SEMESTER 1

MAT3700 ASSIGNMENT 1 SOLUTIONS
1.1 xj—y =y+2xy Homogeneous equation
X
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dx X X
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dx dx
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1.1  Alternative solution x%:y+2\/ﬁ
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1.2

1.3

[sin y—2xy+x2de+[xcosy—x2}dy:0
M dx + N dy=0
%:(cosy—ZX):Z—T:(cosy—Zx)

Thus the equation is exact.

Now by direct integration
3

f(xy) :I[sin y—2xy+x2}dx: xsin y—x2y+x?+ f(y) (1)
and
f(x,y):j[xcosy—xz}dy:xsin y—x2y+f(x) (2)

Comparing the answers (1) and (2) for f (x, y)

we find f(y)=0
3

X
and f(x)=—
()=
i3
Thus C = xsin y—x2y+?
(6)
X
y_ y :e—, given thaty(e) =0
dx X
[Given that y(e) = 0, means that when x = e then y = 0. Recall functional notation]
Linear Equation
[ Pdx= (-L)dx=—x
eX
Thusy =e* (e‘x) — |dx
X
et j (ij d
X
=e*(/n|x|+C)
Use given that y(e) =0 to find C
0=¢®(/nle[+C)
0=(1+C)
C=-1
Thusy =e*(/n|x|-1)
(8)
[20]

Maximum: [20]
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QUESTION 1

1.1 (D2 —36)y = cosh3x
m?-36=0
(mMm-6)(m+6)=0
m=6orm=-6

Yo = Ae %% + Be®

3x -3x
or put cosh3x = +Ze
1 1 e3x e—3x
=————{cosh3x or = +
Ypi D2—36{ } Ypi D2—36{ 5 5 }
3x -3X
__1 {cosh3x} Y
9-36 2| (-27) " (-27)
__cosh3x 1 e3X 4 g=3X
27 -27 2
cosh3x )
= Ae % 1 Beb* -
Ygen 27
12 (D*+2D+4)y =e™sin2x
(m2 +2m +4) =0
_ —2+4/4-16

m

2
= 143
Yer =€ (Asin\/ﬁx + Bcos\/§x)

1 .
Yo priapral SN2
=e” - 1 {sin2x}
(D+2)" +2(D+2)+4
X 1 .
¢ prrepr o

X 1 .
= 62 m{S”’] ZX}

= e 6D1+ 5 {sin2x}
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- ezxj( 1 (3D_4){sin2x}

2 )(3D+4)(3D-4)

- e:j (30 -4) {sin2x}

e
= _104j(3D 4){sin2x}
e2x
= (6cos2x —4sin2x)
~104 (8)
er
= j(30032x-—23h12x)
-52
2x
Ygen =€ (Asin\/§x + Bcos\/§x) —(652 J(Scost —2sin2x)
[13]
QUESTION 2
Solve for only x in the following set of simultaneous differential equations by using D-operator
_ (D+1)x -Dy =-1 (1)
methods: (2D—4)x—(D—%)y=l (2) (8)
Answer: Using elimination
(D-)(D+Dx-D(D-%)y =(D-1)(-1) (3)=(D-1)x(1)
D(2D 1)x-D(D-%)y =D(1) (4)=(D)x(2)
(3)-(4)
(D —%)(D+1)x D(2D-1)x =(0+4)-(0)
( D? + -3 2D2+D)x:%
(D2+%D—%x:%

-m?+3m-1=0
2m? -3m+1=0
(2m-1)(m-1)=0
m :% orm=1
L
Xcp = Ae? +Be!
1,0t
1{2e }

1
2.3
-D*+3D-3

Xp| =
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Answer: Using Determinants and Cramer’s rule

(b+1) (D) | |1 (D)
X =
(2D-1) —(D—%)_ 1 -(D-3)
[-D+1(D-4)+D(2D-1) |x=(D-4)(1)~(-D) ()
[—DZ—%D+%+2D2—D:X:O—%+O
(D2+%D—%—2D2+D)x:%
(—D2+%D—%)x:%
-m?+3m-1=0
2m? -3m+1=0
(2m-1)(m-1)=0
m=2orm=1
e
xcr = Ae? +Be
1 1 A0t
)
(-3)
=1
1
Xeen (1) =Ae? +Be' -1
[8]
QUESTION 3
311 L{tsinatl=2| 2 |- % (1)
(SZ+4) (82+4)
3e
3.1.2 L{3H(t-2)-5(t-4)} = . —e™® ()
3.2 Use partial fractions to find the inverse Laplace transform of (5)
S +3s+2
55+2 A B

