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QUESTION 1

(&) The mean value of X is calculated as:

u = EX) =2 x fx (X)

= () 1) +2(s) 2(s)
10 10 5 5
ot 42yd
10 5 5
= 1.7

(b) The variance of X is calculated as:

OR

o

2

(3)

> (x — p)? fx (X)
xeA

1 3 2 1
0—17)2 -+ (1-17°" 3+ (2-17%2 £+ 3-17)7%
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0.289 + 0.147 + 0.036 + 0.338
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(c) The third central moment of X is calculated as:

pz = 2 (x—u)? fx (x)

XeA

1 3 2 1
= 0=-17°—4+A=-17°" +(2-17Z4+3-17)3°=
( )1o+( )1O+( )5+( )5

1 3 2 1

= (=1.7)° = + (=0.7)°= 4+ (0.3)%2 + (1.3)3=
( )10+( )10+( )5+( )5

— —0.4913 — 0.1029 + 0.0108 + 0.4394
—0.144

u3  —0.144 16

The coefficient of skewness of X is calculated as 1 = " = — = —— ~ —0.1975
hi=53 (/083 8l
No. The data is negatively skewed.
8)
[15]
QUESTION 2
(@) Yes. fx,(x5) = fxg(Xe) (2)
(b)
(ki — )
fxs (X6) = e 2 o
o 21
l(Xe —9\?
1 72U 25 )
= ——=€ — 00 < Xg <O
521 °
(2
()

P(X;<8) orP(Xy>10) = P (X1 <8)+P(Xy> 10)

Xq — —_ _ —_
_p 1 ,u<8 9—|—P X1 ,u>10 9
o 5 o 5

() (e




(d)

(e)

(f)

(9)

(h)

P(Xi <8 orP(Xy1>10) = P(Z <-02)+P(Z>0.2)
— 2P(Z >0.2)

= 2(1-P(Z <0.2)

= 2(1-0.5793)
= 0.8414
(5)
X5—9 - :
Yes, Z = ~ n(0; 1). If we subtract 9 from Xs and divide by /25, we obtain the
standard normal distribution. 3)
T (Xj — 9)2 ) . ) . )
W = — Is defined as the sum of 7 independent squared n (0; 1) variates. Using
i=1

result 1.2 in our study guide (page 29), W ~ y2 = W ~ x2. Since W ~ x2, it follows from
the properties of the

chi-square distribution that E (W) = 14 using result 1.1 in our study guide (page 28). (2)

VT (X = p) .
If T = ~t P(T >2447) = 0.025 from Table Il (Stoker) with v = 6 and
% (Xi—X)?
6
p = 0.025. (2)
Since Vi ~ y5and V, ~ y7, thenU = V—/4 ~ F3. 4 using definition 1.21. (2)
2

The table gives P(U >a)=a. PU <a)=1-PU >a)=1—a.

Since U~F.s=—=PU <a)=1-PU >a)=1-0.05

and from Table 4 (Stoker) we find that Fp gs5.3.4 = 6.59 and P (U > 6.59) = 0.05.

Hence P (U < 6.59) = 0.95 and thus a = 6.59 (2)

[20]
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QUESTION 3

() )
AL = %Z(Xi — 1)?
i—1
2

n o =—\2
_o° [Z (X. /‘) } (multiplying both sides by o2)

n i—1 o

o? X0 — )
=>E(A1)=FE[§( - )

] ] n X _ '2
From result 1.2 in the study guide we know Z [ '0 il I %2

i=1

n . 2
This also means (from result 1.1) that E (Z [X' ”} ) =n and

var (iz;:[xia_“]z) = 2n

o
——xn
n
:o’z
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2 = n—1 - i
i=1
—\2
2 | & Xi—X
= ! (multiplying both sides by ¢2)
n-—1 — o

—2
. . 0 X=X
From result 1.3 in the study guide we know [ ! ~ Xﬁ_l-

This also means (from result 1.1) that E (
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Thus A; and A, are both unbiased estimators for ¢2. (20)

(b) The most efficient estimator is the one with the smallest variance (see definition 2.4).

527 DX — ul?
Now var(A;) = [7] -var [Z[ - ]}

2 72 " X - X |
Now var(A;) = [ 7 ] .par [ ! }
i

= (=12 x2(n—1)
. 204
T (-1
It follows that
204 204
var (A1) < var(Ay) because % < - i 1

= A7 is the most efficient estimator.

