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1 SOLUTIONS ASSIGNMENT 1

‘ This assignment contributes 10% to your year mark.

1.1 d_y+ ytanx = y3sec? x Bernoulli equation

-2

y_3g—i+ (tanx)y~* =sec*

Letz = y_2 then E =-2 y_3d—y
dx dx

—2y_33—y— 2(tan x) y 2 =—2sec’ x
X

then j—z—i- (—2tanx)z = —2sect x
X

Thus P=-2tanX and Q = -2 sect x

and j Pdx = I (—2 tan x)dx = —2/nsecX =/Nsec > X

J. Pdx _ /nsec? x -2

and e e =sec ~ X

7 = sec? XJ-(—2 sec’ X)(sec_2 X)dx

y_2 = sec? X.[ (—2 sec? X) dx Use rules for exponents ©)

Use no 14 table of integrals

Lzzsec2 x(—2tanx+C)

y
1.2 (x+y)dx—xdy =0 Homogeneous equation
ﬂ:u Puty = vx, then ﬂ:v+xﬂ
dx X dx dx
dv  X+vx
V4 X— =
dx X
x—V:1+v—v
dx
dv:%
X
v=1/n|x|+C
Y £n|x| +C  (substitute back )
X
y=x(¢n|x+C) (7)



1.3

or (X + y)dx —xdy =0 Rewrite as linear equation.

or (x+y)dx—xdy =0 Use the integrating factor (—

—(l+l2jdx+(ljdy:o

X X X

of form M (x, y)dx+ N(x,y)dy =0

Check: a—M:—L and 6_N:_L
ay X2 OX X2

Thus the equation is exact.

f(x,y):J—(%+X—y2jdx:—£nx+l+ f(y)

X
1 y
and f(Xx,y)= J(—]dy ==+ f(x)
X X
Comparing the answers we find f (X) =—/nx and f (y) =0
Thus — fnx+2=C
X

and X:EnX+C

X
y =x({nx+C)

> dy

cos"—=Yy+3 Separable equation
dy  dx
y+3 cos?X

= sec? X dx

jd—y :J‘sec2 X dx
y+3

(n|ly+3|=tanx+C

. . . dy 2 _ 2
or rewrite as a linear equation: ™ +(—sec” x)y =3sec” x
X

1 : :
j to obtain an exact equation.

4)
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d—i+ (—sec2 X) y= 3sec? X

Thus P = (—5602 X) and Q = 3sec? X
and _[ Pdx :j (—sec2 X)dx =—tanX
y = etanx.[(3sec2 X)(e—tanx)dx
Use no 6 table of integrals
_ gtanx (_3e—tanx + k)
=3+ ke
y +3= ketanX
/nly +3|=tan X + /nk

=tanX+C
TOTAL:20

2 SOLUTIONS ASSIGNMENT 2

This assignment is a written assignment based on Study Guide 1 and 2

This assignment contributes 70% to your year mark.

QUESTION 1

1.1 (D*-5D+6)y =e ™ +sin2x
Yor : M =5M+6=0
(m-3)(m-2)=0
m=3 or m=2
Yeor =A™ +Be™

1
D*-5D+6

= ;{e‘zx} + #{sin 2X}

(-2 -5(-2)+6 ' -(2) —15D +6 (sin2x)

Yo = {e +sin2x}

= + ! {sin2x}
20 -5D+2



e (5D +2)

Yo =30 "D-2)5D72) o

:efzx - (5D+2) {sin2x}
20 (25D2—4)

e (10cos2x +2sin2x)
20 (-104)

e (5c052x+sin2x)
= +
20 52 (6)

2% (5c0s2x +sin2x
Ygen = A€ +Be™ + ° . ( )
20 52

1.2 (D2 + 6D+ 9)y — e73* cosh3x

m = -3 twice
Yer = Ae ™ 4+ Bxe >

_ 1
(D +3)?

—e‘3X; cosh3x
) ((D—3)+3)2{ "3

a1
—e X E{cosh 3x}
= e‘sxi{lsinhBX}
D|3
— e~ (lcosh?jxj
9
3

e °* cosh3x
9

y _ 1 e—3X eSx + e—3x
Pl (D +3)? 2

Yp {e‘3x cosh 3x}

Ygen = Ae ¥ +Bxe X +
OR

_ - 1 -
Ygen = A +Bxe +—(1+e 6") (6)

[12]
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QUESTION 2
Solve for x and y in the following set of simultaneous differential equations by using D-operator

methods: (D-3)x + y=-1
—x + (D -1y =4e'

Answer:
Use Cramer's rule:

(b-3) 1| (Y 1
-1 (D-1)" |4et D—ll
[(D-3)(D-1)+1]x :[(D-l)(-l)-(l)(4et )]

(D2—4D+4)x:1—4et

XCF:m2—4m+4=0
(m-2)(m-2)=0
m = 2 twice
1 t
Xp, = ————11-4e
" D2—4D+4{ }

1 Ot 1 t
= el -4——— e
D2—4D+4{ } D2—4D+4{}

ESR
4
Xgen = (A+Bt)e” +%—4et
And
-3 1| _[0-9) ()
-1 (D-1) 1 4e!
(D2—4D+4)y:[(D—S)(4et)—(1)}
—-8e'-1
yCF:m2—4m+4:0
(m-2)(m-2)=0
m = 2 twice

y:

[12]




QUESTION 3

3.1 Determine L{(t2 —l)H(t —1)} See page 299 of Text book (4)
Answer:
L{(t2 ~1)H(t —1)} - L{_(t ~1+1) —1}H(t —1)}
- L{_(t -1 -2(t-1)+1-1]H( —1)}
- L{_(t -1 -2(t-1) JHa —1)}
~L{(t-17Ht-f - 2L {(t-DH (e -1
The given function has now been rewritten so that we can use the table to read off
the answer.
_2e7 N 2e
s g
3.2 Determine L‘l{%} (4)
S“+6s+8
Answer:
L—l{ 1 }: -1 1
s% +65+8 (s*+6s+9)-9+8
VT B S
(s+3)° -1
=e ' sinht
or
:|__1 —1
(s+2)(s+4)
Use partial fractions to find
INIORENES
(s+2) (s+4)
o2t o4t
"2 2
[8]
QUESTION 4

Determine the unique solution of the following differential equation by using Laplace

transforms: y*(t)+4y'(t) +4y (t)=4e >, if y(0)=-1 and y'(0) = 4.

Answer:
8
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y"(t) + 4y'(t) +4y (t)=4e™*
(5¥ (5) 5y (0)~y*(0)) +4(sY (5) -y (0)) +4Y (s) = —

S+2

(s
(s+2)

(s+2

VORI

(s+2) (s+2)

—

+

N—"

N

S?Y (S)+S—4+4sY (s)+4+4Y(s)=

&+
[\
SN—

(sz+4s+4)Y(s)= s

&+

(s+2)2Y(s): -s

N—"

A B
2~ + 2
(s+2)” S*+2 (s+2)
s=A(s+2)+B
=As+2A+B
Thus1=A

0=2A+B
B=-2

Use partial fractions:

4 1 2
Y (s) = -
) (s+2)° (5+2)+(s+2)2

y(t)=2te ™ —e?t 42t

[11]
QUESTION 5
. o . . . o d3 di i
For a certain electrical circuit the applicable differential equation is: 100—+200—+———=0
dt? dt 0,005
with initial conditions i(0) =0 and i'(0) =1.
Determine the unique solution for the current, i in terms of the time, t. (7)

Answer:

Using D-operator methods:

(100D2 +200D + 200)i —0
ice :m?+2m+2=0
D44/
. 2++/—4

2
=—1+]

ice =" (Acost +Bsint)




Use the given initial conditions to find the values of the constants A and B:

Giveni(0)=0:0=Acos0+Bsin0

A=0
i (0): —e™'(Acost +Bsint)+e ™' (-Asint + Bcost)
Giveni'(0 ):1 =Bcos0
1=B
i(t)=e"sint

Using Laplace transforms:

2. . . .
100d—2'+200ﬂ+'——0 thus 9129045
dt dt 0,005 gtz dt
(s7(s)-si(0)- ) +2(s s) y (0 ))+2I(s) 0
( —0- ) sl(s)~0)+21(s)=0
(sz+2s+2)l(s):1
1
I(s) = ———
) (52+2s+2)
o
(s+1)2+1
i(t)=e " sint

[7]

TOTAL =50
3 SOLUTIONS ASSIGNMENT 3
\This assignment contributes 20% to your year mark.
QUESTION 1
-6 5| _ .
7.1 If B :{ 4 2] find the eigenvalues of B. (4)

. —-6-A 5
Answer: For eigenvalues put =0
4 2—-L

10
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(<6-2)(2-2)~(5)(4)=0
A +40—-12-20=0

Thus AP +4n-32=0
(L+8)(A—4)=0
A=-8 or A=4
3 2 2
7.2 IfA=|0 2 1], find an eigenvector corresponding to the eigenvalue A =2.
0 0 4

(4)

0 0 4-2] X

12 2%
thus [0 0 1% |=[0]
00 2| x
X, + 2%, +2%X,=0 (1)
X, =0 (2)

We can now write down the relationships between X, and X,

From equation (1):x, =-2x, (3)

To write down an eigenvector we must make a choice for a value.
Choose X,=1 we get from equation (3), X, = -2 and from equation (2) X; =0
-2
Thus an eigenvector for A=01s | 1
0

Note that we don’t have to work out all the eigenvalues as it is not asked.

[8]

QUESTION 8

_ -2 0
A function f(x) is defined over one period by f(X) ={ § 0 ~ <2
T <X<

11



Answer:
8.1 Sketch the given function:

fix)

|

]
5]

3)
8.2  Odd function because f(—x)=—T(x) (1)

8.3 Because it is an even function a, =a, =0

The period = 4, therefore L = 2.

Note: As the two integrals from - 2 to 0 and from 0 to 2 are equal we can save time by
multiplying one of them by 2.

b, =2 jOLf(x)sin(%) dx

= —I S|n ”“X

(m) is a number and can be taken out of the integral

b, =(n)j sin("2*) dx

Thus f(x)=ibn sin((%)):i;‘%(l—(—l) )S.n(nnx) [12]

n=1

. 4
:4S|n(%)+§sm(%x)+....

12



