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QUESTION 1
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(i) The probability distribution of X is

X 1 2 3
7 7 19
") |55 20 0

(i) The mean value of X is calculated as:

po= EM=Xxf(X=x)
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(iv) Now the variance of X is calculated as:

0_2

OR

> (x = w)? fx (x)

xeA

7 7 19
1—2.125)2 x — 4+ (2 — 2.125)? 3-2.125 e
( )><2+( )><4+( )><40

7 7 19
(—1.125)2 X o5+ (= 0.125)2 x—+(0875) x5
0.44296875 + 0.002734375 + 0.363671875
0.809375

2 _ E(XZ) — (E(X))?

= > x2 fx (x) — u?

= 12 (270) + 22 (470) + 32 (4113) — (2.125)2

= 0.3540.7 4 4.275 — 4.515625
= 5.325 —4.515625
0.809375

(4)

(v) The coefficient of skewness of X is calculated as f; = ﬂ—g Now x5 = the third central
o
moment of X is calculated as:

U3

> (x—p)? P(X =x)

XeA

7 7 19
(1—2.125)3 X 55+ (2~ 2.125)3 x — 5 tG- 2.125)3 X 210

7 7 19
1.12 _ 12 _ 7 =
(— 5)><2+(0 5)><4+(085)><40

—0.498339843 — 0.000341796 + 0.31821289
—0.18046875



Now, Thus,

H3
53

—0.18046875

(v/(0.809375)°
—0.18046875

0.728156412
—0.2478

B =

&

Data is negatively skewed=— the distribution is not symmetrical.

(6)

(b) (i)

4 3
E(M) = E ?X1+?X2

4 3
= -EX —
. (1)+7E(X2)
_ 4 8
= S+

= u

2 3
E(M) = E X1t X2

2 3
= —-EWX —E (X
3 (1)+5 (X2)
_ 2 .3

= u

1 3
E(M;) = E ZX1+ZX2

— 1E(x —|—3E(X
= 2E R0+ 7EX)
_ 1,3

= u

Thus Ty, T2 and T3 are unbiased estimators of . (7
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(i) The most efficient of the two estimators will be the one with the smallest variance. Thus,
the variance of each estimator should be computed. Do you recall that if X and Y are
stochastically independent variables then Var(aX +bY) = a?Var(X) +b?Var(Y).

Now

3

4
Var(T;) = Var (?Xl-l-?)(z)

16 9
= —Var (X —Var (X
‘1‘8 a(91)—|-49 (X1)
- - 2 ~ 2

= 297 T9°

25 ,

—0

49

= 0.5102¢2

2 3
Var(T) = Var (§X1+§X2)

4 9
= —V X —V X
245 ar(91)+25 ar (X1)
I S

= 57 T

—0

25

= 0.52¢2

1 3
Var(T3) = Var (ZX1+ZX2)

1 9
= —Var (X —Var (X
116 (91)+ 1 (X1)
— 24 42

16 16

5
= —0'2

8
= 0.62507

. Var(Ty) < Var(T) < Var(T3) = T1 is a more efficient estimator of x. In other words
we would prefer T; because it has a smaller variance (which is a desirable property for
an estimator since the +/variance is often called the “error of the estimation”). (8)

[35]



QUESTION 2

(&) True. The variance of any distribution is the sum of the squares of the deviation.

(b) False. There are some highly sophisticated method that can also be used and the method of
least squares is used especially in problems where the unknown function are linear functions
of known constants.

(c) False. A type | error is committed when Hg is rejected when in actual fact it is true.

(d) False. There is a positive correlation between the length (in cm) and the mass (in kg) of a
child.

(e) True. A correlation coefficient of zero, i.e., r = 0 indicates absence of a linear relationship.

() False. Correlation does not mean causation, i.e., correlation does not imply causality. Thus,
one can not draw cause and effect conclusions based on correlation.

(g) False. The assumptions underlying a one-way analysis of variance are

- observations are independent (given).
- data comes from a normal population.

- equal population variances.

(h) True. The statistic T is called an unbiased estimator for the parameter 6 if E (T) = 6.

(i) False. A type Il error is committed when we do not reject Hyp when in actual fact it is false.

() False. The larger the sample size, the larger the power.

[20]
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QUESTION 3
(@) Yes. fx, (x1) = fx,;(X3) (3)
(b)

Xp—pu 11— Xo—p 11—
P(Xz > 11) or P (Xp > 19) = p(2 L ﬂ)orp(z " u)
o o o o

11-1 19-1
= P({Z> > +PlZ> 915
3 3
= PlZ> 4 + P Z>4
N 3 3

= P(Z>-133)+P(Z > 1.33)

= P(Z<133)+P(Z> 133

= P(Z<133)4+1-P(Z <133)

=1
(5)
(c) From property (iv) of result 1.1 it follows that if n = 1 then
X — u\? (X1 — 15)? . o
( ) ~ x3, and thus ———does indeed have a x3 distribution.
o
2
7 [Xi—151%. . . .
(d) V3 = >’ — 9 is defined as the sum of 7 independent squared n (0; 1) variates. Using
i=1

result 1.2 in our study guide (page 29), V3 ~ y2 = V3 ~ x2. Since V3 ~ xZ2, it follows
from the properties of the chi-square distribution that E (V3) = 7 using result 1.1 in our study
guide (page 28).

