain definite integrals of
even and odd complex—valued functions of a real variable, show that the
coefficients in part (a) can be written

In (2) = l/Trcos(nqﬁ—zsinqﬁ)dgb (n=0,£1,42,...).
0

™

Solution:
(a) Let C be the positively oriented unit circle |w| = 1 parametrised by

w=¢" —r<f<m.

For any fixed z € C it then follows from the Theorem in section 60 that
we can write the function

o) - [ (w- 2]

as a Laurent series (in powers of w) at w =0

n=—oo

where the coefficients J,, (z) are given by

1 12 (w)
In(z) = o o witl dw

_ i/exp[%(w—%)}dw_

2mi wntl

9 we have

However for w = ¢’
w— 1_ e _ o0 — 94 1 (e —e ®)| = 2ising
w 21
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and so in terms of the given parametrisation we get

ne) = o [ Bl

27i wntl
1 g £ (2isind .
= o= / il Rl [2,( ik W ieitgo
2mi J_ . (ei?)"
R .
_ % . etz sin 9eﬂn9d9
_ i " e—i[n@—zsin@]do.
2 J_,
(b) Let J, (2) be as in part (a). Notice that then
1 Mm ;
I - —i[nf—zsin G]de
(Z) 27T o €
L[ . . .
= 3 (cos (nf — zsin @) — isin (nd — zsin0)) db

1 s us
= —[/ cos(n@—zsin@)d@—i/ sin (nf — zsin ) df | .

2 | ), -7
Next observe that since
cos(n(—0) — zsin(—0)) = cos(—[nfh — zsinb])
= cos(nf — zsin#)
and
sin (n (—0) — zsin (—0)) = sin(—[nd — zsind))

= —sin(nf — zsinh)

the function § — cos (nf — zsin @) is even whereas § — sin (nf — zsin9)

is odd. Therefore by exercise 5 of section 38

1 ™
cos (nf — zsind) do = — / cos (nf — zsin @) df
0

) .
and Lo
) sin (nf — zsind) df = 0.
Consequently
1 ™
In (2) = = / cos (nf — zsin 6) de.
T Jo

Exercise 2, §66, p. 219
By substituting 1/ (1 — 2) for z in the expansion
1 G n
m:Z(”‘i‘l)Z (Jz] < 1),
n=0

found in Exercise 1, derive the Laurent series representation

1 = (-1)"(n—1
LR Y Gt UE

e g (I<]z—1] < ).

n=2

(Compare Example 2, Sec. 65.)
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Solution:
‘We know that

1 o0
— = E w" |w| < 1.
w
n=2

If now we differentiate term—wise then by Theorem 2 in section 65 we have

o0

ﬁ:%(l_w) an :Z(n—i-l)w

n=0

whenever |w| < 1. If next we set w =

, it follows that

2—1\* _ 1 N IR N o Vi ()
(=) O ES) R A i sk

<1, ie. when 1 < |z —1]. On dividing through by (z — 1)* we

whenever

see that :
1 )" (n+1 )" (n—-1

n=0 ( - 1)"+2 B n=2 (Z 1)”

(In the last equality we again used the fact that (—1)" = (-1

)77,-’-2

Exercise 3, §66, p. 220
Find the Taylor series for the function

1 1 1 1
2z 24+(z—2) 2 1+(2-2)/2
about the point zg = 2. Then, by differentiating that series term by term, show

that
1500 +1) Z=2\" (lz—2] <2)
— n Z — .
44 2

Solution:

z
Whenever

-2
’ <1 (i.e. when |z — 2| < 2), it follows that

1 1
i) - (i
_ ( Z—2> i(;li_):(z_2)n

n=0

From Theorem 2 in section 65 we now conclude that for all |z — 2| < 2 we have

1 d (1 d [ (-1)" n
- =)=k (Z% o (52 )
[e7e] n+1 B [e7] (_1)11 N
— Z n+1 n(z—2)"" 2 n+1)(z—2)".

(In the last sum we made use of the fact that (—1)" = (=1)"*?))
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Exercise 5, §66, p. 220
Prove that if

=9 =2

—— when 2z =4w/2,
T

then f is an entire function.

Solution:

Since cos z is entire it is easy to see that is analytic (differentiable)

(=-®7)

if z#+3

whenever 22 — (%)2 # 0. To see that
cos z

f =1 #-@D
- if z::l:%

is in fact analytic on all of C, we therefore only need to check that it is differentiable

at z = 5. To do this we expand cos z as a power series at z = % (i.e. in powers

2
of (z—Z)). Recall from example 2 of section 59 that

) oo " w2n+l
SIMmw = Z (—1) m
n=0

and from the top of p. 107 of section 34 that

. T
cosz = —sin 2—5 .

It therefore we set w = (z - %) it follows that

cosz = _i(— )" i ’2’)2n+1
oy (2n+1)!

P - (e ()

- ﬂ'(zl—i-%)—i_(zi%) [%(z—g)—é(z—g)g—i—}

1

as z — g Thus f’ (g) exists and equals — . To check differentiability at z = —g
0

note that

- - m 1 T
cosz = cos(—z)=— (—z— 5) + 30 (—z—
1
5!

2
= (z—i—g)—%(z—i-g)g—i— (24—%)5—---
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Arguing as before it then follows that

R (e ()

T
- —— asz— ——.
2

1
Thus f/ (—g) exists and equals —

Exercise 6, §66, p. 220
In the w plane, integrate the Taylor series expansion (see Example 4, Sec. 59)

oSy -1 (u-1<1)

w

along a contour interior to the circle of convergence from w = 1 to w = z to obtain
the representation

[e%e} _ n+1
Lngzz%(Z—l)n (lz=11<1).

Solution:
From example 4 in section 59 we know that

Loy n

—=> (-1)"(w-1) (jw—1] <1).

w

n=0

Now by (5) in section 31, Log(z) is an anti-derivative of 1 on the region (|z| >
0, —m < Arg(z) < 7). In particular the disc |w — 1| < 1 is entirely contained in this
region. If therefore z is in this disc and we integrate from 1 to z along a contour
inside this disc, it follows from (1) of section 45 and Theorem 1 of section 65 that

1
Logz = Logwﬁ:/ —dw
1 w

_ /ZZ(—l)"(w—l)ndw
-

z

1)71-!-1

o n(w_
= 20|

(z— 1)

= Z (=1)" —

[e'e) _ n+1
- Zﬁ(z—n" (|2 —1]<1).

n

n=1
Exercise 7, §66, p. 220
Use the result in Exercise 6 to show that if

L
{ Ogi when 2z #1

f(z) =

- —
1 when 2z =1,

then f is analytic throughout the domain 0 < |z| < o0, —7 < Arg z < 7.
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Solution:

Since Logz is analytic on all of (0 < |z| < o0, —7 < Arg(z) < m), it easily
follows that Log(z) / (z — 1) is analytic on this entire region except where z—1 = 0,
i.e. where z =1. To see that

Logz
f(z){ 1 when 2z #1

- —
1 when 2z=1,

is analytic on this entire region, we therefore only need to check that it is differ-
entiable at z = 1. Now by exercise 6 above we may write f (z) as a power series
whenever 0 < |z — 1] < 1. We get

[e’e} v n+1 [e’e} ”— n
f(z):zil (Z(_l)n( n—ll-)l )ZZ(_l)n(n—l-ll) '

n=0 n=0

Therefore for any such z we have that

2)— f(1 1 > n(z=1)"
L (St
_l’_

n=0
_ 1 1 1 2 3
1
— —5 as z—1

1
Therefore f’ (1) exists and equals —5

Exercise 8, §66, p. 220

Prove that if f is analytic at zo and f (20) = f' (20) = --- = f(™ (20) = 0, then
the function g defined by the equations
% when z # z,
9@ =9 G
Fm+1) (20)
———— when z=2
(m+1)!

is analytic at zp.

Solution:

Since f is analytic at zp we can find some R > 0 so that f is analytic for all z
with |z — 29| < R. We show that g is differentiable throughout |z — 2| < R.

f(z)

For any z # zo with |z — 29| < R, g (z) is of the form g (z) = 7 Where

(z — 20
f is analytic at each such z. Clearly g (z) is then also analytic (differentiable) at
each such z.

To show that g is also differentiable at zy we first look at the Taylor series of f
at zo. By Taylor’s theorem

F(2)=) cnlz—2)"

where

™ (20)
nl
Since by assumption f (z0) = f' (20) = --- = f(™) (20) = 0, we therefore get

Cn

F(2)=cm1(z— zo)m+1 + o (2 — zo)m+2 +cmyg(z— zo)m+3
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where the ¢,’s are as before. Then
f (20 + h) = Cmprh™ ! + conyoh™ T2 4 -

and hence

flo+h) — f™(20)
(20 +h—2)"""  (m+1)!

g (20 +h) —g(20)

1
h
1
7 [(cm+y1 + Cmy2h+ -+ ) = cmy1]

2
= Cm+2 t Cmysh+ cmipah”™ + -+
—  Cmt2as h — 0.

Thus ¢’ (20) exists and equals

Jm2) ()

2 = T o)

Exercise 9, §66, p. 221
Suppose that a function f (z) has a power series representation

f(z)= Zan (z —20)"

inside some circle |z — zg| = R. Use Theorem 2 in Sec. 65, regarding term by term
differentiation of such a series, and mathematical induction to show that

fM )= et — ) (h=0,1,2,..)

k!
k=0

when |z — 29| < R. Then, by setting z = zp, show that the coefficients a,, (n =
0,1,2,...) are the coefficients in the Taylor series for f about zy. Thus give an
alternative proof of Theorem 1 in Sec. 66.

Solution:
Suppose that for some R > 0,

f(z)zZak(z—zo)k |z — z0] < R.
k=0

It then follows from Theorem 2 of section 65 that

oo

f(z)= (k4 1) ars1 (z — 20)" |2 — 20| < R.
k=0
k+ 1!
Since k+ 1 = ( _]; ), this can also be written as
— (k+1)!
f/ (Z):Z ( ) ) AR41 (Z—Zo)k |Z—Zo| < R.

k=0

Now suppose that for some m € N we have that

Fm ey =S B e )t

k!
k=0
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for all |z — 29| < R. On applying Theorem 2 of section 65 to f(™ above it then
follows that

" d = (k+m)!
s ) = S )
k=0 ’
= (k+m)! _
= Z(T)kaker (z—zo)k !
k=1 ’
> (k+m)! _
=1 :
(k4 (1+m)!
k=0 ’

for all |z — z9| < R. By induction it therefore follows that

(k4 n)!
fM(2) = Z ( 7 ) appn (z—20)"  |z— 20| <R
k=0 ’

for any n € N. If now we evaluate these series at zp, only the k¥ = 0 term remains,
whence

!
f™ (z9) = &an =nla, neN

o!
. J (20) .
(By convention 0! = 1.) Therefore a,, = ———= for each n € N, that is the
n!
o0
coefficients in the series expansion f (z) = Y a (z — 20)" are precisely the Taylor—
k=0

coefficients of f at zg.

Exercise 2, §67, p. 225

By writing csc(z) = ﬁ and then using division, show that

1 1 1 1
cscz = — z—l—l——— 24+ (0< |zl <),

> 3H2 5l

Solution: 1
Observe that csc 2 = —— with
sin z

: _ - (_1)77- 2n+1 __ 1 3 1 5
smz—zmz =z= 57 +az ...

n=0

Now if 0 < |z| < 7, then sin z is non—zero and so in this case we may write
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By means of long—division

1 1 1) .3
z—%zﬁ—i—%zﬁ— 1
1—%22—1—%24—
T
722 = (51) 2"+ g2° -
2
(&) - 3] 4+
2
[(3)* - 3] 4+

1 1 1 1
Therefore cscz = — + =z — = | P+ i< |z <
z 3! (31 5!

Exercise 3, §67, p. 225
Use division to obtain the Laurent series representation
1 1 1 1 1
— =2+ (0<|z| <27).