(s+l)(s+2)=s+1+s+2
5s+2=A(s+2)+(s+1)
Puts=-1: -3=A
Puts=-2: -8=-B
8=B
NI ETEY
S“+3s+2 s+1 S+2

2t

- -3e'+8e”
-3-
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[8]

QUESTION 4
Determine the unique solution of the following differential equation by using Laplace transforms:
y"(t)+2y'(t)+10y(t)= (25t2 +16t + Z)e 3 if y(0)=0 and y'(0)=0.
Answer:
y"(t) +2y (1) +10y(t) =25t%e* +16te® +2e™
(52Y (s)—sy(O)—y'(O)) +2(sY (s)-y(0))  +10(Y(s))= 2(25) 6 _, 2

+
giveny(0)=0andy'(0)=0

(s-3)° (s-3)° (s-3)

 50+16(s-3)+2(s -3’
l (s-3)°
282445 +20
(s
2(s?+2s+10)

(s +2s +10}¥ (s)

Y (s)

(s-3)°(s +2s +10)

[9]

QUESTION 5

2

The motion of a mass on a spring is described by the differential equation (:Itz( +100x = 36cos8t. If

x =0 and ax =0,att =0 find the steady state solution for x(t) and discuss the motion.

Answer: Using D-operator methods

d?x
t2

+100x = 36cos8t

(D2 +100)x = 36C0s8t
m?+100=0
m =+10]j
Xoe = AC0S10t + B sin10t
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1

Xp, = m{%cos&}
36
= mcos&
= cos8t
Xeen = AC0s10t + B sinl10t + cos8t (1)

Givenift=0thenx =0
0=Acos0+Bsin0+cos0
A=-1
(1) becomes X, = —c0s10t + Bsin10t + cos8t (2)
X'sen =10sin10t +10B cos10t —8sin8t
Givenift=0thenx'=0
0=10B
B=0
(2) becomes Xgg,, = —C0S10t +cos8t
therefore the stationary solution (t — oo) is a oscillating motion

Answer: Using Laplace Transforms

x"(t)+100x(t)=36cos8t given x =0 and (3—):: 0,att=0

2 _ S
(s*+100) X(s) _36(82 +64j

_ 36s
X(s)= (s?+64)(s? +100)
36s _As+B+Cs+D
(s*+64)(s* +100) " s?+64  s?+100
365 = (As +B)(s” +100) +(Cs +D)(s* +64)

Using partial fractions:

WefindB=D=0, A=1land C=-1

X(s)= s? +(8)2 s +(10)2

X (t) = cos8t —cos10t

therefore the stationary solution (t —> 0 ) is a oscillating motion
[12]

Maximum: [50]



QUESTION 1

If A= {_1 5}, find an eigenvalue and an eigenvector of A.
Answer:
For eigenvalues put  |4-2J | =0
3-2 1
-1 5-A
(3-2)(5-1)+1=0
15-8h+A* +1=0
A —8L+16=0
(A-4)" =0
A =4 (twice)
For an eigenvalue corresponmding to A =4

O el

-x+x,=0

A =X

Choose x, =1

1 [81
Thus an eigenvalue is [J
QUESTION 2
0 -n<f<-%
Given the function defined by f(t}=<3 Z<t<Z , with period 2n:
0 g<t<m
2.1 Sketch the function. (3)
e -:51 NG A
— 2N ‘OOV\(J\Qa \ . {
3 .
= A, i y - & L -} gl | & i & £ 1
-2 _ir -T  _i « ¥ 30 2w
2 3 7 2
Eig 8
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e, even (1)

2.3 Find the Fourier series for f(1). (8)
For even functions b, =0.
Period = 2n, thus L ==

"OZHL f(t)ae

i[j 0dr+ | 3dz+j omJ
[

or because it is an even function q, = %Io 3dt

a, =4[, /(t)cos(2)dr

=%[If0dr+j_§‘3c08(m)d“L_"0 a

= [sin()],

= [sin(%) - sin(~ )]

= X[ sin(%2) +sin(4)] Remember sin (—x) = —sin (x)
= sin($)]

B 0 n even
B %[sin(%)] odd

3 6(1
=5+n2(nsm(%)Jcos(nt)

n=l

=%+§(cost)—%(cos3t)+ .........

2]
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