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QUESTION 1
Solve the following differential equations
d
11 xd—Zsm(%):ysm(%)—x [Hint Puty = vx]| ()
12 Ll +y= 2xy? (8)
dx
13 (1+y)2=(1+x2)d—y (3)
dx
[17]
QUESTION 2
Find the general solutions of the following differential equations using D-operator methods
21 (D- 2)3 y = 60e*Xx* (6)
22 (D2+D+1)y:x+smx ()
[13]
QUESTION 3

Solve for y in the following set of simultaneous differential equations by using D-operator
methods

(2D-1)x +(D+1y=5snt

(3D-1)x +(2D+ Ty =€’ ©)

[9]

QUESTION 4
41  Determine L{tcost} (1)
1 82 -1
42  Determine L'e® ——— (2)
(82 + 1)
-1 11-3s
43  Use partial fractions to determine L {ﬁ} (4)
§°+25-3

{71
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QUESTION 5
Determine the unique solution of the following differential equation by using Laplace
transforms: y"(x)+6y'(x)+13y(x)=0,if y(0)=3 and y'(0)=7 (8)

[8]
QUESTION 6

A particle moves along a line such that the equation x"(t) +4x'(t)+5x(t) = 80sin5t

applies, given the initial conditions x(0) =0 and x'(0)=0

Determine the unique solution of the displacement x, In terms of the time ¢ (8)
(8]
QUESTION 7
-1 -1 1
If A=l-4 2 4/, find an eigenvector corresponding to the eigenvalue A =2
-1 1 5
Venfy that A = 2 is an eigenvalue of A
(8)
(8]
QUESTION 8
- - 0
A function f(x) 1s defined over one period by f(x) = { X mexs
0 O<x<nm
81  Sketch the function (1)
(-1)" -1
82  Find the Fourer series expanson for f(x), given that a, = 5 (9)
n
[10]

Full marks = 80
Examiners First Ms L E Greyling
Second Dr J M Manale

External Dr J N Mwambakana
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FORMULA SHEET

Factors

a'—b' =(a-b)la’ +ab+b2)

ALGEBRA
Laws of indices
] aﬂl x aH — {I Hi+rr

m
2 a = aﬂl*”

n

a
H Ht

3 (anf) :a”,":(a')

ﬂ
4 a" = n am

- 1 1
5 a™" =— and a’ = —

a a

6 a’ =1

Logarithms

@’ +b' =(a+b}a’ ~ab+bl)

Partial fractions

fx) 4

B C

(x + a)(). + b)(x + c) (x + a)

) a4

+

B

G+0) (ro)

C D

/()

(x+af(x+5) B (x +a) " (x+a) (x+a) ’ (x +5)

A+ B C

+

(ax2 +bx+clx+d)= (a):2 +hx+c]+ (,\ +a’)

i
1
i
¥
lé_‘
!

Definitrons  1f y=u” then x=log_ vy
If y=e™ then x=(ny 4 . |
1 log(AxB)=10gA+logB Quadratic formula
A It ax’ +hy+c=0
2 logl = [=logA-logh
B —bt b —dac
then x=
3 log A" =nlog A 2a
log, A
4 log, A= B
log, a
5 alognf :f e(nf — f
Determinants
a, dy  dy
a, i, a, a o ¢
Uy Gy Uy =4y * Pioap] 2 ay| " 2
Ay, Ay a,, Ay, ay  dy
Uy Oy iy
= “11(‘121“33 _auazs)_au(aznass _“nazz)+ “13(“2:“32 _“ua:z)

I b g iy o et Sm S tamnn i ik Ao =

[TURN OVER]}
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SERIES

Bmmomat [hcorem
(a + b)" =a" +na""'b+ %a "pt 4 &—13)(/'?—_2) a" 'k +

and |p| <ldl

(14+2) =1+ nx+ n(nzl— l)xz + e ]3)§n ~ 2):0 +

and —l<v<«l

Macdlaurin’s Theorem

f(x): f(0)+ f’(O)x+ f”(O) o+ f”’(o) 3 f”_] (0) n=1

It 2 3 e +(n—l)'“

laylor’s Theorem

f(x)=rla)+ %ﬁl)(.\:-a)Jr%('a)(.\—a)z + /

hu—]

flas h)= f(a)+%ff(a)+i";T Pl )

COMPLEX NUMBERS

I z=a+b =rlcosB+ jsn0)=7[0=re”, 7 De Moivre's Theorem

where ;* =-1 [f iQ]” =r'[ng=1" (cos n® + ;s #O)
—|l = f( 2 2 ) !
Modulus r=lz=vie® +b 8 z” has ndistinct roots
h ! i
y —argz = - = -le+A360°
Argument  O=argz =arctan . . 0 +A360" with k=0.1 2. . n—1
2 Addition L