(10)

[20]
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QUESTION 4
E(Xj) =¢if1 +wify fori =1,2,3--- ,n

(Xi — E(X{))?
1

QO1,---,0k) =

n

= > (Xi — (€i61+ wif2))?
i=1

n

= > (Xi —cif1 — wif)°

=1
Differentiating with respect to ¢, gives

dQ

n
do. = 2 x > (Xi —Cif1 — wif) x —C;

i=1

n
= —2Ci z (Xj = Cit1 — wify)
i—1

_ _2(Zn: (cixi = ctor —c wi92))

i=1

Equating to zero gives

[N

0 = —2(_n (CiXi—Cizel—CiwiGZ))
> (

CiXj — Ci291 — Ciwiﬁz)
i=1

=2

n n
= CiXi—leCiz—szCiwi
i 1 i=1

i=1 i=
Making 61 subject of the formula gives
n n n
Glzciz = ZCiXi —szciwi
i=1 i=1 i=1
n n
ZCiXi —ngciwi
i=1 i=1

0, = =L =, 1)

>
i=1




Similary making 6, subject of the formula gives

n
02> ciwi
i=1

02

n n
= ZCiXi —le:ci2
i—1 i—1

n n
ZCiXi — 04 ZCIZ
i=1 i=1
n
Zciwi
i=1

Differentiating with respect to 6, gives

dQ
do,

Equating to zero gives

n
= 2> (Xi —Cifl1 — wif2) x —w;

i=1

n
= —2wj Z (Xi — Cif1 — wi?)

i=1

n
= —ZZ (wi Xi — wiCif1 — wi202)
i=1

n
—22 (u)iXi —Cjwjf1 — u)i292)
i=1

i (wixi — Cjwijf1 — wi292)

i=1
n n
wi Xj —Glzciwi —GZZwiZ
i=1 i=1

=

i=1

Making 61 subject of the formula gives

n
leciu)i
i=1

01

n n
= Zu)ixi _HZZwiZ
i=1 i=1

n n
Z wiXj — 0> Z wl2
i=1 i=1
n
Zciwi
i=1




Similary making 6, subject of the formula gives

n n n
szwiz = Zwixi—ﬁlzciwi
i=1 i=1 i=1

n n
ZCiXi —leciwi
i=1 i=1

n

2w

i=1

Equating equations 1 and 3 gives

n n n n
ZCiXi—szCiwi Zwixi—QZwa
i=1 i=1 _ =t i=1
n - n
Zciz Zciwi
i i=1
n n n
ZC.w.(ZC.X.—QZZC.w.) = ZC?(ZwiXi—QZZw?)
i=1 i=1 i=1

el
92(2%22”;,10? Zcuw. ) = ciz_ wiXi—ZciwiZciXi
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i=1 i=1 i=1 i=1
n n n n
C|2 w|X| —ZC|U)|ZC|X|
= i=1 =1 i=1 i=1
0, = 3
n n n
C|2 w|2 — (Z Ciwi)
i=1 i=1 i=1
Similarly equating equations 2 and 4 gives
n n
Zc.X.—@lzCZ Zcix.—elzc.w.
i= i=1
n = n
Zciu)i Zwlz
i=1 i=1
n n n n n n
i=1 i=1 i=1 i=1 i=1 i=1



i=1 i=1 i=1 i=1 i=1
n 2 n n n n n n
191(ZC|U)|) —lewIZZCIZ - ZC|U)|ZC|X| —ZwIZZC|X|
i=1 i=1 i=1 i=1 i=1 i=1 i=1
n 2 n n n n n n
i=1 i=1  i=1 i=1 i=1 i=1  i=1
n n n n
ZC|U)| ZC|X| —zwIZZC|X|
5 _ i=1 i=1 i=1 i=1
! n 2 n n
(Zciwi) —Zwlzzclz
i=1 i=1 i=1
[20]
QUESTION 5
()
n
LO) = [I fxxi; 0)
i=1
— n Ee—xi/ﬂ
i—1 0
1 1 1
= Ze/0x ZeTRl0 x  x —eTXn/0
9 X X X 9
_ L 0/ 040 /0)
en
— 9 "e~2%/% (see definition 2.5)
= InL@ = -nIng->x6"!
olnL(9) —n DX
R =" (1
T g ez Y
olnL@
Ifweset#=0 we get
00
> X B n
02 0
—~ X;
—_—>0 = Z !
n
= X

10



STA2601/201

Thus§ = X (the maximum likelihood estimator(m.l.e.) of 9)

(6)
(b) To show that the m.l.e. is an unbiased estimator, we have to show that E(@) =40.
~ 1 1 1

E@)=E [EZ Xi:| = HZ E(Xj) = Hn@ =6 (g.e.d.). (4)

~ 1 1 2 1 2 1 2
(c) Var(@) = var [—Z Xi] = (—) > var(Xj) = (—) > 6% == —nh? = ‘9_ (3)

n n n Ny n
[13]

QUESTION 6

(a) It follows from snapshot 1 that we have a data table with the name "Untitled 2". (2)

(b) From snapshot 1 it follows that we have activated the first column with the name "Column 1"
and selected the Formula option under the menu of Column Properties. (2)

(c) From snapshot 2 it follows that we have selected the random function to create simulated
data form a normal population. (2)

(d) From snapshot 2 it follows that we have edited the random function to create simulated data
form a normal population with z = 73 and ¢2 = 8. (2)

(e) From snapshot 3 it follows that we have a data table with the name
"STA2601Sem1Ass12016Q6". (2)

(f) From snapshot 3 it follows that we will have a first column with the name "normal(73, 8)" which
will contain 20 rows if the OK button is pressed. (2)

[12]

[100]
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