1 2 37127 720

Solution: o 1 -
Recall that e* —1 =} —2" — 1=}’ L2m. The zeros of e* — 1 are at all
n=0 T n=1

points z where e = 1, i.e. z=12n7 (n € Z). Thus if 0 < |z| < 27, then ¢* — 1 is

non—zero and so in this case we may write

I 1
= Ton I I I
e —1 Y X 4 24522+ 5284 L2t
By means of longdivision
11, 1 1,3
Z T2 T T et T
z+%z2+%z3+%z4+~-~ |1
1+ gz + 422 + 254 32 +
T I.2_ 1 .3_ 1 4
AT, T
T2, 1 3, 1.4
LR TR
1% T332 tmr +
N
720
1 1 1 1 1
Thus — =~ — =+ —z— —23 + .- if 0 < |z| < 27.
e~z 2 12 720 12

Exercise 4, §67, p. 225
Use the expansion
1 1 1 1 7
- - - _ .4 e 0
228inhz 23 6 z+360Z+ (0 <zl <m)
in Example 2, Sec. 67, and the method illustrated in Example 1, Sec. 62, to show

that
/ dz _ m
o 22sinhz 3

where C' is the positively oriented unit circle |z| = 1.



Solution:

Observe that
a7
2sinhz 23 6z ' 360
for all 0 < |z| < 7. Since the positively oriented circle C : |z| = 1 falls within this

region, it follows from Theorem 1 of section 65 that

1 1 1 /1 7
—  dr= =de—Z= Zde+— [ zdz+---
/Cz2sinhzz /CZS : 6/cz2+360 sz

It then follows from exercise 10(b) of Sec. 42 of the textbook that

z2sinh 2z

1
/7612 — 0— 12mi 40404
c 6

i

3

Exercise 8, §67, p. 227
The FEuler numbers are the numbers E,, (n = 0,1,2,...) in the Maclaurin series
representation

1 >~ E,
——= Z i 2" (2] < 7/2).
n=0

Point out why this representation is valid in the indicated disk and why Fs,11 =
0(n=0,1,2,...). Then show that

EQ = 1, E2 = —1, E4 = 5, and Eﬁ = —

Solution:

Observe that the singularities of sechz =
0, i.e. where z = (3 +nm)i (n € Z)
(see (15) in section 35) However none of these points are contained in the disk
|z| < 5 and hence Cosh is therefore analytic on this disk. By Taylor’s theorem the
Maclaurin series expansion must then exist in this disk. Now from Example 3 of
section 59 we know that

—L__ are at all points z where cosh =
cosh z

— 1 1 1
coshz = — =14+ =22+ =2+ z| < 00).

g e (1l < o0)

n=0
This series has only even powers of z. Performing longdivision to extract the
Maclaurin series of from this one will therefore also yield a series with only
even powers, that is the coefﬁments (and hence also Ea,41) of all the odd powers in
the Maclaurin expansion of CO:hZ must be zero. We proceed to compute the first
four non—zero terms in this expansion by means of long division.

4 _ 61
7202 +-

1—%22—1—%2
1+ 522+ 2t + g2+ |1

1+2'Z +24Z +72OZ +-

1.2 1 _6
SO e
—22 ——Z _EZ —

%5424“1-@26
2% t g
6
——Z _
_ &

~ 7207
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-1 _q1_-1,24, 5.,4_ 61 .64 . us _
Clearly 5 = 1— 52" + 952 50 2 1—|— (|z|5< Z). Thﬁei first four non-zero
. L By _ 1 Ei _ Fe _ — e
coefficients are therefore Fo =1, 5¢ = —5, 3+ = o1, G = =5p- Lhis implies that

Ey=1, Ey=—-1, Ey =5, Eg = —61.






CHAPTER 6

Residues and Poles

Study sections 68 — 70, and sections 72—77. Exercises in section 71 that pertain
to earlier sections, should nevertheless be done (That is we will cover all material
in chapter 6, except the theory and techniques of section 71.)

In this chapter we meet the final ingredient in our theory of integration (as
promised in the overview of chapter 4), namely Cauchy’s Residue Theorem. This
theorem builds on the theory of Laurent series, and presents us with a powerful
technique for computing integrals. The idea behind the theorem is easy enough
to explain. Suppose we are given a function f which is analytic throughout a
domain of the form 0 < |z — a| < r, but not at a itself. Next suppose we want to
integrate this function along a simply closed positively oriented contour C' which
lies completely inside this region and also encloses the troublesome point a. We
saw from Laurent’s theorem that f may be written as a series of the form

f6) = Sy + Y
n=0 n=1

in this region. To integrate f along C', we can now try to integrate term by term,
and apply Cauchy’s Integral Formulas to each of these termwise integrals to get

/Cf(z)dz - ian/c(z—a)"dz+7§:lbn/cﬁdz

= 27Tib1
(Here we used the fact that [,(z—a)"dz = 0 when n # —1, with [, ﬁdz = 2mi.)
So computing the integral, boils down to computing the coefficient b; of the (Zia)
term in the Laurent expansion of f. We call this coefficient b; the residue of f at
a. Taking this argument to its logical conclusion presents us with Cauchy’s residue
theorem, which in its simplest form boils down to the statement that

/ f(2)dz = 2mi{sum of the residues inside C'}.
c

It is very important to note that ONLY the residues of singularities inside C' con-
tribute to the value of the integral fc f(2)dz. Thus although f may have many
other singularities besides those inside C', those other singularities make no contri-
bution whatsoever to the value of [, f(z)dz. Now of course for us to be able to
make good use of this theorem, we need to be skilled at computing these residues.
For this reason a large part of chapter 6 is devoted to classifying singularities of
complex functions, and developing techniques for computing the residues at these
singularities.

107
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Solutions to selected problems

Exercise 1, §71, p. 239
Find the residue at z = 0 of the function

1 1 z—sinz
(a) 2’—}-—22, (b) Z COS (;) ; (C) f’
cot z sinh z
d) —; _.
(d) 24 (e) 24 (1 —22)
Solution:

(a) The point z = 0 is the only singularity of f(z) = T inside C where
z

1
C is the positively oriented circle |z| = 3 By (2) of section 69 the residue
is

1 1

R = R —d
pa (£) 21 Jo 2+ 22 :
1 1
2mi Jo z
1 .
= (Cauchy Integration Formulae)
L+z z=0
= 1.
: - (_1)n 2 1
(b) Since cosw = Y. L ™ for all |w| < 0o, we may set w = — to get
n=0 n: z
1 = (-=D" 1

11 11 11

20z T 4123 615

Clearly
1 1
Res (zcos (—)) = ——.
z2=0 z 2
00 —1 n
(c) Since sinz = nZ::O %22’”1 (see section 59) it follows that
1 . 1 — (D" o
;(Z—San) = ;(Z—rgomz
1, 1, 1

1
Therefore the residue (coefficient of the — term) is
z

Res <1 (z —sin z)) = 0.

z=0 VA
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(d) We use long division to compute the first few terms of the Laurent series

. Since

CcoS z
of cot z = —
sin z

§ :( 1)" 2 1 2 1 4
Cosz (2”)' z 22 + 5 z

n=0

and

: _OO (=" 2n+1 _ 1 5 L 5
s1n2—n¥0(2n+1)!2 =1z 62 +12()Z e,

it follows that

11 1
z 3% T 35% T
z—%z3+%z5—... | 1—%224—%244—
—222 4 2t —
_122 + E24 _
3 118 .
—%z‘l —+ ..
Therefore
¢ cosz 1 1 1 4
cotz = = ——z——2"—
sin z z 3 45
in which case
cotz 1 11
24 55 z z
But then
cot z 1
R —
z—eg< 2’4 > 45
(e) From section 59 we know that
= 1
sinh z = Z R
|
— (2n+1)!
In addition if [2| < 1 then 1/ (1 —22) = 3 (22)". Thereforeif 0 < |2| <
n=0
1, then
sinh z 1 9 4 1 4 1 5
HY PR | S S
= = — ] = — =) z+...
23 31z 3! 5!
Consequently

Exercise 2, §71, p. 239
Use Cauchy’s Residue Theorem (Section 70) to evaluate the integral of each of

these functions around the circle |z| = 3 in the positive sense:

(a) exp (—2). (b) exp (=), (c) 2% exp (l) ; (d) o

22 (2_1)2’ z 22— 22
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Solution:
In each case let C be the positively oriented circle |z| = 3.

p( z) s

(a) The only singularity of = is at z = 0. Therefore

Since M =1 <Z L (—z)") =% —14+5—d2+-- it follows that

z

Res (M) = —1, and hence that

/ Mdz — 9
c

22
exp(—2) :

(z—1)?
the Laurent series at z = 1. Since

e ? = éef(zfl) _ é <Z % (_ (Z _ 1))71)

n=0

(b) The only singularity of = isat z = 1. To find the residue we compute

it follows that
exp (—2z) 1 1
(z—1)° (z—1)* ¢

and hence that

Res (exp () / (— 1)?) = -2,

e

/C‘Zp_i(l))dz_m( i)
(¢) In Laurent form
() - (Za())

Therefore

Therefore

1 11
2 — = — = —
Res (z eXp<z>) 316

1
Since in addition 0 is the only singularity of 22 exp (—) , it follows that
z

1 1 |
/ 22 exp <—> dz = 2mi <—> -

1
(d) j + 2, has singularities at both 0 and 2 both of which lie inside the circle
C Therefore
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We compute the Laurent expansions at 0 and 2. At z =0 we get

241 11 1
22 -2z 2z 2 -3

whenever 0 < |z| < 2. Therefore

z+1 1
E{:eg (,22 — 2z> D)

At z =2 we get

z+1  (z2—2)+3 1
2(z—-2) 2(z—-2) 1+ (52)
_ (L, 3 . z—2+z—22 2—23+
o\2 2(2-2) 2 2 2
3 1 1 1
= = — s (2-2)— ...
2y 173
whenever 0 < |z — 2| < 2, whence
z+1 3
E{:eg <22—2z> P

Therefore

z+1 . 1 3 .
/CZQ_ZZdz:Qm {—5 + 5} = 2mi.

Exercise 4, §71, p. 239
Let C' denote the circle |z| = 1, taken counterclockwise, and follow the steps

below to show that
1 , ZOO 1
/Cexp (Z+ ;) dZ = 27T’Ln:0m.

(a) By using the Maclaurin series for e* and referring to Theorem 1 in section
65, which justifies the term by term integration that is to be used, write
the above integral as

= 1 1
Z —'/ 2" exp <—> dz.
"0 nJo z

(b) Apply the theorem in section 70 to evaluate the integrals appearing in
part (a) to arrive at the desired result.

Solution:
Let C be the positively oriented circle |z| = 1. By example 1 of section 59

e* = Z —z" |z] < 0.
n!



Therefore on applying Theorem 1 of section 65 it follows that

1 1
/ eTzdz = / eze*dz
c c
o0
1 1
/ ez Z —'z”dz
C "0 n.
oo
1 1
Z — Zz"ezdz.
ne0 n: C

Next notice that by example 1 of section 59

el—ii lk (0 < |z] < )
N = k' \ z '
Therefore
z"el—z"+z"_l+iz"_2+ —l—l—i— ! l—i— ! i-i—
N 2! Tl (n+ )z (n42)122 0 T
Clearly

nd)_ 1
Ry (="e*) = CESYA

Therefore since z = 0 is the only singular point of z"e*, it follows from the theorem
in section 70 that

o
/ 2"erdz = 27 Res (z"e%) = m .
c z=0 (n + 1)'

Consequently
/ etidz = i l/ ZMerdz = 2m’i _t
c —nl o = n! (n+1)!

Exercise 1, §72, p. 243

In each case, write the principal part of the function at its isolated singular
point and determine whether that point is a pole, a removable singular point, or
an essential singular point:

(a) zexp (%), (b) 112; (¢) Silzlz; (d) ot (e) m

Solution:

(a) The only singularity of zexp (1) is z = 0. For z = 0 we have

N 0o 1 1 n 0o 1 .
zez =z E E(E) = E 17 |z] > 0.
n=0 n=0
Therefore the principal part of z ez is
E —z "= z |z| >0
| |
= n! P (k+1)!

and the singularity is an essential singularity.
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(b) T has a singularity at z = —1. At this point the Laurent expansion is
z

22 1 2
1—|—z: (z+1) ((z+1)-1)"=

) -2+ (2+1)

and the principal part of the function is Therefore z = —1 is a

z+
simple pole.

sin z
(¢) — has a singular point at z = 0. At this point
z

sinz 1 i 1 (—1)" 22n 1 :1_1224_134_
2 2\ & (2n+1)! 3! 5!

Therefore z = 0 is a removable singular point and the principal part of
sin z
is 0.

