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QUESTION 1
Solve the following differential equations
dy __y’
11 —_ = — 4
dx x*+9 “
12 (x2 —yz)dy = xydx [Hint: Put y = vx] (7)
13 &, Xy = xe X y=3 (7)
dx
[18]
QUESTION 2
Find the general solutions of the following differential equations using D-operator methods:
21 D(Dz—l)y=7 (6)
22 (Dz —GD+9)y = x2e3¥ (6)
[12]
QUESTION 3

The conditions in a certain electncal circuit are represented by the following differential

2

equation: % + 2% +2i =85sin3t. Determine the general solution for the current, / ,in terms
t

of t, by using D-operator methods, giventhatfort=0, /=0 and g-';- =-20. (9)
[el
QUESTION 4
Solve for y in the following set of simultaneous differential equations by using D-operator
methods:
(4D +3)x — Dy = sint (8)
Dx + y=cost
[8]
QUESTION 5

t 0<st<2

51  Afunction f(t) is defined by f(t) = {2 a<t

Write f(t) in terms of the Heaviside unit step function and determine the Laplace
transform of (t) (4)

[TURN OVER]
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52 Determine L {—2~——6——} (3)
s -48+13

[7]

QUESTION 6
Determine the unique solution of the following differential equation by using Laplace

transforms:  y"(t)-4y'(t)+3y(t)=e* . if y(0)=0 and y'(0)=1

(7)
[7]

QUESTION 7

A vehicle rests on a spnng-shock absorber system on each of four wheels The system
yields the model y"(t)+2y'(t)+17y(t)=e "' cos4t, where e ' cos4t represents the force

resulting from a bumpy road. If y(0)=0 and y'(0)=0, use Laplace transforms to solve the

differential equation. (7)
[7]
QUESTION 8
3 2 2
fA=[2 2 0, find an eigenvector corresponding to the eigenvalue A =0
2 0 4
Also verify that 0 is an eigenvalue of A. (6)
[6]
QUESTION 9
Given the function defined by f(t)=n—t, 0 <<=, wnte down the Fourier half range
cosine series expansion for f{t) (10)
[10]

Fult marks = 84
Examiners: First Ms L E Greyling
Second: Dr J M Manale

External- Dr J N Mwambakana
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FORMULA SHEET
ALGEBRA Factors
Laws of mdices @ ~b* =(a-b)a* +ab+b?)
1 a™xa" =q™" a’+h =(a+b)(a2 —ab+b2)
2' a’: =am—n
a
3. (a"'y =g™ =(a"r Partial fractions
% _fm f(x) 4 B c
4 P = =
4 la ) (x+a)x+b)Yx+c) (x+a)+(x+b)+(x+c)
5 a’"=— and a"=—
a a
6 4= S6)) _ 4 B . _C D
. Jab = Jalb (x+a)(x+b) (x+a) (x+a)’ (x+a) (x+b)
8 (ﬂjnzi 1) __A+B  C
b b (a.xz +bx+clx+d) (ax2+bx+c) (x+d)
Logarithms
Defimtions. 1If y=a* then x=log_y
If y=e* then x=¢ny .
1 log(4x B)=log A+log B Quadratic formula
A If ax’ +bx+c=0
2 log| = |=logA-log B
Og(B) A8 -btb? ~4ac
then x=
3 logA" =nlogA4 2a
4 log, A=10—g"£
log, a
5 alug,f =f . etnf =f
Determinants
z:]211 zz z; =4y o Oy — 4y % tay, a2
a, ay ay ay 4y a3y a, ap

=ay (azz dyy —ay aza)“‘ a;; (aznasa — a4y )"‘ ap (anaaz = a5 0y )

{TURN OVER]
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SERIES
Binomial Theorem
(@a+b) =a” +na"‘1b+—n(n ), "p? + n{n—1n-2) a"3b® + ...
21 3t
and [b]<lq|
(1+x) =1+m+ "(n_l)x2 + n("_l)(nvz)f +...
2t 3
and —l1<x<l1
Maclaurin’s Theorem
). L@ L SO . S (0) R A ()
f(x)=r(0)+ TR (n 1)! + ..
Taylor’s Theorem
] n ~1
f(x)=f(a)+1—1£'g—)(x a)+ ( )(x a)z =t ( (x a)3 +. +J—)(x a 4
fla+h)=fla)+ f( )+—f (a)+.. +( ) SMa)r
COMPLEX NUMBERS
1 z=a+b=r(cosd+sin 9):rlgzreﬁ, 7 DeMorvre's Theorem
where ;2 =-1 [r|9]'l =r"|n8=r"{cosn®+ ysm nd)
H
Modulus- H ”[a +b2) 8 z" has n distinct roots:
1o .
Argument: 0= argz—arctan; P 6+ £360 with k=0,1 2, . n-1
2 Addition . —r
(@+b)+(c+d)=(a+c)+ j(b+d) 9. re” =r(cos8+jsm6)
3 Subtraction " m(reﬂ’):rcosﬁ and S(m"3 )=rs1n9
(a+jb)—(c+Jd)=(a—c)+_](b-..d) 10 e**® =¢° (COSb-i-_]Slnb)
4 If m+mn=p+jq, then m=p and n=q | 11. fnre” =inr+ ;0
5 Multiphcation z,z, =r,r2|(01 +92)
6. Division : R (0, ~9,)
2, LT
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GEOMETRY

L.

y=mx+c

y=y,=mlx-x,)

Perpendiculars, then m, -t
1y

Straight line:

Angle between two lines'
m —m

tan® =—1—2%

1+ m,m,

Circle:

x2+y2=r2

(Jc—h)2 +(y—k)2 =r?
Parabola,
y=ax’ +bx+c

MENSURATION
1  Circle (6 1nradsans)

Area = nir?
Circumference = 2nr
Arclength s=r0

Sectorarea =l,.29 = l.s'r
2 2

Segment area = —;— r*(0-sm o)

2. Elhpse
Area =mab
Crrcumference = n(a + b)
3 Cylinder

Volume =’ h

Surface area =2mrh + 217’
4  Pyramud.