(a + ;h)+(c+ jd)=la +c)+ Jb+d)
3 Subtraction

(a - ]b)—(c+ ]d)=((l—(.)+](b—d)
4 If m+m=p+jq,then m=pand n=g
5 Muluphication z,z, = r]le(el + 02)

6 Division &l =r—l’(€h -0,)
p, F—=

2

9 re’ =r(cosB + ysinb)
‘R(re’e)z + cos O and S(re f“): rsmnB
10 ™ =e" (cosb+ Jsinb)

11 fnre” =lnr+ J0

{TURN GOVER]
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GEOMETRY MENSURATION

y=nx+c [ Circle (O 1nracans
I Straight linc ( )

vy =mlx—a) Arca =nr?
-1
Perpendiculars, then  m, = — Circumference = 2nr
",
- Arclength s =9
2 Angle between two lines I
- Sector area = — 120 = — sr
tan0 =" 2 2
1+ mm,
— .2 —
1 Crrelo Scgmentaica = 2: (0 —<in0)
AP R
SR 2 Ellipse
(x—h)2 -i-(v—k)2 =" Area =nab
4 Parabola Circumference = n(a + b)
v=ax’ +hx+c 3 Cylinder
-b Volume =7 *
axis at A =—
2a Surface area = 2nrh + 2mr’
5 Ellipse 4 Pyramid |
;r_z l’i 1 Volume = 3 area basc x height
2 2
¢ b 5 Cone
6 Hyperbola P,
xy=k Volume = 3 nrh
2 2
1_2 _ VT =1 (round 1 - axis) Curvedsurface =ms {
a b* 6 Sphere
2 2 2
AT A = 4 -
R A (round y - axis) "
at b 4
V=—mur

~J

Trapezoidal rule

+
A =h[y'—2—}—}"~+ Vy + vy + 4 v"_l]

8 Simpsons rule

A=§((F+ L)+4E +2R)

9  Pnsmaoidal rule

V=%(Al +44, + 4,)

[TURN OVER]
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HYPERBOLIC FUNCTIONS

e —¢
sinhia =
2
et e
Defimtions  coshx =
2
¢ —e¢”
tanhx = ———-
¢ +e

Tdentitres
2 2
cosh® x —smh” x =1
)
I — tanh* x =sech’a

2
coth? x — 1 =cosech’a

sinh” x = ~;— (cosh 21 ~1)

1
cosh” x = 5 (cosh 2x +1)

sinh 23 = 2sinh a cosh x

=2cosh* x -1

=1+2snh’a

cosh 2x =cosh? x +sinh? a

TRIGONOMEIRY
Identities
sin’0 +cos0 =
1+ tan?0 = sec*0
cot?0 + 1= cosec 0
sin{-0) = - sin0
cos (-0) =+ cos0
tan (-0) =- tan®

sinQ
tand =

cosl

Compound angle addition and subtraction
tormulae

sin(A + B) =sinAcos B+cosAdsinB

sinf{4 - B) =sinAcosB-cosAsinb

cos(A+ B)=cosAcosB-sindsinB
cos{A-B) =wosAcos B+smnAdsmB

tan(A+B)= tan A+ tan B
|-tan Atan B
tan A - tan B

tan(A - B)= l a

1+ tan Atan B

Doublc angles

sin 24 =2 sin A cos A

cos 24 = cos’4 — sin’A
=2¢c0s°4 - |
=1-2s1n°4

sin® 4 = Y(1 - cos 24)

cos® 4= A1 + cos 24)

2tan A

Products of sines and cosines mnto sums or
differences

sin A cos B= Y(sin (A + B) +sin (A4 - B))
cos A sin B="(sin(4d + B)-sin(4-B))

cos A cos B = Ya(cos (4 + B) +cos (4 - B))
sin A sin B = -Ya(cos (A + B) - cos (A - B))

Sums or difterences of sines and cosines into
products

SILX ~+ SINY = 2sin x+y cod 27 v
2 2
Sma —siny = ZCOS[A i I e 4
2 2
CosA +Cosy = 200‘§|:l " y:lcos[l_ y:|
2 2
X+ A
CosA — COsy = —2sm X+ ¥y s Ay
2 2

[TURN OVER]
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DIFFERENTIATION

| d—y:hm f(.x+h)—f(,1)
dyv  h=0 h

24y o
dx

3 i ax” = anx"!
dy

d
d—fg=fg+g [’
o

sdf_gl-/¢g
dv g g’

d " -1
6Ll =alreaf™ 1100

d_v B dv du dv

dy  du dv da

8 Parametric cquations
dy

@ _ o

dx _di
do

d (d’y
d’y _dR i dx

di? d
d0
9 Maximum/mimmum
For turming pomts  f'(x) =0
Let 1 = ¢ be a solution tor the above
If /'(a) > 0, then ¢ mimumum
If f'(a) < 0, then & maximum
For points of inflection /" (x) =0
Let v = b be a solution for the above