COs 2z

has a singular point at z = 0. At this point
z

cosz I (-1D)™ , 1 1 1.,
z _z; (2n)!z B TR TR

cosz ., 1 . .
is — and hence z = 0 is a simple
z z

Therefore the principal part of

pole.
1 _ 1
(2-2)° (z—2)

of the function at 2 is —
z—2

3 has a singular point at z = 2. The principal part

)3 and z = 2 is therefore a pole of order 3.

Exercise 3, §72, p. 243
Suppose that a function f is analytic at zg, and consider the quotient

f(z)
Z—ZO'

9(z) =

Show that
(a) if f(z0) # 0, then zq is a simple pole of g, with residue f (29);
(b) if f (z0) = 0, then z is a removable singular point of g.
Suggestion: As pointed out in section 57, there is a Taylor series for f (z) about

zp since f is analytic there. Start each part of this exercise by writing out a few
terms of that series.

Solution:
Since f is analytic at zg, Taylor’s Theorem assures us that for some R > 0

f(z):Zan(z—zo)n |z — 20l < R
n=0

where

F™ (20)

ap = 1
n:

n=0,123,...



(a) If therefore f(z9) # 0, then ag # 0 in which case the Laurent series
expansion of f (z) / (z — zo) at zg is of the form
ao

z
il = +ai+az(z—20)+...
zZ— 20 zZ— 20

~—

Thus f (z) / (z — zo) then has a simple pole at zo with residue ag = f (z0).

(b) If on the other hand f (z9) = 0, then ap = 0 whence

f(z)zal(Z—Zo)+a2(2_20)2+"' |z — 20| < R.
In this case
(zf(zz)) =a;+ax(z—2)+as(z—2)" +... 0<|z— 20| <R
— 20

Clearly f(z)/(z — zo) then has a removable singularity at zg.

Exercise 1, §74, p. 248
In each case, show that the singular points of the function are poles. Determine
the order m of each pole, and find the corresponding residue B.
2242
(2) ——

(b) (22’2—1)3;

© exp z
c) —=_.
22 + 72

Solution:

(a) 22 + 2 is non—zero at z = 1 whereas z — 1 has a zero of order 1 at z = 1.
Therefore (22 +2) / (z — 1) has a simple pole at z = 1. The residue is

(22+2) 2242
Res = -
z=1 z—1 5(2—1)

= 3.

z=1

1 1\°
(b) 23 is nonzero at z = -3 whereas 23 <z + 5) has a zero of order 3 there.

1, z S
Therefore z = —5isa pole of order 3 of (2z n 1) . Since

() -

3 1
with (g) analytic at z = 5 the residue is given by

Res( z )3 = id_2 (f)g
=—1\2z+1 20dz2 \2 U
_ 1 6z
- usl
2
3
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(c) exp (2) is never zero whereas 22 + 72 = (z — im) (z + i) has simple zeros

at +im. Thus M has simple poles at +im. The residues at these
G2+ )
points are:
R exp z exp z
es ——5 = —————
z=in 22 + 2 L (224 72)|
Z=1T
_exp(im)
 2(im)
o
27
and
R expz  exp(—im)
z:ie?ﬂ' 22472 2 (—im)
B i
N 27

Exercise 2 (a) & (b), §74, p. 248
Show that

(a)

1

R 21 1+1
es = —
z=—im z2+ 1 \/5

Logz T+ 21
b) Res = .
( ) il (22+1)2 8

(Jz2| >0, 0<argz < 2m);

Solution:
(a) Here z1 is defined by

21 = ex lloz
= exp 1 g

logz =1In|z| + iarg(z)

where

for any z with |z] > 0, 0 < arg(z) < 27. In particular this branch of
27 exists and is analytic at z = —1. With log z and 27 as above we have

log(—1)=Inl+ i =irn

and hence that

(0f = e (flos(-1)

e (i)
= expli—
b3
= COS4 7 81N

4

+1

Sl
Sl
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By contrast z4 1 has a simple zero at z = —1 and hence z%/ (z4 1) must
have a simple pole there. Thus

1 1

1 1
Res LA 7] i
z=—1 z+1 E(z—}—l)

z=—1
Recall that

Logz =In|z| + i Arg(2)
for any z with |z| > 0 and —7 < Arg(z) < 7. In particular z = 7 lies in
this region (note that i = 1e’Z in polar form) and hence Log z is analytic
at z = i with

. T
Log (i) =In1l +z§ =ig.

By contrast (22 + 1)2 = (z—19)*(241i)® has a double zero at z = i
in which case Logz/ (22 + 1)2 must then have a double pole at z =
. Therefore since

Logz  Logz/ (2 +1i)

(2 +1)° (z—0)*
the theorem in section 73 ensures that
L 1d L
Res o8z | _ 14 Loz
z=1 (22_|_1) 11dz (z+z) .
B (z+i)2%— (z+1) Logz
(z+i)* .
@ -200) ()
- (20)*
T+ 2
= T
Exercise 3, §74, p. 248
Find the value of the integral
/ dz
¢ (z+4)
taken counterclockwise around the circle
(a) |2[=2;
(b) |z+2| =3.
Solution:
1
——— clearly has a simple pole at z = —4 and a pole of order 3 at z = 0.
23 (z+4)
By the theorem in section 73, the residue at z = —4 is given by
1 1 1
Res ( ) = =——
Zz=— 3 3
4\ 23(24+4) (2)|.__, 64
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and at z =0 by

Res 1 d? 1
=0 \23(z+4))  20d2? (2+4)|,_,
_ 1
(z+4)°]__,
1
64

(a) Next observe that 0] < 2 and |—4| > 2. Of the two singular points only 0
is in the interior of |z| = 2. Thus when integrating around this circle we

get
dz 1 i
—E _oniRes [ )| = 1L
/Cz?’(z—l—l) oS (23(z+1)> 32
(b) Since |0 + 2| < 3 and |—4 + 2| < 3, both singular points lie inside |z + 2| =
3. Thus for this circle

[ =il (sevm) 2 ()] =

Exercise 5, §74, p. 248
Evaluate the integral

/ coshmzdz
c z(z2+1)
where C' is the circle |z| = 2, described in the positive sense.

Solution:

h
_COSATE has singular points where z (22 + 1) =0, i.e. where z =0, 4. Since
z(224+1)
cosh 7z is non—zero at these points and each point is a simple zero of z (22 + 1) =
coshmz
z(z —1)(z+1), these points are simple poles of ——————. Thus
(z—i) (z+1) p ple p HEESY)
R coshmz coshmz
es =
z=i z (224 1) 4 (z(224+1)|
_ coshmz
o322+ 1
_ coshmi
3(i)° +1
_cosT
=2
= = (use (3) of section 35).
Similarly
Res c052h7rz _ cosh (2—271') 1
=—iz(224+1) 3 (=)’ +1 2
and

coshmz cosh 0
\ES 2 = 2 =
=0 z(224+1)  3(0)° +1
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Since all these points are inside |z| = 2, we have

/ coshwzd - 1+1+1
—————dz = 2mi|= -
cz(z22+1) 2 2

= 4mi.

Exercise 2(b), §76, p. 255
Show that
t t
(b) Res SRED L pog @PED

= —2cosTt.
z=ni sinh z z=—mi sinhz

Solution:
Since
d
—sinh z = cosh (+im) = cos(£m) = —1#0
dz z==im
(see (3) in section 35), sinh z clearly has simple zeros at +im. Noting that exp (zt) is
t
never zero, it follows that M must have simple poles at z = +im. Therefore
sinh z
t t
Res (PO | peg (EP(Y)
z=mi \_ sinhz z=—mi \ sinhz

exp (imt)  exp (—int)

cosh (iw) = cosh (—im)

= (=1)(cosmt+isinmt) + (—1) (cos (—7t) + i sin (—7t))
= —2cosmt.

Exercise 3, §76, p. 255
Show that

(a) Res (zsecz) = (—1)"""z,, where z, = g +nr (n=0,%£1,£2,...);

2=2zn

(b) Res (tanhz) =1, where z, = (g + mr) i (n=0,%£1,%£2,...).

Z2=2zn

Solution:
(a) The zeros of cos z are at z, = & +nw(n € Z). Observe that since

diz (cos z)

= —sin (g + mr) = (-1)"" £0

—_z
z=75 +nm

T
for each n € Z (see section 34), cosz has simple zeros at z, = 5 + nm.

Thus zsecz = has simple poles at each of the z,’s. Therefore

cos z

Res (zsecz) = — :
z=2n Teosz|
(5 +nm)

—sin (3 + nm)

= (- (g + mr) n € Z.
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inh
(b) tanhz = P s singular points where coshz = 0, i.e. where z, =
7croshz
i(2n+1) 3 (n € Z) (see section 26). At these points
d . ) T
— cosh z = sinh (z 2n+1) —) # 0.
dz 2=i(2n+1)Z 2

sinh z

Therefore cosh z has a simple zero and tanh z = a simple pole at

cosh z
each z, =i(2n+1) % (n € Z). At each of these points the residue is

sinh z sinh z
Res (tanhz) = ———— =" =
Z2=2zn < cosh z sinh z,,

z z2=2zn

Exercise 4, §76, p. 255
Let C denote the positively oriented circle |z| = 2 and evaluate the integral

(a) [, tanzdz;

dz
(b) /C sinh 2z

Solution:

sin z . . .
(a) tanz = has singular points where cosz = 0, i.e. where 2, =
COS 2

(2n+1) g (n€Z). Now the inequality ’(271 +1) g’ < 2 only holds

if n = 0,—1 and hence only :l:g lie inside the circle |z| = 2. Since

i cos z
dz

— _sin (if) — 1,
z=+ 2

w3

s
the points z = :|:§ are simple zeros of cosz and hence simple poles of

sin z

Thus

tanz = .
CoS z

sin z
Res tanz = v
z=Z

3 72 COS 2

z=Z

and similarly

in(—T
Resﬂ tan z = M =—1.

2=—% —sin (— )

ol

Hence

/tanzdz = 2w {Res tan z+ Res tanz| = —4mi.
c =3 =%

- 2

jus

2

- has singular points where sinh2z = 0; i.e. where 2z, = in
sinh 2z

(n € Z). Since

= 2cosh (inm)

d
= sinh 2z .
- 2

= 2cos(nm) ((3) of section 35)
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it is clear that these points are simple zeros of sinh z and simple poles of

T
. At each z, =in—

sinh z 2
1 1 -1)"
Res — = - = (1) .
z=in % sinh2z  2cosh (inm) 2
Of all these singular points only the ones corresponding to n = —1,0, 1 lie

inside the circle |z| = 2. Consequently

1

dz 1
— 2ni R
/csinh 22 i [Z o (sinh zzﬂ

n=-—1

Exercise 5, §76, p. 255
Let Cn denote the positively oriented boundary of the square whose edges lie

along the lines
1 1
x—:|:<N+§>ﬂ' and y—:|:<N+§>ﬂ',

where N is a positive integer. Show that

Then, using the fact that the value of this integral tends to zero as N tends to
infinity (Exercise 8, section 43), point out how it follows that

i (_1)71-‘1-1 B 7T_2
n2 12

n=1
Solution:
5 has singular points where z = 0 and where sinz = 0, i.e. where
z2sinz
zn =nm (n € Z). Since
—sinz = cos (nm) # 0,
dz Zp=nT

sin z has simple zeros at each z, with z2 having a zero of order 2 at z = 0. Thus

2% sin z has a zero of order 3 at z = 0 and simple zeros at the other z,’s, whence

of course has a triple pole at 0 and simple poles at the other z,’s. Recall

22sin z
0o 1"
that sinz = > ¥22n+1. Hence
1 1

22sinz 23 (1—iz2+lz4+...)



and so by the theorem in section 73

L e 1

Res =
% 2 [ 22 1.2, 1.4_
0 22sinz 21d2? (1— 3224 42 ) o
_1d —(—%24—%23—...)
T 9d. 2
22 (1= g4 g2t =),
B 1 (2 12 5,
2(1— 4224 )" [\3 &
1, 2 4
+2(1—§z + ) (—gz—i—gz —
1
= 5
For each z, =nm (n=41,£2,...) we have
1 1/22
Res 5 = 3 /Z
z=nm z2sin 2 = (sinz)
o 1/2?
- cosz|,_,-
oy
(n)?

