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Question 1 [16]

(&) The likelihood function of 4 is

n

LEX) = []feilo) =(Hg(xi>)exp{pw)ZK(xi)—nq(m}
i=1 i=1

= mi(x) x mz(e, > K(xi))
i—1

where my(x) = [Ti_; 9(xi) and mz (6, >4 K(xi)) = exp{p©) >{_; K(xi) —nq(8)} . This
means >, K(X;) is a sufficient statistic for ¢ by the factorisation theorem.

Now let Y1, Y2, Y3, ..., Y be another random sample from the same distribution. Then

L (01x) g(xi) :
= 7 K(xj) — K(y;
Ca (Eﬁg(y, )exp{p( ) (Kx) (y))}

i=1

[y

is independent of 9 if >, (K(xi) — K(yi)) = 0 equivalently if >, K(yi) = > K(x).
This means that >I_; K(Xj) is a minimal sufficient statistic for 6. (6)

(b) Yes >, K(X;) is the complete sufficient statistic for ¢ - a property of the members of
the exponential family of distributions. 3)

(c) From part (a) the log likelihood function of 4 is

1©) =InL@Ix) = In(H g(xi)) +p@) > K(xi) =nq®).

i=1 i=1
Hence
n n
I'(0) = p'(0) D_ K(xi) —ng'(®) and 1"(6) = p"(0) D_ K (xi) —nq"(©).
i=1 i=1
The Fisher information about ¢ is

1) = —E[I”0)]=—-p"(0) D_E[K(X)]+nq"©®)

i=1

q'(9)
p'(9)

— //0 9 //0 /0
p((9)[q()p() p"(6)q'(0)]

The Cramer-Rao lower bound for an unbiased estimator of @ is

[ae] N ')
n[a”@)p'©) — p"@)a’'@)]

= nq"(@) —np"(O)——

(7)
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Question 2 [30]
(a) Yes because

px|e) = (1 -0t x=1,2,3,.., 0<6 <1,
exp{xIn(1—-0)——In@/(1 —0))}
g(x) exp {p(O)K (x) — q(0)}

where p(#) = In(1-60), K(X) =x,q@) =—-In@/(1 —0)) =In(1—-60)—In(@) and g(x) = 1.

(5)

(b) Yes because p(x|@) belongs to regular exponential family. (4)
(c) Use Question 1.

, 1 111 olen !
PO =15 9O =-1"%3"5="3a_9 — =305

x(—1)(1—0) = =

Hence

4)
(d) Use Question 1 part(c).

1 1-26
Ta-er T T 2a—oy
The Cramer-Rao lower bound for an unbiased estimator of 9 is
0%(1 —0)
n

" _ 1 Vi
P'0) =~ 5 4O =

Alternatively from first principles. The likelihood function is
n
L@ =[] fxilo) = [0/ = )] (1 — )X
i=1
and the log likelihood function is

1(0) =nlInd —nin(L —6) + In(L —6) > xi.
i=1

Now,
n n

/ _ _ _ 1 ¢ i
'@) = 0+(l—0) (1_9);x. and

P L R S o
"0 = @t aar T aar &
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The Fisher information about 9 in the sample is

. n n 1 il
1) = —El (0)]=?—(1_0)2+(1_9)2;E[Xi]
n n n n .

2 W=02 Toa—02 021 —0)

E[Xi]

Hence the required Cramer-Rao lower bound is

0072 _02(1-0)
[ ]/I(Q)_T.

a0
(7)
(e) From part (d),
n n -
I'(0) = = — i
O =5+ta-0 (1—9);’('
The MLE of 4 is 8 which solves the equation:
n n 1 &
0=10) ==+ — 4 — " Xi.
0 (1-0) 1-0)iA
n
Clearly the solution depends on the complete sufficient statistic Z Xi. 4)

i=1

1. 1 . L :
(f) From parts (b) and (c), the MVUE of 9 is HZXi = X because it is a function of a
i=1

complete sufficient statistic for & which is also an unbiased estimator of 7 (6)

Question 3 [14]

(&) The level of significance of the test is

1 1\? 1
=P(Xx=20==)=(Z) ==.
“ ( | 2) (2) 7

The probability of the Type Il Error is

3 3 3\ /1\>! 13
ﬁ:P(X;ﬁZW:Z):1—P(X:2|€=Z)=1—(Z)(Z) = I

Hence, the power of the test is

13 3
ower S 16 6

()
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(b) The level of significance of the test is

_p(x=1orzp=)=pP(x=10=1)s1pP(x=2p=1)=1 1_3
*= = —2)~ =5 =) T Ty

The probability of the Type Il Error is

3 3 3
p = P(X;élor2|9:z‘r):1—P(X:1|0:Z)—P(X:2|9:Z)

B 3 3 1
B 4 16 16
Hence, the power of the test is
1 15
P =1—-p=1—— :
ower S 6= 16
(6)
(c) The test is powerful but the probability of committing the Type | Error is too large. 3)
Question 4 [15]
(a) The level of significance of the test is
1
0.l=P(X1>cl=2) = / (In2)2*dx
C
x71 c
= [2 ]c =2-2"
Thismeans 2° =1.9=—c=1n1.9/In2 = 0.923. (5)

(b) The likelihood function of 4 is

(ING)"G2i=1Xi

L@|x) = =

L(2|X)
L(3|x)

n n n X
A B — :<2ln2) (g)
(In3)N3Xi=1 X In3 3

According to the Neyman-Pearson theorem, the best test of the hypotheses rejects Hy if

n > Xi
2.3 = (2'—”2) (g) < koos € (0, 1]

re,3|x) =

In3
2\Zi=% 2 0n2\ "
= if | = _— Ko os = kg
I (3) < ( In3 ) 0.05 0.05
= f z . Inkoos _ = co.05 (since In(2/3) is negative)
= “ @3 - °
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where cp g5 solves the probability equation

n
0.05=P (Z Xi > coosl0 = 2).

i=1

(10)

TOTAL: [75]
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