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QUESTION 1
Solve the following differential equations:
1.1 -dl+ytanx=y35ec4x (7)
dx
1.2 (x+y)dx~xdy=0 (6)
1.3 2, Y _ i3 4
cos“x I y (4)
[17]
QUESTION 2
Find the general solutions of the following differential equations using D-operator methods:
2.1 (Dz—SD+ 6)y= e +smn2x (6)
22 (Dz+6D+9)y= 673 cosh3x (6)
[12]
QUESTION 3

Solve for x in the following set of simultaneous differential equations by using D-operator
methods:

{(D-3)x + y=-1
—x +(D-1)y=4é" @)
[8]
QUESTION 4
41 Determine L{(F 1) H(t - 1)} (4)
S 1
4.2 Determine L {————52 TeoT 8} (4)
[8]
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QUESTION 5
Determine the unigue solution of the foliowing differential equation by using Laplace
transforms: y"(t)+4y'(t)+4y(t) = 4¢™*,if y(0)=-1and y'(0)=4. (10)
[10]
QUESTION 6
For a certain electrical circuit the applicable differential equation Is:
i di i : N .,
100—+ 200— + —— =0, with imihial conditions i(0) = 0 and i'(0) =1.
dt? dt 0,005
Determine the unique solution for the current, 1in terms of the time, t. 7
71
QUESTION 7
71 U B= [f Z}, find the eigenvalues of B. {4)
3 2 2
72 I A=|0 2 1|, find an eigenvector corresponding to the eigenvalue A =2
0 0 4
4
(8}
QUESTION 8
- -2
A function f(x) is defined over one penod by f(x)= " <x<0
L O<x<2
8.1  Sketch the function. (2)
8.2 From the graph determine if the function is odd, even or neither (1)
8.3 Find the Fourier series expansion for f(x) (7N
[10]

Full marks = 80
Examiners: First' Ms L E Greyling
Second. Dr J M Manale

External: Dr. J N Mwambakana
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FORMULA SHEET

ALGEBRA Factors
Laws of indices a*-b* =(a—b)a® +ab+b?)
1 a” xa" =a"™" a’+b’ =(a+b)(a2—ab+bz)
2. L=gm

a
3. (a " )" =a™ = (d“ )m Partial fractions

. _afm flx) A B C
4. "= = + +

4 Ia . (x+afx+b{x+c) (x+a) (x+b) (x+c)
5 a™” = and a” =

¢ ¢ (x) A B c D
i P P e e )
+ + x+a + + x

7 Jab = x+a)(x x+a x+a
8. (ﬂ] =9 flx) __Ax+B | C

b b* (ax2+bx+ch+d) (ax2+bx+c) (x+d)
Logary
Deﬁmnons If y=a" then x=log, y

If y=e* then x=fny « formal
1. log(AxB)=logA+logB Quadratic formala
A If  ax’+bx+c=0
2 —|=logA-logB
3 log A" =nlog A 2a
4 log, A=BA
log, a

5. a%i=f o o&=f
Determinants
a4y 4y Ay
@y dyp Ay =a1l:;22 ﬁ —ap Zzl 223 +a, zz' 222
Gy 4y Ay R woos no

=dy (a22a33 —dypay )" ay (“zzaﬂ — a3y )+ a3 (azn g = Ay ay )
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SERIES

Binomial Theorem

(a +b)" zan + nau—lb_'_f(nT-l)a"—zbz + H(H _13)}('2 _2)an—3b3 +
and |b| <]

(Q+x) =1+nx+ n(nzr_l)xz + n(n_lg,)n(n_z)x:“ +

and —1<x<1

Maciaurin’s Theorem

_ £0) o) ., £70) ,
flx)=r(0)+ T X+ 2 X+ 3 x4+ L+ Y

Taylor’s Theorem

e 0o e et Lt o s

_ h ’ hz » hn_' -l
f(a+h)—f(a)+—1—!f (a)-}-Ef (a)+ .+mf (a)+ ..
COMPLEX NUMBERS
1. Z=a+bj=r(cose+jsinﬁ):r'ﬁ:rgl’g’ 7. De Moivre's Theorem
where j* =-1 [r|§l_]" =r" |;_1§nr"(cos n0 + ysin nB)
. 1= “ 2 zj 1
Modulus: r—-[zl— a” +b 8. z" hasadistinct roots
b 1 ! .
Argument G—argz—arctau-‘; 2t = 0+ k360 with k=0, 1,2, ..n-1
2. Addition . : -
»_ .
(a+ jb)+(c+ jd)=(a+c)+ (b +d) 9. re’”® =r{cos®+ jsinB)
3 Subtraction - ER(re’“): rcos 9 and 5(re ’“]: rsin
(@+ 1b)—(c+ jd)=(a—c)+ )(b-d) 10. ™" =¢* (cosb + jsinb)