MAT3705/1

Since z, = nm is inside the square Cy whenever —N < n < N, it follows that

dz

o
/CN z%sin z

[ N

1
> Res (o )]
Z=2zZn zesIimz

n=—N

T
fes (o) + 20 (e

=1

21

21

©

_ N .
1 (-1
-+ 2 5

_6 ; (nm)

However in exercise 8 of section 43 we saw that

dz

21

lim 5
N—oo Jo, 22sinz

Hence as N — oo, it follows that

(="

0=2m _
(nm)

1 o0
6+2nz::1

This simplifies to
n?2 12

n=1

L)y
z2sin 2

]

Res

Z=z_p

(

)



Exercise 6, §76, p. 256
Show that

/ dz o
c(2-174+3 2V2

where C' is the positively oriented boundary of the rectangle whose sides lie
along the lines x = +£2, y =0 and y = 1.

Suggestion: By observing that the four zeros of the polynomial ¢ (z) =

(z2 — 1)2 + 3 are the square roots of the numbers 1 =+ v/37, show that the reciprocal
1

q(2)

is analytic inside and on C' except at the points

_ VB4

_ o —VB+i
NG = .

and —7Zg
V2

20

Then apply Theorem 2 in section 76.

Solution:

1
—————— has singular points where (22 — 1)2 = —3,i.e. where 2?2 =1+
(z2-1)"+3

iv/3. Now in polar form

im

14+ivV3=2e% and 1—iV3=2e"%.

The square roots of these numbers are precisely the singular points of m
22
and correspond to

Of these points only

Z —\/g-i-ii and —7Zp=— §—i-zL
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lie inside the given rectangle. All these points are simple poles and so

1 1
Res —— %~ = 2
2=20 (Z - 1) +3 diz [(22 _ 1) +3} .
- 1
4(22=-1)2|,_,,
1
B 5 1) 3 ;1
4<(\/;“%) ‘1) (V3+ids)
_ V3 1
24v2  8V2
and
1 1
Reg —— = ————
z=—Z0 (22 - 1)2 + 3 4 (22 - ]‘) z z=—2Z¢o
1
N 5.1\ 3 ;1
(Cay ) )
_ V3 1
o422 82
Consequently
d 1
/ 722 = 27 | Res 5 + Res 5
c(z2-1)"+3 z=z0 (22 -1)"4+3 2=—20 (22-1)"+3
)
= omi(———
! ( 4@)
o
2v/2
Exercise 7, §76, p. 256
Consider the function 1
f(z) = 5
lq(2)]

where ¢ is analytic at zg, ¢ (20) = 0, and ¢’ (z9) # 0. Show that 2 is a pole of
order m = 2 of the function f, with residue
qI/ (20)
—s.
[q (20)]

Suggestion: Note that zg is a zero of order m = 1 of the function ¢, so that
equation (3), section 76, holds. Then write

z :ﬂ where ¢ (z :#'
f(2) 5 ¢ (z) O

The desired form of the residue By = ¢’ (z9) can be obtained by showing that
q' (20) = g (20) and ¢" (20) = 29’ (20) -

(z — 20



Solution:
Since by hypothesis ¢ has a simple zero at zg, it follows from (3) of section 76
that

(*) q(2) = (2 —20)9(2)

where g is non—zero and analytic at zo. Hence

1 1/g(2)°
q(2)”  (2—2)?

1
where —— is analytic and nonzero at z = zg. Thus by the theorem in section 73

9(z)
1d 1
= AR e
A C))
[9(20)]3

However by (x) above
¢ (2)=9(2)+(z =209 ()
and
" (2) =2¢"(2) + (z = 20) 9" (2) -
Consequently ¢’ (z0) = g (20) and ¢’ (20) = 2¢’ (20) . Therefore
—29' (20) q" (20)
e I

Exercise 8, §76, p. 256
Use the result in Exercise 7 to find the residue at z = 0 of the function

(a) f(z) = csc?z;

1
(b) f(2)= m

Solution:

d
(a) Since = sin z = cos0 =1, sinz has a simple zero at z = 0. We may
z

=0
therefore directzly apply the results of Exercise 7 above to the function
9 1
[(2) =csc” 2= —;
sin® z
to see that
d>
(d—2 sin z) si
Res csclz = — % = 1n3z =0.
2= [4L sin z] - COS" 2 .=
2 d 2 :
(b) Observe that z 4+ z* has a zero at 0 whereas e (z+ 2?) =1. Asin
z z=0
part (a), we may therefore directly apply the results of Exercise 7 above

to
1

f(Z):m,



125

to conclude that

— (L (2 + 22
Res 1 . = (dz2 ( + 3)
z=0 (z 4 22) (L (24 22)]

2=0
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CHAPTER 7

Applications of Residues

Study only sections 78-83 and 85-87. Note that some of the exercises at the
end of section 84 refer to section 83. Although the material of section 84 does
not form part of the course, these particular exercises should be attempted. Thus
in section 84 attempt at least exercises 1, 3, 4, and 6(a), using the techniques of
section 83.

The importance of Cauchy’s Residue Theorem (discussed in chapter 6) stretches
far beyond complex analysis itself. Residue theory has many important applications
including the computation of real integrals, and finding the roots of polynomials.
Using a few clever tricks many classes of real integrals can be written in a form where
we can use residue theory to compute the integral. A number of these classes play
a very important role in physics, and are typically extremely difficult to compute
by other means. The largest part of chapter 7 is spent describing precisely how one
goes about using residue theory to compute these real integrals. A second important
consequence of residue theory, is Rouché’s theorem. By the fundamental theorem
of algebra we know that a polynomial of degree n, has n roots. Unfortunately for
polynomials of degree 4 or higher, there is no simple formula for computing the
roots. So knowing that the roots exist is very nice, but where are they? Using
Rouché’s theorem, we can approximate complicated polynomials by simpler ones,
and in this way at least get some idea of where to search for the roots of such
complicated polynomials.

127
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Solutions to selected problems

Exercise 1, §79, p. 267

o0
d
Use residues to evaluate the improper integral / %
o T

Solution:
The function f (z) = T2 has singularities at +i. We integrate f around
the contour [-R, R]U Cgr (R > 0) where
Cr : z(t)=Re* 0<t<rm
[-R,R] : z(t)=t —R<t<R

For R > 1 the singular point z = i is in the interior of [- R, RJUCg. So by Cauchy’s
residue theorem

R
/ Fdt+ | f(z)dz = 2mi [IZ{:els f (z)} .
—R Cr

Now by Theorem 2 in section 76, z = ¢ is a simple pole of f with

1 1 1
R —_— = — = —
1y 2 22 2’

z=1

and hence R
/ f@A)dt=m— f(z)dz.
-R Cr

< 1
T R2-1

Then

For z = Re' we have ’,22 + 1} > R% — 1 whence
1422

1 1
—dz| < | — R
/ch+22 = (R2—1)W

where TR is the length of Cr. From this it is clear that fCR f(z)dz — 0as R — oo.

Consequently
| B
/ ——dt = lim —dt
oo L+ t2 R—oo J_p 1412
1
= m— lim ——dz

R—oo Cr 1+ 2’2
= .

Since the integrand is even it follows that
< 1 1 />~ 1
[t
0o 1+t 2 ) o1+t 2
(Note: We didn’t actually need residues to compute this integral. Since

1
T arctant = 78 it follows that

Sl | b1
/ dt = lim / dt
o 1+¢2 b—oo Jo 1412
= lim arctanb — arctan0
b—o00
T

- 2
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Exercise 2, §79, p. 267

< d
Use residues to evaluate the integral / 7302
o (#2+1)
Solution: .
Consider f(z) = ————. By the theorem in section 73 f has poles of order

(224+1)
2 at z = +i. We integrate f over the same contour used in exercise (1) above. As
before z = ¢ is in the interior of [-R, R] U Cr when R > 1, in which case Cauchy’s
residue theorem tells us that

/Rf(t)dt—i— f(2)dz=2miRes f (2).
_R Cr z=1

Now since

11 1
(2+1)? (=) \(z+0%)’

it follows from the theorem in section 73 that

1 d 1
Res ———p = — —
z=i (2241) dz (z +1) e
_ -2
(z+1)° .
-t
4

and hence that

R .
[t =) [ e
R(£2+1) 4 cr (22 +1)

7T / 1
= I —
2 cr (2241)
As before if z = Re® (|z] = R), then
1
(22 +1)°

L1 1
(1P - 1)2 (R? —1)*

Since the length of Cr is 7R, this means that

1
dz
/cR (2 1)

< TR -0

(R? - 1)°

as R — oco. But then

Rl | 1
/ ﬁdtzz— lim/ ﬁdZZE.
o (t2+1) 2 R—ooJo, (22+1) 2

Since the integrand is an even function this yields

°° 1 1 [~ 1 T
0o (2+1) —eo (12 41)

Exercise 3, §79, p. 267
* dx

Use residues to evaluate the improper integral / — -
o T*+1
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Solution:
Consider f(z) = T Such an f has singular points where z4 = —1 = '™,
z
i.e. where
im i3m i5m iTm
Zo=€et,z1=€e1,22=€141,23=¢1

(See section 9.) Of these only 29 and z; are in the upper half-plane. Integrate f
over the same contour as in exercise (1) above. Then for R > 1 it follows from
Cauchy’s Residue Theorem that

B 1 1 1
/ —dt—i—/ ———dz =27 |Res ——+ Res ——
_pl+tt CR1+Z4 z=z0 1+ 2% z=z21 1+ 24
By the Theorem in section 76 we have

1 .| 1
Res—:—zzoze )

1
z2=z0 1+Z4 42’8 4_261 —_4_ 4\/5_24\/5
Similarly

i37

1 21 e 1 1 o1

Res — = - =%~ — .
SSTT A BT 1 s s
Moreover for |z| = R

1 1

< = .
TRl R

1
1+ 24

1 1
—dz| < |—=—— 7R —0
/CR1+’24 Z}_(R4_1)F -

as R — oo. Consequently
° 1
—dt
/,001+t4
|-z ) (mm )| b [,
= 2mi || ——=—i—s= — —i—— || — lim ——dz
W2 42 42 42 R=co Jo, 1+ 24
T
V2

Therefore

whence
>~ 1 1 /> 1 T
——dt = - —dt = ——
/0 1+4 2/_001+t4 2v/2

is an even function.

since 1
+t

Exercise 5, §79, p. 267
22dx

22 +9) (a2 +4)°

o0
Use residues to evaluate the improper integral / (
0

Solution: )
We integrate 22/ {(22 + 9) (22 + 4) ] around the positively oriented contour

Cr U [—R, R] where
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Now f (2) = 22/ {(22 +9) (22 +4) 2} has singularities where (22 + 9) (2% + 4)2 =0,
i.e. where z = £3i, z = £2i. Of these only 3i and 2¢ will lie inside Cr U[—R, R] for
R large enough. For R large it then follows from the residue theorem that

z=31 z=21 :|

(*) (2)dz +/ f(z)dz = 2mi {Res (f(2)+ Res (f(2))] -
Cr [-R,R]

Since (2249) (22+4)° = (2 —3i) (2 + 3i) (2 — 2i)* (2 + 2i)* it follows from §73
that f (z) has a simple pole at z = 3¢ and a double pole at z = 2i. Therefore by
the Theorem in §76

22
Res () = lim (2-3i) [(2 — 30) (2 + 34) (22 + 4)°

22

= lim

2=3i (z + 3i) (22 4+ 4)
-9

6i (—9 + 4)°

3%

50

2

and by the Theorem in §73

1d 22
B () = 1z <(z2 +9)(z+ 2i)2>
[(22 +9)(z+ 22')2} 2z — {22’ (24 2i)° +2 (22+9) (= + 22)} 22
(224 9)° (z + 20)*

z=21

134
200

(Note that f (z) = (z — 2i) "% g (2) where g (2) = 22/ {(22 +9) (2 + 2i)2} .) Now for

2z = Re" we have

1(224+9) (2 +4%)| = |22+9]|22+4f

2

(o) (-9

o) (),

and so with z (t) = Re® we have that
™ 2
f(z)dz| < / 5 2 (1) 5 liRe™|dt
Cr o |(z(H)"+9)(2(t)" +4)?
<

4 R® R3w
dt = —0
/0 (R? —9) (R? — 4) (R —9) (R? — 4)°
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as R — oo. Applying all this to (x), it follows that

/oo x2 J | ( J /R ZC2 y
—— —dx = im z2)dz + T
@) A S SO | e ety
| 3 134
= 2mi|— — —
50 200
_ ™
©100°

