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QUESTION 1 [Total marks= 20]

(a) θ = E(T ) = E(aT1 + bT2) = aE(T1)+ bE(T2) = aθ + bθ =⇒ a + b = 1. (4)

(b) If V ar(T1) = 2V ar(T2), then

V ar(T ) = a2V ar(T1)+ b2V ar(T2)

= 2a2V ar(T2)+ b2V ar(T2) = (2a2 + b2)V ar(T2)

(5)

(c) Minimize V ar(T ) by choice of a and b subject to the constraint a + b = 1.

Now, V ar(T ) =
(
2a2 + 1− 2a + a2

)
V ar(T2) = (3a2−2a+1)V ar(T2) upon using the constraint

b = 1− a.

Furthermore, 0 =
∂V ar(T )

∂a
= (6a − 2)V ar(T2) =⇒ a = 2

6
= 1

3
and b = 1− 1

3
= 2

3
are a and b

which minimizes V ar(T ). (7)

(d) V ar(T ) =
(

3
9
− 2

3
+ 1

)
V ar(T2) =

2
3
V ar(T2) =⇒ re(T2, T ) =

V ar(T )

V ar(T2)
= 2

3
=⇒ T is better

than T2 since it has the smaller variance. (4)

Question 2 [Total marks= 20]

(a) M M E : E(X) = µ =⇒ M M E of µ is x̄ . (4)

M L E : L(µ) =
n∏

i=1

f (xi |µ) = (2π)−n/2e
− 1

n

n∑
i=1

(xi−µ)2

and

l(µ) = ln L(µ) = −
n

2
ln(2π) −

1

2

∑n
i=1(xi − µ)2 =⇒ l ′(µ) =

n∑
i=1

(xi − µ) =⇒ the M L E of µ is

µ̂ which solves

n∑
i=1

(xi − µ̂) = 0 and the solution is µ̂ = x̄ which is also the M M E of µ. (12)

(b) The M L E of µ3is x̄3 by the invariance property of M L E ′s. (4)

Question 3 [Total marks=13]

(a) l ′′(µ) = −n =⇒ In(µ) = −E[l ′′(µ)] = −E(−n) = n. (4)

(b) V ar(µ̂) = V ar(X̄) = 1
n
V ar(X) = 1

n
. (2)

(c) g(µ) = E(µ̂) = E(X̄) = µ =⇒ g′(µ) = 1 =⇒ C RL B =
[g′2

In(µ)
= 1

n
= V ar(µ̂). (4)

(d) Since E(µ̂) = µ and V ar(µ̂) = C RL B, this means µ̂ is a MVU E of µ. (3)
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Question 4 [Total marks=25]

(a) X̄ = 4
6
= 2

3
. (2)

(b) E(X) = nθ = 2θ =⇒ θ = 1
2
E(X) =⇒ M M E of θ is θ̃ = 1

2
X̄ = 4

12
= 1

3
. (4)

(c) L(θ) =
6∏

i=1

p(xi |θ) = θ4(1− θ)8
6∏

i=1

2

2× (2− xi )
=⇒

l(θ) = ln L(θ) =
6∑

i=1

ln

{
2

2× (2− xi )

}
+ 4 ln(θ) + 8 ln(1 − θ) =⇒ l ′(θ) =

4

θ
−

8

1− θ
=⇒ the

M L E of θ is θ̂ which solves
4

θ̂
−

8

1− θ̂
= 0 and the solution is θ̂ =

1

3
. (8)

(d) M M E and M L E : I6(θ̃) = I6(θ̂) = −
∂2l(θ)

∂θ2

∣∣∣∣
θ=1/3

=

[
4

θ2
+

8

(1− θ)2

]
θ=1/3

= 54 since θ̃ = θ̂ =

1

3
. Hence V ar(θ̃) = V ar(θ̂) ≈

1

I6(θ̃)
=

1

54
and se(θ̃) = se(θ̂) =

√
1

54
= 0.1361. (8)

(e) Neither since both are unbiased and have equal standard errors. (3)

Question 5 [Total marks=22]

Since E(X) = θ , then the MME of θ is θ̃ = X̄ . (4)

V ar(θ̃) = V ar(X̄) =
1

n
V ar(X) =

θ

n
. (2)

ln f (x |θ) = − ln(x!)− θ + x ln(θ) and
∂2 ln f (x |θ)

∂θ2
= −

x

θ2
. Thus, the Fisher information for θ is

In(θ) = −nE

{
∂2 ln f (x |θ)

∂θ2

}
= nE

{
X

θ2

}
= n

θ

θ2
=

n

θ
.

Now, for an unbiased estimator of θ , g(θ) = θ and g′(θ)=1. Hence,

C RL B =
[g′2

In(θ)
=

1

In(θ)
=
θ

n
.

(8)

E(θ̃) = E(X̄) = θ and V ar(θ̃) = C RL B implies that θ̃ is a MVU E of θ. (3)

V ar(X̄) = θ
n
= 1

n
E(X̄) = E(X̄2)− [E(X̄)]2 = E(X̄2)− θ2 =⇒

E(X̄2)− 1
n

E(X̄) = E(X̄2 − 1
n

X̄) = θ2 =⇒

X̄2 − 1
n

X̄ is a MVU E of θ2 since the estimator is unbiased and is a function of a MVU E of θ.
(5)
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