4 ¥ m+m=p+jq,then m=pandn=gq | 11 tnre” =tnr+ ;0
5. Multiplication : z,z, '—‘":":‘(91 +8,)
L4

6. Division =-Li(8, -8,)
L, LT
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GEOMETRY

y=mx+c
1 Straight Line.
y-y, =m{x—x)

-1
Perpendiculars, then m, =—
m,

2. Angle between two lines
_m o

3 Circle:

(x=h) +(y-k)' =r*
4 Parabola:
y=ax®+bx+c

-b
axis at x=—
2a

5 Ellipse
X i:l

a’ b
6 Hyperbola:
xy=k
2

Py
— -5 =1 (round x - axis)
a
x2 N 2
aZ

pE =1 (round y-axis)

MENSURATION

1 Cucle (8 inradians)

Area=mr?
Circumference = 2nr
Arclength s=r0

Sectorarea=«1—r26=lsr
2 2

Segment area = --12-."2 {6 — 51 9)

2 Elhpse
Area =mab
Circumference = w{a + b)
3. Cylinder

Volume = ntr2h

Surface area =2mrh + 2nr?
4  Pyramid

Volume = }3- area base x height
5 Cone.

Volume:%nr’h

Curved surface = wtré

6. Sphere
A=dmr?
V= i nr’
3
7. Trapezoidal rule:

+
A=h(-)-)—l—2-—y—"-+ Y, + ¥y .t yn_,J

8 Simpsons rule’

A=%((F+L)+4E+2R)

9 Prismoidal rule

V=—2-(A, +44, + A;)
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HYPERBOLIC FUNCTIONS Compound angle addition and subtraction
b = e —e™” formulae:
sinhx = sin{A +B) =sin A cos B +cos A sin B
& 4o sin(A-B) =smAcosB-cosAsmB
Definttions, coshx= cos(A+B)=cosAcos B-sinA sin B
coS(A-B) =cosAcos B+sinAsmB
ex _e—x
tanh x = . — tan(A+B)= tanA+tanB
e +e l-tan Atan B
Identinies tan(A _ B): tan A~ tan B
cosh? x~sinh? x=1 l+tanAtan B
2 . 2
1—tanh” x =sech’x Double ang]es.

coth? x —1=cosech’x

sinh? x= % (cosh2x-1)

cosh® x= % (cosh2x +1)

sinh 2x =2smnh xcosh x
cosh 2x =cosh? x+smh? x
=2cosh? x—1

=1+ 2singh® x

TRIGONOMETRY
Identinies
sin’Q+cos?B =1
I+ tan’0 =sec?0
cot*0 +1=cosec’0
sin(-0) = - sin@
cos (-8) =+ cosf

tan (-8) = - tan@
tan6 = sin®
coso

sin2A=2smAcos A
cos 2A = cos’A —sin’A
=2cos’A - 1
=1-2sn’4
sin® A = Y%(1 - cos 24)
cos’ A = Ya(1 + cos 24)
2tan A

tan2A =
1-tan® A
Products of sines and cosmes into sums or
differences.
sin A cos B= Y(sin (A + B)+sin {4 - B))
cos A sin B =Y%(sin (A + B) - sin (A - B))
cos A cos B = Y(cos (A + B) + cos (A - B))
sin A sin B = -Y2(cos (A+ B) -cos (A - B))

Sums or differences of sines and cosines into
products:

sinx+siny = Ean[x; y}cosl:x—zy}

SINX—SINy = 2cos{:x; Y :(sm{%y}

+ —
Cosx +Cosy = 2cos[x 5 4 }cos[i—z—z}

COSX —COSYy = ﬁZSm[x; y]sin[x;y]
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DIFFERENTIATION 104601 fin=d'@ ]
& VI-[r@P
(& Lo 1) 1L oo™ fn =t
24 o d V1-[ral?
& 12 Lt py=—t® .
32t = ans™ & 1+ [f )
d lliwdquF—;Lg%
4—fe=fg+gf dx 1+ [ )]
' ' d -1 f'(x)
df_s8f-fe 14 —sec”! f0)=
s2 ) 8/7J8
g g’ & ANl -1
d x ot gy d ~1 -f'(x)
6.—"‘ =n . (X) 15 — =
I o =nlfol™.f 5 S cosec” " f(x) " [f(x)]2 =
dy _dy du dv
dx du dv dx 16__j_xsmh-1 f(x):__f_(j)_
8. Parametric equations [f(x)]:Z +1
dy d -1 f'(x)
Ta 17.—cosh (x)= ————
o Y ™ R
a0 d -1 At
i(d_)’) 18.dxtanh f(x)——l_-[f(x)]2
d?y _ do\ dx d | £
dxz dx 19 —coth™ f(X) :—-—2——
0 dx [P -1
9 Maximum/minimum d -1 -f'(x)
. 20.—sech™ " f(x)=
For turming points: f'(x) =0 dx 5
Let x = a be a solution for the above FENI-11 (0]
If f'{a) > 0, then a munimum d -1 B f{x
If f'(@) < 0, then @ maximum 21 E;COSCCh flx)= }\/*—2
For potnts of inflection f" (x) =0 FENF@]F +1
Let x = b be a solution for the above dz oz oz
) = P +—O8y+—237
Test for inflection. f (b - k) and b+ /) | Increments 8z =~=.0x +3 PRI
Change sign or f " (b) # 01f £ " (b) exists 23 Rate of change
de_dz de 9z dy, 3z dw
dt Ox dt dy dt ow dt