Since the integrand is an even function it then follows that

[e%s) 2 0 2
x 1 T
/ 2 2 de = 5/ 2 9 p) 4d.’L‘
o (22+9)(22+4) oo (@ +9) (2* +4)
™

200°

Exercise 7, §79, p. 267
Use residues to find the Cauchy principal value of the integral

/°° xdx
oo (B2 +1) (22 +22+2)

Solution:
z

Let = .

et J(z) (2241)(22+22+2)

z = 44 and where z = %(—2:&\/4—8) = —1=+4¢ . Of these only z = ¢ and
z = —1+1 lie in the upper half-plane. By Theorem 2 in section 76

This function has singular points where

__z
z 2422+2)

(z
R =
(21 1) (2 +2212) 4 (2241

21

1
2(1+ 2i)
1 2

10 '10°
Similarly

Res i (2 +1)
=1t (224 1) (22 +224+2)  22+2

z=—1+1

10 10
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Now let Cr be as in exercise (1) above. Then for R > 0 large enough it will follow
from Cauchy’s Residue theorem that

R xdr 1 d
/R(x2+1)(:v2+2:v+2) * /CR(z2+1)(z2+2z+2) ?
= 2w {Rgs f(z)+ Res f (z)}

z=—1+41
= 2m ~
10

™

5

(%)

Next note that for z on Cg (i.e. |z| = R)
|22 +1] > |z -1=R*-1
|22 +2:4+2] > |2+22]-2> 2] 22| -2=R*-2R -2

and hence
z R

<
(z2+1)(z2+2z+2)‘ ~“(R2-1)(R?-2R-2)
for such z. Therefore

zdz < TR?
/CR (22—1-1)(224—224-2)} ~(R?P-1)(R?-2R-2)

as R — oo. (Recall that the length of Cg is 7R.) If in (%) above we let R — oo,
we then get

— 0

/°° xdx T
o (B2 (22422 +2) 5

Exercise 8, §79, p. 267
Use residues and the contour shown in Fig. 95 in the textbook, where R > 1,
to establish the integration formula

/°° dv 27
o @¥+1 33

To compute [ 1Jr%dgc we follow the hint and integrate around the perimeter
0

Solution:

of the sector corresponding to the join of the interval [0, R], the curve Cr: Ret
(0 <t <27, and the line segment Lg : (R — t)e's (0<t< R)from R e'F to 0.
i(2k+1)w

has singularities at the 3rd roots of —1,i.e. at z = e( 3 ), k=0,1,2.

1+ 23
Of these only the root corresponding to & = 0 (the one with argument g) will lie

inside the given curve for R big enough. Hence

R
1 1 1 1
1 d d dz =2mi R — .
(1) /1—|—x3 x+/1—|—z3 Z+/1+z3 FT AT e <1+z3>
0

im
z=e 3
Cr Lgr

Now by Theorem 2 in §76, H-% has a simple pole at e's with

1 1
R — | ==
el_s%r <1+z3) 322

z=e

z
z=e3 323

w‘;

_ L
T3

im
z2=e’3

(Here we used the fact that e% is a 3'9 root of —1.)



Moreover
1 7 1
—d < — | Rdt
/1—1—232 = /1+R3ez3t
R 0
2r
[ R
< dt
< [ mo
0
2R
= 3(R37i )—>0 as R — oo
and
1 i 1
/—de = / or (—eliﬂ)dt
Itz T+ [(R—t)eT P
Lr 0

Setting x = R — t yields

1 7 1
dz = —e'5" da.
/1+z3z € /1—1—:17330
0

Thus (1) reduces to

R
i2m 1 1 (—27TZ'€T)
1—e= ) d dz = ————.
( €’ /1—|—:c3 $+/1—|—z3 * 3
0

Cr

Letting R — oo it follows that

i2r 1 —omies
(1-¢%) -
1+ a3 3
0
or equivalently that
/ 1 s 2ieF e 5"
——dr = 2m X —
14 a3 3\es —1 e 3
0
o ( 2 )
= 3\ F_.=
.7 1
3 sin
= —cosec—.

Exercise 9, §79, p. 268
Let m and n be integers, where 0 < m < n. Follow the steps below to derive
the integration formula

oo g2m T 2m +1
/ —5———dr = _—csc ).
0o x"4+1 2n 2n
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(a) Show that the zeros of the polynomial 22" + 1 lying above the real axis
are
2k+1)7

ck—exp[iT} (k=0,1,2,...,n—1)

and that there are none on that axis.
(b) With the aid of Theorem 2 in Sec. 76, show that

Zm L ikt+1)a
szeciW:—%e (k:O,1,2,,n—1)

where ¢, are the zeros found in part (a) and

2m +1
2n

.

Then use the identity (see Exercise 9, Sec. 8)

= 1—2"
Z 2k = (z#£1)
k=0

1—=2

to obtain the expression

n—1

' Z2n T
271 E Res 5 = - .
P n 4] n sin o

(c) Use the final result in part (b) to complete the derivation of the integration
formula.

Solution:

(a) The zeros of the polynomial 22" + 1 are at all z for which 22" = —1 = €.
Thus by the formula in section 9 the roots are

T 2kmw (2k+ 1)~
zk=exp|i|—+— ) =exp|i——
2n 2n 2n

where 0 < k£ < 2n — 1. For such a root to be on the real axis %w
would have to be an integer multiple of 7. But since 2n is even and 2k +1

odd, this is not possible since % can never be an integer. The roots

that are in the upper half-plane are those for which

2k+1
T

0<
- 2n =7

i.e. those corresponding to all £ with

2k +1

0<
- 2n

<1

We conclude that

2k +1
zk—exp<i(;—7)7r> 0<k<n-1
n

are all the roots that lie in the upper half—plane.
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(b) Let z; = exp( (2k+1)”) (0<k<n-1)beasin (a). By Theorem 2 in

section 76 each of these is a simple pole of (Zij—il) with
Z2m ZQm
R =
20 22 1 2nz?nt|
- 1 2(m—n)+1
= 5 (=)
_ L {ei(2k+1)w/2nr(m7")+l
2n
1 )
_ _671(2k+1)7rez(2k+1)a
2n
1 .
— = i(2k+])
2ne
where o = 225 7. (Since 2k + 1 is odd, e *2*¥1)™ = —1 by (3) of section
6.) Given that
n—1
1 _ n
Z 2k = : z#1
1—2
k=0
it therefore follows that
n— 1
_ : " i(2k4 1)
QFZZ szk 22”+1 = 2mz 2ne
— 2 z20¢
k=0
) 1 12na
T RS 1 e
i1l — e@m+hm
- E (emc _ efza)
omil—(-1)
 n 2isina
B T
~ nsina

(recalling that o = W and that 4 (e’ — ™) = sina).
(c) We now integrate f (z) = zzzj% over the curve [— R, R]U Cg where Cp is
as in exercise 1 above. For R large enough (R > 1) the curve [-R, RJUCR
will contain all singular points of f (z) in the upper half-plane. Therefore

with zj as in (a), we have by (a) and (b) that

R 2m 2m
/ S — +/ =

= 27”2sz 22n+1

s

n sin o

= Teosec (M)

n 2n
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(where a = (2m + 1) 7/2n). Now for z on Cg (i.e. |z] = R) we have that
|22+ 1| > |2|*" —1 = R2" — 1 and hence that

Z2m R2m
< .
22”—1-1‘ - R -1
Therefore
Z2m R2m - R2n
—d < —_ R _—
/CRZMH = (RQ”—l)F T R
R-[2(n—m)—1] o
B 1— R
1

as R — oo. (To see that this is the case, recall that 2(n —m) —1 > 0
since n > m.) Letting R — oo it follows that

o 2m 2 1 2m
/ ©__dz = Zcosec @mtmy lim AP
oo 22+ 1 n 2n R—oo Jo, 22" +1
T ( (2m+1) 7r>
= —cosec | ———|.
n 2n

Since the integrand is even this means that

e <] 22m 1 e <] ZQm
—dz = = —d
/0 2 1% 2/,0022”—1—12
= eosec | ZmA DT
2n 2n '

Exercise 1, §81, p. 275
Use residues to evaluate the improper integral

o cos zdzx
[m(x2+a2)(x2+b2) (a>b>0).

Solution:
We integrate

elZ

&= mray @ o

around the contour Cr U [—R, R] where as before Cp is the circle sector
Cr:z(t)=Re" 0<t<m.

The function f (z) has singularities where (22 + a2) (22 + b2) =0, i.e. where z =
+ai, z = £bi. Of these only ai and bi lie inside Cr U[—R, R] for large R and so by
the residue theorem

R
/ f(z)dz + f(2)dz =2mi |Res (f)+ Res (f)
—R Cr

z=at z=bi
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for large R. The function f has simple poles at ai and bi and therefore by Theorem
2 in §76

. eZZ
Res (f) = Jim, |:(z i) (2 1 bQ)]

—a

e
2ai (b2 — a?)  2a (a2 — b2)

,B:%Si (5 = Zlgrgz [(22 +a?)(z+ bz)}

e b
20 (a2 — b2)’
Moreover for z = Re = Rcost + iRsint

iz| = e Beint <0 =1 forte0,n],

le

(2 a?) (2 +0)| = (12 —a?) (12 = 8?) = (R = a?) (R~ 7).
Therefore
¢ i e —_
|t = | mmm e
Rr

— 0

<
= o))
as R — oo. Applying all of this to the first equality, it follows that

o0 eZI ) R
/_OO ($2+a2)(:c2+b2)d“7 = ngnoo CRf(z)der/_Rf(g;)d;C

- e % e b
= 2mi —
2a (a? = b%) 2b(a®—b?)

B T 1 1
(a2 —b2) \beb ae* )’

Finally recall that & (e”) = cosx. If therefore we compare the real parts of the
previous equality, we get that

/°° cos T dp — ™ 11
oo (@2 4+ a?) (22 + b?) T (a2 —b2) \beb ae* )’

Exercise 3, §81, p. 275
Use residues to evaluate the improper integral

*  cosax

Solution:

We integrate g (z) > around the contour Cr U [~ R; R] where Cg is

= @ep
parametrised by z (t) = Re (0 <t < ). The function g has singularities at +bi.
Of these only bi will lie inside Cr U [—R, R] for large R > 0. Therefore by the

residue theorem

/R 761” dx —|—/ 7emz dz = 2mi (Res (z))
= T .
_Rr (22 +b2)° cr (22 42) =7
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Since
1 iaz
zZ) =
9= Tt | G e

z = bi is a double pole. By the theorem in section 73

d elaz
Resg(z) = — |—
z:big( ) dz ((z+bi)2>
(z 4 bi)? iaei — 2 (z + bi) eio?
(2 + bi)*
(ab+1)e~b
i4b3

3

z=bi

z=bi

Therefore by equating real parts

R —ab iaz
/ cosax2dx:7r(ab+i)e _%/ e dz
“r (22 + b?) 2b or (22 +b2)

Next observe that since ’ei‘“’ = e % < 1 whenever y > 0, and ‘(22 +b2)2‘ z

2
(|z|2 - b2) , it follows that
1
(2 =12y’
whenever z € Cr. Consequently
R
/ g(2)dz| < —=
Cr

as R — oo. If therefore we let R — oo, then surely

/jo (cosax 7T(db+1>'

g (2)] <

<

xr =

o x2 + b2) 2b3eab

cos a(—x) _ _cosaz
(Cor2) . @by

*  cosax 1 [ cosax m(ab+1)
B gy == sde = D0 T2
o (22402 2 ) oo (224 b2) 4b3e

Exercise 5, §81, p. 276
Use residues to evaluate the improper integral

°° xsinax

Since

(the integrand is even), this means that

Solution: _
We integrate g(z) = 7 over the contour [-R,R] U Cgr where Cg is the
semicircle Cr : z (t) = Re (0 <t < 7). _
The function ¢ has singular points where z* = —4 = €™, i.e. at
2k = ﬁei(%Jrk%) 0<k<3.

Of these zp and z; are in the upper half-plane. Therefore for R big enough

(R > \/5), Cauchy’s residue theorem ensures that

R iax iaz
xe ze
e 4 2C gz =2mi |R R .
/R:v4+4 $+/CR Ara T z:‘isog(sz:ef{g(Z)
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On comparing imaginary parts we see that

R : iaz
I sl ax . ze

Now if R > V2, f(2) = -7z is analytic outside and on the circle |z| = R. Now
for [2| = R, |2* + 4| > |2|" — 4 = R* — 4 whence

z < R
24+4| 7 R*—14

Therefore by Jordan’s lemma (the Theorem in section 81)

—0 as R — oc.

