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Question 1 : [20]
(a)

fx10) = gx)exp{p@)K(x) —q(6)}
= exp{p@)K(x)+ —q (@) + In(g(x))}
= exp{p@OK(x)+¢"0) +g"(x)}

where ¢*(9) = —q (@) and g* (@) = In(g(x)). (4)
(b) >, K(x;) is the complete sufficient statistic for 4. (4)
(c) The likelihood function of 4 is

LO) =[] rGil6) =] eCx:) exp {p(e> > K(a)— nq@}
i=1 i=1 i=1

and the log-likelihood function of ¢ is
n n
10) = > lnglx) + p6) > K(x:) = ng(®).
i=1 i=1
The MLE of 8 is & which solves the equation
0=100@)=p' @)D KX)—ng' ).

i=1

Clearly the solution will only depend on the sample through >7_; K (X;). (6)

(d) 13" K(X;)is the MVUE of ¢'(6)/p'(6) because 1 3" | K(X;) is a function of a com-
plete sufficient statistic for & and E (1 37 K(X))) = L1 37 E(K (X)) = ¢'(9)/p'(6)

(unbiased).
(6)
Question 2 [36]
(a)
px16) = (1 —6y*"
6 X
= (m) (-8
= In(1 —6) +1 4
= exp(x n(l -0)+ nl—@)
= gx)exp (p(O)K (x) —¢(0))
where p(0) =In(1 - 0), K(x) =x, ¢(0) = ~In:Z; and g(x) = 1. (5)
(b) X7 K(X;) =2 [_, X: since f(x]9) belongs to regular exponential family. (4)
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(d) p(x]0) here is in the form of f(x|#) in Question 1. It follows from Question 1 (c) that the
MLE of 8 here will depend on the sample through the complete sufficient statistic for 6.
In particular, it can be shown that the ML E of 9 is 6 which solves the equation

! n

0:1’(9) =P’(é)ZK(Xi)_’?ql@):— 5 Xi+m
i=1 Y =l -

and the solution is

(6)

1 1 &
(e) Yes. Because: (i) the MLE of é is 5 = - ZX,- by the invariance property of MLE’s;

(ii) the MLE of - is — ZX is a function of a complete sufficient statistic for ; and

0
(i) E ( ) = —E(ZX) 5 (unbiased, see Question 1 (c)). (7)
(f) l”(@) (1 9)2 Zz 1 + 1= 9)2 = ——é(lie)Z - 6% + (1fg)2 ==
(i) & =38 =0.5. Hence
~ n n n
I(x)=—1"(0) = ————= + = — —5= = 1600;
== T T T a—oy
and (6)

(ii) se(@) ~ J1/I(x) = /T/1600 = % = 0.025. Thus, the approximate 95% confidence
interval for g is A A
6 +1.96 x se(d) = [0.451; 0.549].

(6)
Question 3 [23]

(@)
fxl9) = 61 +x)~"+9
= (1+x)~100+x7"°
= (1+4x)lexp[-6In(1 + x) + Iné]
= gx)exp [pO)K(x) —q(©6)]

where p(6) =6, K(x) = —In(1 +x), ¢(6) = —In(9) and g(x) = (1 +x)~1. (4)
(b) 7, K(Xy) = — X1 In(1 + X;) since f(x|6) belongs to regular exponential family. (3)



(c) Note that —E [>7_, In(1 + X;)] = —n L& = —
The likelihood function of 4 is

~)
Dl

n n
L@x) = Hf(xile) —p" H(l 4 x)~(1+0)
=1 i=1
and the log likelihood function of 4 is

@) =nln@) — (1 +6) Zn:ln(l + x;).

i=1
Hence )
n n
1) =7 - Z,ln(l +xi) and ') = .

The Fisher information for @ is

1,0) = —E("(©)) = b’%

Hence the CRL B for an unbiased estimator of g is

81/67> 02 1
CRLB =|—— L0 =—=—.
[ 80 ] /1 6) n/0*  n?
(8)
(d) %Zl’;l In(1 + X;) is a function of a complete sufficient statistic. Furthermore
1 & " 1
— ZE[ln(l + X))l = EE[ln(l +X)] = —q,( ) = -
n n p'@) 6
(unbiased). Hence, 1 3%, In(1 + X;) is the MVUE of }. (8)
Question 4 [21]

(a) (i) The level of significance of the test is

1
o = P(X1§§]9=2)=P(O<X1<%|9:2)

1/2

= / 2xdx

0
1/2
2
= =1/4.
=) =

The probability of the type il error is

1 1
s = P(X1>5|0=1):1—P(0<X1<5|9:1)

1/2
= 1——/ dx
0

= 1-[x]* =172
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Hence, the power of the test is
Power =1—-f=1-1/2=1/2.
(8)

(if) The level of significance of the test is

01 = P(X1<clf=2)=P0 <X, <clf=2)

4
= /2xdx
0
C
- [ =<
0

This means ¢ = +/0.1 = 0.3162 (5)
(b) The likelihood function of 8 is

n

L@ =[[ox =06" [1=%".
i=1

i=1
Hence

L(Q2x)
L(1]x)

n
= 2" Hxi.
i=I

According to the Neyman-Pearson theorem, the best test of the hypotheses rejects
Hy if

r(l, 2|x)

r,2lx) = 2" [[x < ke €0, 1]
i=1

n
if [[xi <27 =c
i=1
where ¢ solves the probability equation
n
o= P(Hxi <clb :2).
i=1
(8)

TOTAL: [100]
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