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Question 1 [20]

(a) E[X] =0 = the method of moments estimator (MME) of 4 is

6=2X.
(4)
(b) The likelihood function of 4 is
~—n9921
L@
©lx) = Hp(x,lm T lxn
and the log likelihood function of 4 is
n n
10) =InLO]x) = —nf + > x;In(¢) — In (Hx,-!).
i=1 i=1
Now
I'@)=-n+— sz = —n + —
The MLE of § is & which solves the equation
A X
0=1@) =—n+"2.
©) 5
The solution is § = X. (8)
(c) By the invariance property of maximum likelihood estimators the ML E’s of the functions
are:
(i) ¢°: and (3)
(i) 1—efsincePX>1)=1-PX=0)=1-2. (5)
Question 2 [20]
(a) The likelihood function of @ is
6
L@|x) = Hf(x,[@) o fo’ 1 gl xy
[Tz x
and the log likelihood function of 9 is
10)=WL@|X)=nlnf+0> Inx; — > Inx. (4)

i=1 i=1
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(b)

H?:l xig
H:’l=1 Xi
1 A
= g" H %?

H?:lxi i=1 :
n
= m(X) x my (G,Hxi)

i=1

LX) = 6"

where m(x) = —H—ll—x and my (0, TTi_y x:) = 0" [I7_, x¢. Hence []}_, X; is a sufficient

statistic for 8 by the factorisation theorem.
Now let Y71, Y2, Y3, ..., ¥, be another random sample from the same distribution. Then

L6 [ty (Hi;lxi)"
L(@ly) "(Exi) [Tz i

is independent of ¢ if Hf—li = 1 equivalently if [J/_; » = [lj=; x:. This means that

=171

1 X; is a minimal sufficient statistic for 8. (7)
(c) Note that

7 n
@) = 5t ;mxi.
The MLE of 6 is § which solves the equation

n
0=1(®) = % + > In(Xs).
i i=1

n

i In(X:)

The solution is
” b= —

(4)
(d) Note that /(@) = ——;—2. Hence the observed information of 4 is
1 [ ?
== (Z ln(X,-)) : (5)
h i=1
Question 3 [20]
(a)

IX) = —1"(0) =

3
E(X) = D> xP(X=x)
i x=0

2 1 2 1

7
= - -260
3



. 1 /7
This means 6 = 3 (§ — E(X)) and that the method of moments estimate (MME) of 8

is
- 1 /7 1 /77 7
==|s—%)=={--14)=—==0.
2(3 x) 2(3 ) 5 = 04667

10
14
since from the data x = — = — = 1.4
x T 2 X; T 1 (4)

(b) The likelihood function of 8 is

4 2 3
L@x) = (—?—0) X (%0) X E(l ——0)] X B(l ——0)}
64

5 5
= — §1-0
55055 (1 =9

The log likelihood function of 6 is

64
l = I —
@)=1In (59059) +5nf +5In(1 —6)
and s 5
/ T e e —
ho) = 6 1-6

The maximum likelihood estimate of 8 is & which solves the equation

A 5 5
0=00)=7 - —.
©) 6 1-46

The solutionis § = 2 = 0.5 (6)

5 ~
— ——— . Hence for the MME, I"(#) = —22.9559 — 17.5803 =

(c) Note that I”7(9) = — a=a7

—40.5362 and

SIEURE

Var (@) ~ —ﬁ = 0.0247 and se(@) = +/ Var(8) ~ +/0.0247 = 0.1571.

Similarly for the MLE,

~ 1 ~ N
Var(0) ~ _l”(@) = 0.025 and se(8) = +/ Var(0) ~ +/0.025 = 0.1581.

Q)
(d) Base on only the standard errors of the estimates, the MME is preferred because it has
a smaller standard error. (3)
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Question 4 | [20]

(a) The likelihood function of ; and 4, is

n - p—n N x—0 ; /
L6, 02]x) I,Hf(xilﬁl,ﬁz) = [ (0;2 eXp( 2iz1 7, ) it0 <2 <00, 0 <6 <allthe x;s,

otherwise.
Equivalently,
n —n N n xi—0 :
L@, 0:1%) =[] £Gal6r, 62 = | %2 oxp (~ i #5) 10 <02 <00, 001 <xq),
i=1 0 otherwise
where X = min{xl, X245 X3y veny xn}. (3)

1 if0<8; <oo, 0 <61 <x),

(b) Let 7(01,02]%) ={ 0 otherwise.

Then

L1, 02l%) = Hf(xzxel,eg— ; exp( Z “01)1<61,921x>

= mi(x) X m (91,92,?6(1), sz)

where m1(x) = 1 and my (61, 02, x1), 21— L xi) = 65" exp (— > x’"el) 1(61,6,Ix). Hence
X and ZZ , X; are the joint sufficient statistics for 8; and 6, by the factorisation theo-
rem. (5)

(c) Note that the log likelihood function of 4; and 8, is

1(61,02) = InL(01,02]x)
[ —-nlnfy — Z?:l 201 ifo0 <0, <00, 0<8; < X(1)»

2 ;
—00 otherwise.

which is a strictly increasing function of §; as 8, > 0. This is shown formally by

o0l{(6;, 92) n
— " = — > 0sinced 0.
06, (92 ~ 27

The conclusion is that for any 6, > 0, [(8,8;) attains a maximum at the maximum
value of §; which is x(1y. Hence, the maximum likelihood estimator (MLE) of 0, is b, =
mm{Xl, X2, . X } = X(l) (6)

(d) Consider! (91, 8,) whose derivative with respect to 9, is

N 1 & n
V(1,60)) = —— + =S (x; — 81).
61,02) = -7 6%;( 1)

The MLE of 8, is 8, which solves the equation

O - l/(éla éZ) -

Z (X; = b1).

%>l x
S%l —



The solution is
n

> =00 == 308 - Xqy).
i=l1

D>
S| =

2:

i=1

(6)
TOTAL: [80]