/ Zf—Hdz—N) as R — oo,
Cr %

%(/ Zf—dz>—>0 as R — oo.
CRZ +4

Now by Theorem 2 in section 76

ie.

R yetaz Zoeiazo deiam) 2ei%eia(1+i) —i Cuia
es = = = = —e %
z=z0 24+ 4 4z8 426l —16 8
Similarly
zetaz Z%ezazl i Cw ia
Res 7 = — = ge ‘e
z=z1 z4+1 427 8
Therefore
taz taz :
ze ze 7 » —a .
Res ——+ Res ——— = ——e¢ @ [e“l e “l} = —e “%sina.
z=z0 24 +4 2=z 24+ 4 8

(Recall that 2isina = €' — e¢~.) Then

0o : 1 iaz
/ Tomar . — S |27 | —e %sina | — lim R
— 00 .’II4 + 1 4. R—oo Cr 24 —+ 1

™ _4 .
= —e “%sina.
2

Exercise 7, §81, p. 276
Use residues to evaluate the improper integral

/°° x sin xdx
coo (@2 1) (22 +4)

Solution: ,
We integrate g (z) = TGy Over the same contour as in exercise (5) above.

The function g has singular points where z = +i, z = £2i. Of these z =i, z = 2
are in the upper half-plane. So for R > 2, Cauchy’s residue theorem ensures that

/R ret iz + / »el? J
—  _dx —— - az
@@ DT Je, D (P4 )
Zeiz Zeiz
™ Lf? CENICET M 4)}
Now take imaginary parts to get

(%) /i M%dm =9 <2m’ [PZ{;S g(z)+ ieQSl g (z)} — /CR g(z)dz) ]
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Next notice that f(z) = FrT=ra s analytic outside the circle |z = 2. In
addition if R > 2 and |z| = R, then
z < R 0
N
(2241)(22+4)] — (R2-1)(R?2—-4)

as R — oo (since |22 +4| > |2/ —4 = R? — 4 and |22 + 1| > R? — 1). So by the
Theorem in section 81

Zelz
li ———dz=0.
Rinio/cR RSV

In addition Theorem 2 in section 76 reveals that

iz s —1

iz =€ _te 1
Res _ ze . _ d(z2+4) _ (—1-'r4) :6_,
a=i (2241) (22 +4) 4 (22 41) 2 6

iz ze'? 2ie”? _9
Res ze o (22+1) . (—4+1) - —€
2=2i (22 +1) (22 +4) 4 (22 4 4) 4i 6

z2=21

If therefore we let R — oo in () above, it follows that
e rsinz el e ™
dr =S 2mi (| — — — || = e P (1—¢e71).
N e ] R )| B S

Exercise 10, §81, p. 276
Use residues to find the Cauchy principal value of the integral

Oo 1
/ (x + )cosxdx

oo X2+ 4x+5

Solution:

Consider the integral of the function g (z) = (Z(ﬁi%)j_;) on [—R, R]U Cr where

as before Cr is the upper half of the circle |z| = R. This function has singular
points where 22 +4z +5 = 0, i.e. where z = % (—4 + /16 — 20) = —2+14. Since
z = —2+41 is in the upper half-plane, it follows from Cauchy’s residue theorem that

B (z41)e™ (z+1)e* (z+1)e”
—d ——dz=2mi| R _—
/_Ra:2+4a:+5 x+/CR32+4z+52 m(z——ezs4-z'z2.|_4z—l-5>7

for R big enough. Taking real parts we get that

R

1

/ wdx:% 2ri [ Res g(z) —/ g(2)dz|.

rx2+4z+5 z=—2+i Cr

By Theorem 2 in section 76

(z+1)e* (z+1)e”
es - = —
z=—2+i 22 + 42+ 5 2244 |__,4,
1+ ,
= LFr 1w
2

-1
= 67 ((cos2 +sin2) + i (cos2 — sin 2)).

Moreover since f (z) = (22(_7_4%13_5) is analytic outside the circle |z| = |-2 +i| = /5,
and since
(z+1) R+1

z2+4z—|—5’_ R2—-4R -5
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whenever |z| = R with the right hand side tending to 0 as R — oo, it follows from
the Theorem in section 81 that

1 1z
1im/ (224—7)8([2:0'
R—oo Jopn 2 +4z+5

Therefore on letting R — oo, it follows from the above that

oo 1 -1

= me ! (sin2 — cos2).

Exercise 12, §81, p. 276
Follow the steps below to evaluate the Fresnel integrals, which are important
in diffraction theory:

/ cos(xz)dxz/ sin(:vQ)dle\/E.

(a) By integrating the function exp (iz?) around the positively oriented bound-
ary of the sector 0 <r < R, 0 < 6 < % (Fig. 99) and appealing to the
Cauchy—Goursat theorem, show that

/R (2?) da = — /R ar-R [ ed
COS |\ r = —= (& T — e ¥4
0 \/5 0 Cr

y in
Re4

Y
x

o R

/R' (%) d 1/R —d 0/ g
sin (T T = ——= € r—3 (& z,
0 \/5 0 Cr

where C is the arc z = Re® (0 <fh< %)

and

(b) Show that the value of the integral along the arc Cr in part (a) tends to
zero as R tends to infinity by obtaining the inequality

: 3 ,
/ 6122d2 < E / 67R2 smGdG
Cr 2 0

and then referring to the form (3), Sec. 81, of Jordan’s inequality.
(c) Use the results in parts (a) and (b), together with the known integration

formula -
/ e dy = ﬁ ,
0 2

to complete the exercise.
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Solution:
(a) The boundary of the sector consists of [0, R], Cr
and the line segment Lp from ReT = (\% +1

here Cr : 2 (t) = Re®

5) to 0 which we may

Sz 4
N—

parametrise by Lg : 2 (t) = — (% + z%) t, —R < t < 0. Now since %=’
is analytic on all of C, it follows from the Cauchy-Goursat theorem that

0 = / ezz2dz+/ ezz2dz+/ e dz
Cr Lr [0,R]
-2 0 i(LJﬂ'
= / e dz—i—/ e \V2
Cr -R

/ izzd < 1 1 1 )/R 752d +/‘R itzdt
= e Z — —— 1—= e S e .
Cr \/§ \/5 0 0

(In the second integral we set s = —t.) Since

R R R
/ et dt = / cost?dt + i / sin t2dt
0 0 0

we may therefore compare real and imaginary parts to get

R 2 R 2,2 1 R 2 -2
/ cost dtzﬁ?/ e dt = —/ e *ds—R e dz
0 0 V2 Jo Cr

and similarly

R 1 (R
s 42 —s2 iz?
/ s1ntdt:—/ e ds—%/ e dz.
0 v2 Jo Cr

(b) Note that if z (t) = Re®, then
iz* (t) = iR*e™" =i (R* cos2t + iR*sin2t) = —R?sin 2t + iR* cos 2t.
Hence for such z (¢)’s we have by (7) of section 29 that

2

S
SN—
[V
HIQ
/T\
Sl
|
-
S
o
~
QL
~
4
S—
=
m&.
HIO
Q
~

eiz2(t)‘ — R(i2*(®) _ ,~R?sin2t
Therefore

. 2
’/e”dz

Now make the substitution s = 2¢ in the last integral to get

/ e“zdz‘ < E /§ e~ Risins gy
Cr 2 Jo

(c) Finally apply (3) of section 81 to see that

2 R b T
i g <_(—):— 0
/CRe =9 \r) Tar "~

as R — oco. But then Rlim fCR e dzy = 0, and hence by the theorem in
— 00 g

/Z eizz(t)z’R eitat| < /Z efRQ sin2t p gy
0 0

section 55

lim R (/ eiz2dz> =0= lim & (/ eiz2dz> .
R—o0 Cr R—o0 Cr

Moreover
/ e~ ds = ﬁ
0 2
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If therefore we let R — oo in (a) we surely have fooo cost?dt =
% I e ds = 3/5 and similarly [*sint?dt = 1,/7.

Exercise 1, §84, p. 286
Derive the integration formula

/oocos(ax)—cos@w)dFﬁ(b_a) (@>0,b>0).
. 2

2

Then, with the aid of the trigonometric identity 1 — cos (2z) = 2sin? z, point out

how it follows that
/ % sin? x T
5 de = —.
0 T 2

. . (eiazieibz)
Consider the function g (z) = =

contour [—R, —p] U C, U [p, R] U Cr where
Cr : z(t)=Re" 0<t<m
C, + z(t)=pe ™ —7<t<0

Solution:
. We integrate this function across the

(see figure 101 in section 82). The only singular point of the integrand is at z =0
and so by the residue theorem

—p plax _ ,ibz elaz _ oibz R etar _ oibz elaz _ pibz
—R X C V4 p xr Cr z

It follows that

eiaz _ eibz eiaz _ eibz
| T k|
C z Cr z

P

R eiax _ eibx —p eiax _ eibx
= ———dz + ———dx
x? x?
P —-R

2nd

(set z = —sin the integral)

R etaz _ eib;ﬂ R e—ias _ eibs
—dxr + ——ds
IQ 52
P P

R —
_ 2/ cos (ax) — cos (bx)d:v
p

2

(eiaw 4 e—iaw) , etc.)

N~

(Set @ = s and recall that cosax =

Notice that
1

Z_Q (eiaz _ eibz) _ Ziz <Z Zn_n| (az)n _ Z ;_n' (bz)n>

Therefore Z (e'** — ¢?°%) has a simple pole at 0 with residue i (a — b). Therefore
by the theorem in section 82

elaz _ ezbz

/l)i_r% .. sz:(—i(a—b))m':w(a—b).
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Now for |zl = R, |%| = #z — 0 as R — oco. Therefore since % is analytic

whenever |z| > 0, it follows from the theorem in section 81 that both

eiaz eibz
/ 5 dz and 5 dz
Cr Cr *

tend to 0 as R — oo. If therefore we let R — oo and p — 0 in the above formula,
it follows that

& — b
2/ cosax 2cos deC:—ﬂ'(a—b)
0 xr

ie.
/°° cos axr — cos bx T
0

z2 2

Now notice that 2sin?z = 1 — cos2z = cos0 — cos2z. Therefore by what we’ve
just shown (with a = 0 and b = 2) we get that

oo 1.2
2/ T ="(2-0).
0 2

2

Hence

 gin? x
5 dr =
0 X

|3

Exercise 3, §84, p. 286
Use the function

f(z) = =

23 logz e(%)logzlogz 2] > 0
z
2241 2241 ’

T < < 3T
—— arg z —_—
g SAMEES T

to derive this pair of integration formulas:

0o =241 Y%

oo 3 2 oo 3
\/Elnxd _7T_, / \/de .
o #*+1 V3

Solution: .
e3 o8 log z

We integrate the function g (z) = “—=52= over the contour [-R, —p] U C, U
"+ P
[0, R]U CR where C, and Cg, are as in exercise 1 above and where

3
log (z) =In|z| +iarg(z) — g <arg(z) < g

Now for z in the interval [—R, —p] we get log z = In |z| 4+ im whereas logz = In |z|
for z in [p, R]. Moreover for R > 1 and 0 < p < 1 the singular point z = i of the
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function lies inside the given contour. By the residue theorem we then have

2mi Res g (2)

= /Rpg(x)d:v—i—/c

g(z)dz—f—/pRg(x)dx—i-/CRg(z)dz

P

_ /—p exp (3 (In|z| —i;m)) (In |x| + i) ” +/ o (2)dz
R z©+1 c,
ln z|)In |x
+/ 2| )1n] |d +/ g(2)dz
P v+ 1 Cr
in |a:| (In|z| + im) Raysng
= ee/ o dx + Cpg(z)dz—l— ’ :102——1—1d$+ CRg(z)dz
(set x = —s in the 1°* integral)
in 23 Ing i [ s
= 1+eT)/ ———dx +ime’s / dx—i—/ g(z)dz—i—/ g(2)dz.
( , T2+1 , T2+1 c, Cr

By Theorem 2 in section 76

exp (% log z) log 2z

Resg(s) = =g
_exp (% (lnl —i—l%)) (lnl —i—z%)
21
_ To%
4
4 2 2
Now for |z| =
z3 log (2) < |z|% [In|z| + i arg (2)] < R3 (1nR—|— 37”)
2 +1 22— 1 = R-1

Therefore

R3 (InR| + 3Z

/ g(x)dz| < M 7TR—0 as R — oo,
Cr R2—-1

that is

lim g(z)dz =0.