Test for inflection (b - Ay and f(b + h)
Change sign or £"'(5) # 01f £'(b) exists

d | JS'(x)
105 sn™ ! fon=—=L22

@ Vi-lr@p
A

V-[reP

12 L an=? pry=—L
dr

{ _
11 (—LOS l fx)=
dx

1+
d -1 - /()
I3 —cot " fa)=———=
& TP
14 ;iscc_lf(,\)z S Q)
@ fEN P -1
15 icosec_lf(x)z — /W)

& SN P -1

d -1 f'(2)
16 —sinh™ " (&) = ———=
& @R +1
17 % cosh ™! /()= —L 9

b el -

d. /')
18 ——tanh ™" /() S
£
[FP -1

- /')

FaNT=[r @)

21 %coscch_] f(x)= [(x)
: SENIrP +1

22 Increments &z = % oa + 6_2 dv+ E dw

B dy cw

19 L com=1 f(x)=
dr

20 fi—sech" lf(x) =
dx

23 Rateof change

dz 0z dv 8z dv
— = Ty
dt O dt Oy dt

Jz dw
dw dt

INTEGRATION
1 Byparts I udv:uv-J. vdu

3 Mecan value ! Ib i
, = [ pdx
b-a-a

2 " H)dy = F(b)— F(a)

1 5
4 (RMSY =— | i
( ’e=],

[FTURN OVER]
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TABLE OF INTEGRALS
1 I Adx = -nﬁ:—ll) +e, n#E—| 2 j (10 +1v)dx :I udx—i—_[ vdx
3 I uudxzaj udx, a aconstant 4 j f(\) [ = [ﬂ ]H +e, nz—l
5 j % dx=(n| f(x)}+c 6 j’ fix)e™de=e™ +¢
7 If'(x)a””dx=£+c 8 J [1x)sin f(x)dx = —cos fix)+c
Lha
9 _[ fx)cos fix)dx =sm f(x}+c 10 j fx) tan f{x)dx = {nsec f{x)+c

_[ [{x)cot fia)dx = nsin flx)+c

1

W]

I ftx)sec f(a )dx = (n [sec S+ tan f(r)]+ ¢

1

L

[ rx)cosee fjdx = tnfeosec fx) - cot )] +c
14 [ ftx)see’ fixdx = tan f{x)+¢
15 I f1x) coscc” fix)dr = —cot fia)+c

l

=)

I f{x)sec f(x) tan fix)da =sec fx)+c

1

-J

j f1x) cosee f{x) cot fix)dx = —cosce f{x)+c
18 [ fsimh fiidx = cosh flx)+c

19 [ 1) cosh fx)dx = s fig) ¢

20 j i) tanh f{x)dx = Cn cosh fia)+c

2

—_—

j £1x) coth fixjdx = Pnsinh f1a)+¢

2

ba

j {x) sech® f)dx = tanh f(2)+c¢

{TURN OVER]
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23 _[ Sjcosech? fx)dy = ~coth f (,\)+ c
24 J Sty sechyix) tanh £{x Jdx = —sechffx)+ ¢

25 f f(x) cosech f{x) coth f{xjdx = —cosech f(x)+c

26 [-—dex = —larc coth[l—(i)j +c
p -
27 —mﬂLdt = l arc tanh( f(t)] +c
a

a =[fl)f 4

L.

o [ L L 19)..
> [T D).
31JL§£§E;ﬁzmwm%qp}f

32 jf'(x)\}az - [f(:u)]2 dx = %arc sm[ﬂf)j + f

(x) 2 2
; = a —[f(x)] +c

A e | LY e e

IV ON IS +a2da=%’n

f(‘) 2
+T [f(\)] —a° +¢

4 [T e == oy ()L -

[TURN OVER]
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TABLE OF LAPLACE TRANSFORMS

Stugly Gande 2 page 20 and page 51

f(1)- £{F(s))

a

a
5
t" nt
"+] 2 n = l, 2’3,
bt 1
€ s—h
Sin at a
2,2
a
cosat y
“aat
simh af o
5 - az
cosh az ;
S —(lz
n o bt L _
e TR n=1273,
fsin af 2as
(52+r1"‘)2
fcosat 2,
(52+(12)2
¢t sih at 2as
{ “—(12)2
tcosh at 52t
(.sz—uz)2

Gbr sin at

a
(54:)2 +a?

e cosat I )
(s—b)zﬂrl
br
e sinhat u
(s=b) —a*
e” cosh at (s-b}
(s‘—h)'j—(rz
H(t-c) e
3
H{t—c) k(i —c) £ ()
8([ — a) ¢ ™

Study Guide 2 page 55

L{f0}=FG)

SO =sF ()= £(0)

")} = s2F(s) =3/ (0) - / (0)

L
LA
L

/
SO} =5 F(s) =32 £(0) =8/ (0) = £ (0)
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