QUESTION 1

Let z and 1w be complex numbers with z # w and 2z = |z,|2 = 1. Show that we then have that

z—w
=1.
Zw—1
Solution:
Note that |Z] = |2| = 1. Hence
z—w IZ| |2 — w]| .
S e since |Z| =1
Zw—1 |Zw — 1] ( 7 )
|Zz — Zw|
[Zw — 1}
Il — ij 2 -
since 1 = [z|" = 2%
= 1.
QUESTION 2
Let z — €* be the function defined by &* = ¢® (cosy + isiny) where 2 == Re(z), y = Im (2).
Now let |
cosz =3 (e + e7%)
and :
sinz = = (e — ¢7%2)
57 ( )
Show that the equation tan z = ¢ and tan 2z = —¢ where tanz = :Onsz [1::ve no solution.
z
(Hint: e* # 0 for all w e C.)
Solution:
If it were possible that tan z = 1, we would have
1 iz iz b o _ i iz —iz
23,(e e )—smz-zcosz—2(6 +e™*)
= eiz _ e—iz - _ (et'z + e—iz)
= 2e¥* = 0.
But this is impossible since €% # 0 for all z. Similarly tan z = —% has no solution.
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QUESTION 3
3.1 Let f be a complex function defined on an open set G. Let
() =ulz.y) +iv(r.y)

where u and v are the so-called real and imaginary parts of /. Show that il [ is dillerentiable at

29 =z + tyy € G, then the first partial derivatives of u and v exist at (zy, o) and salisfy

g (To,50) = vy (Zo,%0)

uy (o, y0) = —vz (w0, 90) -
3.2 Discuss the differentiability of the function
f(2) ==+ iy’

where z = z 4+ iy and explain why f is nowhere holomorphic.

Solution:
3.1
3.2 Here « = 2% and v = y2. Thus

Uy = 2z Uy = 2y

uy, = 0 v =20

The Cauchy-Riemann equations can only be satisfied on the line iz = y. Thus in any open region we
can always find points not on this line and hence points where [ is not differentiable. By definition f
is therefore nowhere holomorphic, since for any neighbourhood of any point f is never differentiable
in all of that neighbourhood.

QUESTION 4

Let C denote the positively oriented boundary of the square with vertices

(3]

242,22, =2-2 and —24 i



Now evaluate each of the following:
cos z
4.1 —d
/ o2 (2 +8)

tan (%) ) )
4.2 ——=5dz where g is a real number with —2 < zp < 2.
¢ (2 — z0)

Solution:

4.1 The only singularities of are at z = 0 and z = £2/2i. Of these only z = 0 lies inside the

COS 2
z(22 4 8)

is holomorphic inside and on C. Thus

[ - (=100,
cz(z24+8) c z

cos () i
= ‘), S —
_-n( : ) :

4.2 tan () has singularities where cos (2/2) = 0, i.e. where § = (2k + 1) §. But all the points

cos z
square. Hence —5——
z¢ 4+ 8

z2=2k+1)m (keZ)

lie outside the curve C' (since 7w > 2) and hence tan £ is holomorphic inside and on C. Thus

. tan (%) d 5
—_— = 2mri— -
2{?,_ ./O (z— $0)dz 7ndz (tan 2) 2=
L
% o
¥ = imsec” xp.
QUESTION 5

Let C be a positively oriented closed contour, let f be holomorphic inside and on C, and let zp be a point
in the interior of C. Explain with full justification why it then follows that

') , [ _f@
fc(z—zu)dz"fc(z-zu)zd'

Solution:
If f is holomorphic on a domain it has derivatives of all orders and hence f is then also holomorphic on
that domain. We may therefore apply Cauchy’s integral formulae to both f and f’ to get

f(2) _ﬁf e s gl _ " f(2)
[ e = A o) = 2mif ) = [ T2

as required. (Here we have applied Theorem 5.4 with n = 1 to f and Theorem 5.1 to f'.)



QUESTION 6
Show that if a function is both holomorphic and bounded on C, it must be constant.

Solution:

Theory Textbook.

QUESTION 7
Suppose that both f and g are holomorphic in the disc
{zeC|lz] < 1}

and that f-g = 0. Show that at least one of f or g must then be identically zero on the disc,
(Hint: Use the identity theorem.)

Solution:

If both f and g have finitely many zeros in some closed subdisc, say |2} < %, then so will f - g. Thus since
fg = 0 on all of the disc |z| < 1, at least one of f and g (say f) musl have infinitely many zeros in the
subdisc |z| < % But then these zeros have a cluster point in |z| < % In particular they will have a cluster

point inside |z| < 1. Thus by the identity theorem (Theorem 5.14}, f itself is zero.

QUESTION 8
1
Give two Laurent expansions in powers of z of the function m and specify the region of validity of
each.
Solution:
If |z} < 1 then
——=14+z+22+...

whereas if |z| > 1 (i‘e. ]%{ < 1) then

Thus

= ;l_z-(l+z+z2+...)

= Sbcdldzt.. (0< |z <]
4 Zz



and

1 1/1 1 1
22(1—-2z) ~ 2\ 2z 222 28

QUESTION 9

9.1 Locate only those singularities of the function

; 222 =3
(22 +4) (22 + 1)

which lie in the upper half-plane (the region Im(z) > 0) and determine the residue al cach of
these singularities.

9.2 Evaluate

f°° 252 — 1
oo (@2 +4)(z241)

using the method of residues. Justify your assertions.

Solution:

3.1 The singularities of
222 -1

(22 +4)(224+1)

are at 22 = —4 and 2% = —1,1e at z = £2 and 2z = +4. Of these z = 2i and z = 4 lie in the upper
halfplane. Both of these are simple poles and so

AP (2 —2i) (222 — 1)
Res{f(2); 51} = Do o o (@ D)

9 3.
= ——:—.—1

4i(—3) 4

v (z—1) (22° - 1)
Res{f(2); 3} = L s ¥ porays y g R

3 1.

%(3) 2



9.2 We integrate around the region bounded by [~ R, R] and Cg: 2 (1) = Re, 0 <t < 7. For R > 0 hig
enough both 27 and ¢ lie inside this region and so by the residuc 1heorem

R 2rs —1 . ol /
f_R (z2 +4) (2% + l)("c-l_ff«n (22 4 1) (22 + l)r ¢
= 2mi (—%i+%i) =g.

But since the length of Cgis Rm we get

222 -1 2R? 41
< R.
‘foﬂ (z+4) (22 + l)dz‘ — (R2 —4)(R? l)ﬂ-

Now as R — oo, the RHS tends to 0 and so

o0 2r2 —1 . R 2x% .
) = Jim 3 2 dr =
e EIHEID T~ R EF D (E D)
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