R—o0 Cr
Similarly

1
3 (|1 3
/ g(yas| < |2 A+ F)
c, p?—1

Since plnp — 0 as p — 0 (we can show this by L’Hospital’s theorem), this means

that ’fc 2)dz| — 0 as p — 0 and hence that

lim g(z)dz=0.
p—0 C,
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If therefore we let R — oo and p — 0 in the above integration formula it follows
that

2 V3 (3 3\ [ a5l 3 el
V3 (3 V3 / eilme, [ 73 7 / wE
4 4 2 2 0o x2+1 2 2/ Jo x2+1
Now let I and J respectively denote the first and second integral above. Comparing
real and imaginary parts reveals that
2 3 3 372 3
T B VAT g YT V3
4 2 2 4 2

From these equations we may now solve for I and J to get

1
[e’e) Tl 2
/ a:; na:dx:I:w
o x%+1 6

0
I+ —J
+ 2

and .
s T
—dx=J = —.
/0 21 V3

Exercise 4, §84, p. 286
Use the function

F(z) = Q082 (

2241

> (Inz)? 3 > ]
| S ae-T [T o
0o 22+1 8 0 x2+1

Suggestion: The integration formula obtained in Exercise 1, Sec. 79, is needed
here.

|z] >0 7T< <37T
z —— ar —_—
Ty S AEs

to show that

Solution:

2
We integrate the function g (z) = ((lzozgfi) over the same contour as in exercise

3 above where as before
log (z) = In|z| + iarg(2)

and
I car (2) < 37
g S8 2

The singular point z = 4 is the only singular point inside [-R, —p]UC,U[p, R]UC.
In addition log z = In |z| 4+ i7m on [- R, —p| and log z = In|z| on [p, R]. Therefore by
the residue theorem

2mi - Res g (2)
~F (In|z| 4 im)? / /R (Inz)? /
= ————dzx + dz + dz + d
/R 2r1 W Cpg(Z) z @l T CRg(x) z
(Set s = —z in the 1" integral)

R 2 R R
1 1 1
= 2 (Inz) dx — m? dzx + 2mi _nr dz
2 2 2
, 241 , 241 o, (22 +1)

+/C g(z)dz—l—/CRg(z)dz.

P

Now by Theorem 2 in section 76 we have that

Reg 1082)° _ (log2)*

(In1+i%)* 72
z=1 2241 2z i

= —1.
21
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For |z| = R, [log z| < |In|z|| + |arg (2)| < In R+ 3. Therefore

(log2)”
z24+1

(nR+ 30
G

2 372
[ | taRe )
Cr 2'2+1

and hence

TR — 0

- (R

as R — oo. (To see this note that we can use L'Hospital’s theorem to show that
2
both 2 and % tend to 0 as R — oc.) Similarly

2 7\2
/ (log z) dz|§ (Inp+3F)
c

) 21 =1 mmp—0 as p—0.

(Again this can be seen by using L’Hospital’s theorem to show that both pln p and
p(Inp)? tend to 0 as p — 0.) Thus

lim g(2)dz=0= lim g (z)dz.
R—o0 Cr p—0 c,

Finally recall that in exercise (1) of section 79 we showed that

< 1
[
o r=+1 2

If therefore we let R — oo and p — 0 in the first integration formula we obtained,

we get
3 [e'e] 1 2 [e'e] 1
7T—:2/ (In z) d:c+2m'/ ne dzx.
0 0

4 1+ 22 1+ 22
Comparing real and imaginary parts now reveals that

® (In z)? 3 |
/ (nw)zdx:”_ and / nz o

Exercise 6(a), §84, p. 287
Show that
o7

e dz
/0 VE@2+1) V2
by integrating an appropriate branch of the multiple—valued function
23 e(m3)les2
T == 1
over the indented path in Fig. 101, Sec. 82.

Solution:
. . . 2~ 3 . exp(—% logz)
Consider the function g (z) = Gern — — o Where as before
3
logz =In|z| +iarg(z); —g < arg(z) < ;

We again integrate this function over [-R,—p] U C, U [p, R] U Cr where C, and
Cr are as before. As in exercise (1) above it follows that log (z) = In|z| + im on
[-R, —p] and log (z) = In|z| on [p, R]. In addition g has a singular point at z = i
which will lie inside the contour if 0 < p < 1 < R. It will then follow from the
residue theorem that
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2mi Res g (z)
-p 11 R —11
_ / exp( 3 ng)dw—i—/ g(z)dz+/ exp( 2 ng)dw—i—/ g(2)dz
C P Cr

2 2
_R % +1 , 2 +1

—p 1 _ T R 1]
_ / exp ( 22n|gc| ZQ)d:c—l—/ g(z)dz—l—/ exp(22m|ac|)d:Zj
—R s +1 Cp p X +1
+[ g
Cr
_1 1
P iz L
= ——d d d d
T e L RCLY L

= (1—i)/pR%dw—i—/cpg(z)dz—i-/CRg(z)dz.

el i .
(Note that 5 dr = 5 ds. To see this set s = —z.)
_r % +1 p $°+1

By Theorem 2 in section 76

1
—11
Res g (2) = —exp( 2 ng)

exp (—% (1n1+i%)) 1
z=i 2z ;

2 =

Now for |z| = R

|z
T2 41

< R
T R2-1

[N

exp (—% log z)
22 +1

(To see this note that

N[

1 1 1 _
exp|—=logz || =exp | R|—=log(z) ]| =exp|—zln|z| ) =]2]"2.)
2 2 2
But then
/ g(2)dz §1L—>O as R — oo.
Cr Rz (R%2-1)
Similarly
TP
g(z)dz| < ———— —0 as p—0.
/cp pE (P> —1)
Consequently
lim g(2)dz=0=lim g (2)dz.
R—oo Cr p—0 c,
Therefore on letting R — oo and p — 0 in the above integration formula, we get
that
1 ® g2
21 | —= (1 —9)| = (1 — 1 dx,
[2\/51'( )] ( )/0 x4+ 1
i.e. that

/OO dx oo
o Vz(@?+1) V2
2 ds 1

Note As an alternative we could have set s = /z (i.e. s* = ). Then & = —~

de = 2\/x
< 1 1 < 1
———dz =2 ———ds.
/0 x2+1\/5$ /0 1

The integral on the right hand side can now be solved by means of the techniques
of section 79.

and hence
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Exercise 1, §85, p. 290
Use residues to evaluate the definite integral

/271' do
o b+4sing’

Solution:
By (1), (2) and (3) of section 85 the given integral becomes

/2” df / 1 L / dz
= _— Z: —_—m
o S+dsing  Jo5+4(F (2-1))iz o 22% + biz — 2

z

where C' is the positively oriented circle |z| = 1. The integrand of the com-
plex integral has singular points where 222 + 5iz — 2 = 0, that is where z =

3 <—5¢ +1/(5i)% + 16) = 1 (—5i+3i) = —2i, —4i. Of these points only z = —1i

N|=

lies inside C'. Therefore by the residue theorem

2
de 1
/0 5+4sind ™ <z_eséi 2z2+5iz—2>

Applying Theorem 2 in section 76 we conclude that

/2” df , 1 21
- Y = 271 e — = —.
o O5+4sinf 4z + 51 a=—Li 3
Exercise 3, §85, p. 290
Use residues to evaluate the definite integral
/ T cos? 30d6
o H—4cos20
Solution:
By the remark at the end of section 85 we have that
1 1 1 1
cosnf == | 2"+ — sinnf = — [ 2" — —
2 AL 27 AL

for each n € N where z = ¢%.

T 2
/2 cos? 30 d - / 2 (z*+ &)] 1
0 |z

Therefore

5 — 4cos 20 54l (2t L) ]a

i / (z6 + 1)2 p
= - 2.
4 Jiz=1 25 (224 = 522 + 2)

(5 +1)
25 (224 — 522+ 2)
224 — 522 4+ 2 =0. The roots of the last equation are at 22 = % (5 + \/M) =
{2,3} (ie. 2 =+v2and 2z = :I:\/ii) Thus the integrand has singularities at

The integrand g (z) = has singularities where z = 0 and where

0,++v/2 and :I:%. Of all these singularities only 0, % and —% lie inside the circle
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|z| = 1. The integrand has simple poles at :I:\/i5 and a pole of order 5 at 0. We
may therefore use Theorem 2 in §76 to find the residues at :l:%. By this result

28 225
Res g(z) (2 +1)"/

A=t 4 (224 — 5224 2)

z=

1
V2

[ (2% + 1)2 /25
823 — 10z

Sk

and similarly

823 — 102 16"

(26—1—1)2/25] _2r

vz
To find the residue at 0 we have by the theorem in §73 that

1dt [ 5+ 1)
R = ——— B EE————
Res 9(2) = — 31221 [(224 — 5224 2)

2=0
However to avoid the pain of differentiating 4 times we rather look at the Laurent
series of
(5 +1)° 1 1
7
= 22+ — .
25 (224 — 5224 2) (2 + Z+z5> (222 —1) (22— 2)

Now by partial fractions

1 _1[ 2 ]
(222 -1)(22-2) 3 [(22-2) (222-1)]°

Therefore for |z| small enough

1 S I R SR
222 -1)(22—2) 3 2(1—1z2 1—222
2
_ 1 = 1 2k 2 — k 2k
= 5w 3D?
k=0 k=0
_ il ok+1 _ 1 2k
3 2k+1
k=0
whence
(=0 + 1) . 1\ (&1, 1
_ L 1 +1 2k
25(224—522+2)_<Z +2Z+z5> ];)3<2 2k+1)z '

1
In the resulting expansion the — term will be
z

1 /1 1\ ,\ 631
;(5(8‘5)2)—@'

63
Reso(2) =51

Therefore
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By means of the residue theorem we now have that
27 2 9 . 6 1 2
/ cos” 3 d - @ / (z + ) &
o H—4cos26 4 Jyzj=1 2° (221 = 522 + 2)

Res g(2)+ Res g(z)+ Resg(2)
2275 zzfﬁ z=0
us 27 27 63
- + R
16 16 24

Alternative: In the above integral the difficulty posed by computing the
residue at a pole of order 5 can be avoided altogether if we use partial fractions.
Observe that

1 1
5(9,4 _ 5.2 = :
25 (224 — 5224 2) z5(z2—2)2(z—\%) (z—l—\%)
Hence we can write
1 7A+B+C’+D+E+1 F n G +Hz+[
25 (224 — 522+ 2) oz 22 3 47509 1 1 22 -2
( ) (Z \/i) (Z+\/§) ( )
and solve for the constants to get
21 5 1 8 1
B=D=1=0, A=—, C=-, E=—-, F=G=—-, H=—.
) 87 47 ) 37 24

On multiplying both sides by (26 + 1)2 and integrating over |z|] = 1 Cauchy’s
integration formulae then ensure that

(28 + 1)2 p
25(22%4 — 622+ z2) ?
|z|=1

6 2 6 2 6 2
_ E/ (z°+1) dz+§/ (z°+1) d2+1/ (z°+1) i
2|=1 4 /=1 = 2|=1

8 z 3 2 z5
6 1 2 6 1 2 6 1
—%/ (Z+l) dz—%/ (Z+l) dz—l—% (52+2))dz
_ _ 1 (22—
j2l=1 (z - ﬁ) |2 =1 (z + ﬁ) |2=1
B @ ><1)+5 2mi d? (6+1)2 +1 2mi d* (6+1)2
- ’” 1\ 20 dz22 o) T2\ aas -
2
2 6+1 4 271 L 6+1 +0
5 | 2mi 7 3 | 2m 5
_ 2171 040— 81w B 81w 40

4++ 24 24
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(The last integral is zero since there the integrand is analytic inside and on |z| = 1.)

Therefore
2w 2 . 6 1 2
/ cos” 30 g - ﬁ/ (25 +1) "
o H—4cos20 4 Jis=1 25 (221 = 522 + 2)

I
|
/T\

‘oo

NS

~.