(2)
o [y —%x1°
(e) Y = Zl '0 then Y is a Xﬁ_l — a ;(g variate and from the properties of the chi-
1=
square distribution in the study guide, it follows that Var (Y) =2d = 2 x 8 = 16. (2)



_ V1/5 . N .
(f) Since Vi ~ y2and V, ~ x3, thenU = V1—;7 ~ Fs, 7 using definition 1.21. Using result 1.4,
2

. 1
ifU ~ Fs, 7, then — ~ F7. 5.
U
(4)

(9) The table gives PU >a) =a. PU <a)=1-PU >a)=1—-a. Since U ~ Fs5.7 =
PU<a)=1-P(U >a)=1-0.05and from Table V (Stoker) we find that Fggs.5.7 = 3.97

and P (U > 3.97) = 0.05. Hence P (U < 3.97) = 0.95 and thus a = 3.97

(2)
[20]
QUESTION 4
(@) E(Xj) =01+Cib i=1,2---,n
Q01,62) = D (Xi —E(X))
i=1
= (Xi — (01 + Ci02))?
i=1
= > (Xi—01-Cif)°
i=1
dQ n
3 " 2§(xi — 61— Cif) x —1
= -2 (Xi —61—Cib)
i=1
dQ
Now a0 0

n
= 0= —ZZ(Xi — 601 —CjOy)
i=1

— —z(g Xi —gel —02;:,&)
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Making 6, subject of the formula

n n
HZZCi = in—nel
i=1 i=1
n
in—nel
0y = 'Zln— .......................... 1)

Making #1 subject of the formula

Now

dQ
Th t— =0
en set 7

n
ng; = ZXi —QZZCi

i=1 i=1
n n
> Xi—02> Ci
0, = =L - e, )

d n

9Q S (X = 01 — Cify) x —C;
do, —
n

= —ZZ(CiXi—Ciel—Cizﬁz)
i=1

n n n
= —2(Zcixi — 01> Ci —QZZCiZ)
i=1 i=1 i=1

— 0= —2(icixi —elici —ezzn:c?)
i=1 i=1 i=1
n n n
= D CiXj—01 > Ci—0,> C}
i=1 i=1 i=1



10

Making 6, subject of the formula

n n n
HZZCiZ = ZCiXi—leCi
i=1 i=1 i=1
n n
ZCiXi —leci
i=1 i=1

0, =

Making 61 subject of the formula

n n n
leci = ZCiXi—QQZCiZ
i=1 i=1 i=1

n n
> CiXj—62 > C?
i=1 i=1

01 =

n
2.C
i=1

Finding 6, by equating equations 2 and 4.

n n n n
> Xi—02 > Ci > CiXj—0, > C?
i=1 i=1 i=1 i=1

n

i=1 i=1 i=1

n n n 2 n n
> iZXi—Gz( Ci) = n> CiXi—nf, » C?
i i i=1 i=1 i=1

i=1 i=1

n
>e
i=1



nHZZC —ag(zc,

(-5

or 0,

Finding 01 by equating equations 1 and 3.

z Xj —nédq
i=1
n
2.Ci
i=1
n n
CIZ( Xi — nel)
i=1 io1
n n n
C|2 Xi — nelzciz
i=1 =l i—1
n 2 n
91( Ci) —nelch
i=1 i=1
n 2 K
01 (ZCi) —n> Cf
i=1 i=1
2

\_/v
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n n 0
= rlZ:Cixi —Zci ZXi
=1 i=1 =1
n n n
_ nZCiXi —ZCi in
=1 i=1 =l

ngcixi _gciéxi
”Z:.C?—(gci)z
iZ;:CiiZ;:xi _”iZ;:CiXi
(Ze) -rze

n n
Zcixi —01 ZCl
i=1 i=1

>c?
i=1

Zn“cizn:cixi—el(iznl:ci)z
ZC'ZC Xi - _Zn‘,C?ixi

>

2.4 2 ZC _ZX.
2 .: Zczzx.
(o) 3

11



gcﬁgxi_gcigcixi
- oze(3e)

o~

or 64

(15)
(b) The probability density function is
fx(X)=2* (L —x)'* forx =00rx = 1.
The likelihood function

L) =TT )

i=1
n n
Xi > (1-xi)
—_— n'l—l (1 J— ﬂ)i:l
n n

SdnL (@) = _ixilnn—i-(n—ixi) In(1—-7x)

i=1 i=1

dinl(r) ;Xi (n_ElXi) (-1

dz o 1-m)

12



InL
Setting w =0

T

| N[
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(1-m)
T (n - i Xi)
i=1
Nr —m anxi
i=1
nr
n

(10)

[25]

[100]
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