INTEGRATION
1 By parts J udv:uv-J vdu

1 po
3 Mean value =—I ydx
b-a’®

2 [ fix)dx = F(b)- Fla)

1 ¢»
4 (RMS)2 =‘g;.[ay2dx

®
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TABLE OF INTEGRALS
L Ix"dx=-'%|—c. n#—1 2. J.(u+v)dx:.[udx+j. vdx
3 Iaudx=aI udx, a aconstant 4, J f(x)] Jix)dx = Lﬂ )]M 2+, n#E-]
5. | f—@dncnlﬂx}hc 6 | flxre™dx=e™ +c
fix)
aﬂx)
7. Jf{x}a""‘dx=—+c 8 _[ffx}smﬂx)dx:—cosﬂch
(na
9. Iffx)cosﬂx)dx=smﬂx)+c 10 jffx}tanﬂx)dx:fnsecﬂxﬁc

[

—

| Flxpcot fixdx = tnsin fix)+c

12, j’ flxhsec flx)dx = £n[sec fix)+tan fix)]+c

13 [ flxjcosec fixidx = énlcosec fix) —cot fix)l+ ¢
14 [ flxpsec? flxjdx = tan fix)+c

15 j Flxicosec? fix)dx =—cot fix)+c

16 J' Flx)secfix) tan fix)dx =sec fix)+c

17. [ flxpcosecfix).cot fix)dx =—~cosecfix)+c
18. | flxisinh fix)dc=cosh fix)+e

19. [ flxicosh fix)dx=smh fiz)+c

2

=

J fix)tanh fix)dx = £n cosh fix)+c

2

Pt

_f fxicoth fix)dx = énsinh fix)+c

22.

[

I flx)sech® fix)dx = tanh f{(x)+c

[TURN OVER]



{n)

MAT3700
May/June 2015

23 I ffx).cosechzf(x)dx = —cothf(x)-l- c
24. [ flxisechfix).tanh f(x)dx =—sechf(x)+c
25 f Fixicosech fix).coth fixjdx = —cosech fix}+c
26 L0 4 arccoth(f (x)]
[F(=)f -a* @ a

217. —f—:gf)—-dx = —l—arc tanh[ﬁ) +c

Ja i T
28. f’( = arc tan[ ]

J[r(p +
29

30.

31.

32.

b

34.

.JPJU(]: ) dx arcsmh(fgx)]-i-c
(£ g arccon{ 2
Lo o2

[ eNa? ~[F (x)Pdx= az—zarcsm[f—(x—] .

a

33 [FUNFRF +aax

—fn

de————fn

| NP -

/(x)

2

oG 20
o G 4

&[G +c

+a +c

—-a +c
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TABLE OF LAPLACE TRANSFORMS

Study Guide 2 page 20 and page 51

...l _
F(1)= LYF(s)} F(s)=L{f(1)}
a a
5
" t
f B , n=1273,.
sn+l
bt A
e s—b
sin at a
.5‘2 -HJZ
cosat s
si+al
sinh at a
5'2 - 02
cosh at 5
S2 — az
tnebr |+|, n=1,213,
{s-b)"
tsinat _las _
(.s'2+a2 )2
tcosat g’
(s2+a2 )2
tsinh at 2as
(32_a2 )2
tcoshat +a’
(32 _a2 ]2
bt a
e smat
(s—b}z +a*
e cosat (“2”)
(s—b) +a’
e sinhat 4
(5-b) -a?
" coshat _(st)
(s—-b)l—a2
H(t-c) e
5
H(t —C)-F(t —C) e f(s)
8(! - a) e™™

Study Guide 2 pagse 55

L{fO}=F(s)

L{f®}=5F(s)- £(0)

L{f"@)}=5*F(s)-sf(0)-f'(0)

LA{f 0O} =5"F(s)-s*f(0)~ s/ '(0)- f "(0)
@
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