~~_
Il

w

»|§

Exercise 5, §85, p. 291
Use residues to evaluate the definite integral

° cos 26d6
—_— -1 1).
/0 1—2acosf + a? (-l<a<l)

Solution:
By (1), (2) and (3) of section 85 we see that

™ 1 1
/ cos 26 g - / 55224—?) ,idz
_» 1 —2acosf + a? cl—2a(3(z+1))+a2iz
i(zt+1
= / 2 (g2 ( 2 ) dz
c222(az?2 = (a®+1)z+a)
where C' is the positively oriented circle |z| = 1. The denominator of the inte-

grand has zeros where z = 0 and where z = 5 <a2 +1+4/(a2+1)° - 4a2> =

= ((a®>+1) £ (1 —a?)) = L ,a. None of these zeros are also zeros of z* + 1 and

hence all are singular points of the integrand. Of these points only 0 and a are
inside C. Therefore the residue theorem tells us that

i cos 20 .
/,7, 1 —2acosf + a2dt9 = 2mi E{:eg 9(2)+ E{:es g(z)}
i(2*41) . .
where g (2) = PEI ey B By the theorem in section 73
d i(2+1)
R = —
zfgg(z) dz 2(az? = (a* +1)z+a)|

l i4z3 (azQ— (a2+1)z+a) —i(z4+1) (2az— (a2+1))
2 (az? — (a2 + 1) z + a)’

ifa?+1
- §< a? >

From Theorem 2 in section 76 it follows that
(=)

1~ 5 i(a*+1)
Res g (z) = 2 =
Z:ag( ) 4 (az? — (a2 + 1)z +a) 2a? (a2 — 1)
Thus
/7r cos 20 o — o i (a?+1 +z’ (a®+1)
_» 1 —2acosf + a? - g a? 2a2 (a2 -1)
B (a* —1) + (a* +1)
N a2 (a® —1)
2a%m



Finally notice that
cos (2 (—0)) cos 26

1 —2acos(—0)+a2 1—2acos+ a2’

i.e. that (1—21(1:?+‘09-H12) is an even function . Therefore

™ s 2
/ cos 20 d@:lf cos 20 oo 4T
o 1—2acosf+ a? 2 J)_.1—2acosf+a? (1-a?)

Exercise 7, §85, p. 291
Use residues to evaluate the definite integral

/ sin®0df  (n=1,2,...).
0

Solution:
Again by (1), (2) and (3) of section 85

™ 2n , n+1 2 2n
. 1 1 1 i (—1) (2 —1)
2n _ - _ - - _
[ﬂ sin“" 0df = /C [21’ (z z)} izdz =~ /C pETes| dz

where C is the positively oriented circle |z2| = 1 and where n = 1,2,.... The
2 2n

. -1 . . .
function (ZZZT has a singular point at z = 0, and hence by the residue theorem

[, G

z = 2mi es
22n+1 E{:O ZQnJrl

By the binomial theorem

(=* - 1)2n 1~ (2n n—k 2k
22n+1 = 22n+1 Z ( k) (_1) z
k=0
2n
k
k=0
for all 0 < |z|. The coefficient of the 1 term (corresponding to k = n) is (*") (—1)".
That is )
(z2=1)"  /(2n W ),
P P R <n> (=1)" = (n1)? (=D".
Therefore

/7T sin®" 0df = i)™ <27Ti (2n)! (—1)n> = 2WM

22n (TL')2

Since sin?" # is an even function we conclude that

™ |
/ sin®" 0df = wﬂ)'z.
0 221 (nl)

—T

Exercise 1, §87, p. 296
Let C denote the unit circle |z| = 1, described in the positive sense. Use the
theorem in Sec. 86 to determine the value of A arg f (z) when

() f()=2% () f(2)=(P+2) /5 (o) f(2) = (22— 1) /%
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Solution:
(a) f(z) = 2% has a double zero at z = 0 and no poles inside |z| = 1. Hence
here
Acarg (2%) = 2m (2 - 0) = 4.
(b) f(2) = (2*+2) /z has a simple pole at z = 0 and zeros at the roots of
3 =

z3 = —2. However all these roots lie outside |z| = 1. Thus

2342

Acarg< >:27r(0—1)=—27r.

() f(z)= (2’2;31)7 has a triple pole at z = 0 and a zero of order 7 at z = %

Hence Acarg(@’zz;gly) =27 (7 —3) = 8.
Exercise 2, §87, p. 296
Let f be a function which is analytic inside and on a simple closed contour
C, and suppose that f(z) is never zero on C. Let the image of C' under the
transformation w = f (z) be the closed contour I" shown in Fig. 107. Determine
the value of Ag arg f (z) from that figure; and, with the aid of the theorem in Sec.
86, determine the number of zeros, counting multiplicities, of f interior to C.

\Y

Solution:
Since f is analytic inside and on C| it clearly has no poles inside or on C. So
by the theorem in section 86

Z = iAC arg f (2)
2m

where Z is the number of zeros (counting multiplicities) of f inside C. Now from
the sketch it is clear that as z traverses once around the contour C, f(z) will
effectively circle the origin 3 times. That is

Acarg f (z) =3 x 2m = 67.

1

Therefore counting multiplicities f has 5= (67) = 3 zeros inside C.

Exercise 3, §87, p. 296

Using the notation in Sec. 86, suppose that I does not enclose the origin w = 0
and that there is a ray from that point which does not intersect I'. By observing
that the absolute value of A¢ arg f (z) must be less than 27 when a point z makes
one cycle around C' and recalling that Agarg f (2) is an integral multiple of 2,
point out why the winding number of I with respect to the origin w = 0 must be
Zero.
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Solution:

Let f and T be as stated and suppose that the ray w = re'® (0 <7 < 0o) does
not intersect I'. Since 0 is by assumption outside I" and also on the ray, the entire
ray must then be outside I' (or else it would have crossed I'). Now let f (z) traverse
around I' starting from say f (z¢) where arg f (z0) = o and a — 27 < ¢y < a.
Although arg f (z) may increase or decrease as f (z) traverses I', the fact that f (2)
can never be on the ray w = re’® (0 < r < 0o) ensures that arg f (z) can never cross
either # = o — 27 or = . (To see this note that a point w # 0 lies on the ray
if and only if argw = a+ 2kw (k € Z).) Clearly then |arg f (2) — arg f (20)| < 27
for each f (z) on T, whence

|Acarg f (2)] < 27.

Since A¢ arg f (z) must be an integer multiple of 27, this inequality can only hold
if in fact

Acarg f(z) =0.
The claim follows.

Exercise 6, §87, p. 297
Determine the number of zeros, counting multiplicities, of the polynomial
(a) 2% — 52 4+ 2% — 22; (b) 22* — 223 +22%2 — 22+ 9

inside the circle |z| = 1.

Solution:
(a) Let f(2) = 2% —52% and g (2) = 2* — 22. Now f(z) = 2* (22 — 5) has
6 zeros counting multiplicities, but only 4 are inside the circle |z| = 1.

On the circle |z| = 1 we have |f(z)] > 5]z|* — |2® = 4 and |g(z)| <
|2|* + 2]z = 3. So by Rouché’s theorem f (2) +g (z) = 26 — 5z + 23 — 22
also has 4 zeros inside |z| = 1.

(b) Let f(z) =9 for all z and g (2) = 22% — 223 + 222 — 22. Clearly f has no
zeros anywhere. In addition if |z| = 1 then

lg () < 202" + 2121 + 2|2 + 2|2 =8 <9 = [ (2)].

Thus by Rouché’s theorem f (2) + g (z) = 22% — 223 + 222 — 22 + 9 also
has no zeros inside |z| = 1.

Exercise 8, §87, p. 297
Determine the number of roots, counting multiplicities, of the equation

225 — 622 +2+1=0
in the annulus 1 < |z| < 2.
Solution:

First let f (z) = —622 and g (z) = 225+ 2+ 1. Here f has 2 zeros inside |z| = 1.
Now for |z] =1 we have

g <2 +[2/+1=4 and |f(2)| = 6]z" =6.

Hence by Rouché’s theorem f (2) +g () = 225 — 622 + 2 + 1 also has 2 zeros inside
|z| = 1. Next let f (z) = 22° and §(2) = =622+ 2+ 1. The polynomial f (z) = 22°
has 5 zeros inside |z| =2 (all at z =0.) For |z| = 2 we have

5(2)] <62 +]2|+1=27and ’f(z) =22 = 64.
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So by Rouché’s theorem f(z) +3(2) = 22° — 622 + 2 + 1 also has 5 zeros inside
|z| = 2. So in the region inside |z| = 2 but not inside |z] = 1 (i.e. the region
1 < |z| < 2), the polynomial 22° — 622 + z + 1 must have exactly 5 — 2 = 3 roots.

Exercise 10, §87, p. 298
Let the functions f and g be as in the statement of Rouché’s theorem in Sec.
87, and let the orientation of the contour C there be positive. Then define the

function
I
t
/f FE) 4t (), 0<t<1),
" 2mi z) +tg(2)

and follow the steps below to give another proof of that theorem.
(a) Point out why the denominator in the integrand of the integral defining
® (t) is never zero on C. This ensures the existence of the integral.
(b) Let ¢t and ¢¢ be any two points in the interval 0 < ¢ < 1, and show that
t — tol

@) - @ (t0)] =

/ fo—rg ..
o (f+tg) (f +tog)
Then, after pointing out why

‘ f9d —1g ‘ [fg' = f'gl

(f +tg) (f +tog) | ~ (If] - lg])?

at points on C, show that there is a positive constant A, which is inde-
pendent of ¢ and %, such that

|® (1) — @ (to)] < At — tol.

Conclude from this inequality that ® () is continuous on the interval
0<t<1.

(c) By referring to equation (8), Sec. 86, state why the value of the function
® is, for each value of ¢ in the interval 0 < ¢ < 1, an integer representing
the number of zeros of f(z) 4 tg (z) inside C. Then conclude from the
fact that ® is continuous, as shown in part (b), that f (z) and f (2)+g(2)
have the same number of zeros, counting multiplicities, inside C'.

Solution:

(a) By assumption |g (x)| < |f (2)| for all z on the contour C. Thus for any
0 <t <1 this implies that

1f (2) +tg ()| = |F (2)[ = tlg ()| = | (2)] = |g ()| > O

whenever z is a point on C.

(b) Now let ¢, to € [0,1]. Then

P (t) — @ (to)

_ L[ (G4t (2) f(H) g (),
2mi Jo \ f(2) +tg(2) [ (2) +tog (2)

_ L [T+t (2) (f (2) +og (2) = (' (2) +tog’ (2)) (f (2) + 19 (2)) ;.
2mi J o (f(2) +tg (

YOI Feee )
el RiTmrare T i rie tat

Now as we saw in part (a)

1f (2) + 59 (2)] = | ()] = g (2)]
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for all z € C' and all 0 < s < 1. In particular for ¢ and ¢ it then follows
that

|(f (2) +tg (2)) (f (2) + tog (2))] = (If ()] = |9 (2)])?

for all z on C, whence
fg' —f'g < g =1l

C) T T = (1=l

for all z on C. Since f, g are analytic on C, each of f, g, f' and ¢’
are then continuous on C. (This follows from for example Theorem 1 of
|fg'—f'g]

(7-TaD?
then defined and continuous on C, it follows from (6) of section 18 that

we can find a constant M > 0 so that
Ifg' = f'gl <M
(Ifl=1gh)? ~
Comparing this with ()
ORI OO P

/ f(x)d
o (f(2) +tg(2) (f (2) +tog (2))

where L is the length of C' and M is clearly independent of ¢ and ¢y. By
(*) we then have

section 52 and the discussion at the end of section 19.) Since

for all z on C.

above, it then follows from (1) of section 43 that

ML
| (t) — @ (to)] < §|t—f0|-

Now let € < 0 be given and set § = % Then
ML
[t —to] <= |P(t) — P (to)]| < ﬁzizs.

Thus by definition ¢t — ® (¢) is continuous on [0, 1].
For each fixed t, f (z) 4 tg (z) is analytic inside and on C (i.e. it has no
poles inside or on C'), and hence it then follows from (8) of section 86 that

/ f'z) +1g' (=)

" 2mi F(2)+tg(z2) dz

is an integer representing the number of zeros of f(z) + tg(z) inside C.
But then ® (¢) must be constant on [0, 1] since if ® was not constant the
fact that all its values are integers means that it would then have to admit
of a “jump discontinuity” somewhere on [0,1]. But there can be no such
jump since @ is continuous. Therefore ¢ — @ (¢) is constant on [0, 1] as
claimed. In particular ® (0) = ® (1), or in other words f and f + ¢ have
the same number of zeros inside C' (counting multiplicities of course).