Volume =% area base x height
5. Cone:
1
Volume = 3 ’h

Curved surface = nré
6 Sphere

A=4nrt

V= 4 ol

7. Trapezoidal rule:

+
A:h(y1 2y" +y, + ¥, "'"""yn-lJ

8. Simpsons rule:

A:%((F +L)+4E +2R)

9. Prismoidal rule

h
=g(A1 +44, + 4,)

[TURN OVER]
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HYPERBOLIC FUNCTIONS
ef—e™”*
smh x =
2
e*+e”

Defimtions coshx =

e’ —-e”

tanh x =

e +e”
Idennnes
cosh? x —smh? x =1
1-tanh’ x =sech’x

coth? x —1=cosech’x

smnh ? x=%(cosh2x—-l)

cosh® x = % (cosh2x +1)

sinh 2x = 2sinh xcosh x

cosh 2x =cosh? x +smh? x

=2cosh? x -

=1+2smh? x

TRIGONOMETRY
Identifies

sin?0 + cos’6 =1
1+ tan’0=sec’0

cot’@ +1=cosec’d

sm(-0) =-smo
cos (-0) =+ cosO
tan (-0) = - tan0
tanO = _sme
cosO

Compound angle addition and subtraction
formulae.

sm(A +8) =smAcosB+cosAsmB

sin(4 -B) =snAdcosB-cosAsinB

cos{(A +B)=cos A cos B-sm A sinB

cos{A - B) =cosAcos B+sinA smB

tan(A+B)= tanAd+tan B
1—tan Atan B
tan(A—B)= tan A —tan B
l1+tan Atan B

Double angles
sn24 =2 smA cosA
cos 24 = cos’A — sin’A
=2cos’4 - 1
=1 - 2sn’A4
s’ A = ¥%(1 - cos 24)
cos’ A= (1 + cos 24)

tanzAx-ﬂin—zA—-
1—-tan® 4

Products of smes and cosmes into sums or
dafferences.

sin 4 cos B = J(sin (4 + B) +sin (4 - B))
cos 4 sin B =Y(sm (4 + B) - sin (4 - B))

cos A cos B ="(cos (4 + B) + cos (4 - B))
sin 4 sin B = -%(cos (4 + B) - cos (4 - B))

Sums or differences of smes and cosines mto
products

{7
sy 250 22l 222
e ony <2 522 o 522

coSx — msy"—Zsm[x;y:Ism[ 2y}

smx+smy=2sm[ :|
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DIFFERENTIATION

B [+ h)- ()

dx h—0 h
2.—d—k =0
dx

3.9 " = g

d
d—fg=fgtg S

dxfg fg+rgf
sdf_gr-fg

g g

d n o
6~ =nlf @'
Ay _dy du dv

dx du dv dx
8 Parametric equations

9 Maximum/mmimum
For turning pomts: f'(x) =0
Let x = a be a solution for the above
If f'(a) > 0, then @ minimum
If *(a) < 0, then @ maximum
For pomts of inflection: /" (x) =0
Let x = b be a solution for the above

Test for nflection: £ (b - £) and f{b + h)
Change sign or f""'(b) = 0 1f () exusts

d -1 S'(x)
10—sm™" f(x)=—t=2l
& Vi-[r@PR

11.%005—1)?(@:_;1”(_")_

V=[P

12 -:—xtan"l Fy=—L9)

1+ [ )2

d -1 - f'(x)
13.=cot™ ! flx)=—~IZL_

& ’ 1+[r )]

d 1 f'(x)
14 —sec  f(x)=

& FENF@P -1
15.%cosec"1f(x)= — /)

FENIF@P -1
d

16 Esmh“'1 f) =L

VP +1

17.%cosh_1 o=t ™

W@k -

18 —:—xtanh_l f(x):I_LL'f((%]z—
19.%«;&1‘1 f(x)=-[f—é:)—(]§2:

20.% sech™ L f(x) = f(x)\?%
21.%cosech_l f(x)=f(x }Jj[rfi%]%&

22 Increments. Sz=2.6x+% 6y+—ai.8w
0x oy ow
23. Rate of change "
de_oz ds 0z dy 0z dw
dt Ox dt 0Oy dt 0w dt

INTEGRATION
1 Byparts: j udv=uv—j vdu

3 Mean value =ij dx
b-a o7

2. [ feds = Fo)- Fea)

1 r#
4. (RMS)? =E_;Ly2dx
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TABLE OF INTEGRALS

[y

[¥S

Lh

~J

.

9

1

k.

1

[S%]

1

¥}

14

1

L

16

1

~J

1

=]

1

\o

20

2

Yk

2

(3%

x"dxzin(%—l-c, | 2 [ u+vidc = [ ude+ | vax
j audx:aj udx, a aconstant 4 j [T f(x)dx:v—(xi]:;ﬂ, n#-1
n
| I8 g tn| )+ 6 [ fle™de=e™ +c
)
af(x)
jf'(x)aﬁ")dx=—+c 8 I Sfx)smn fix)dx =—cos f{x)+c¢
na
I fx).cos flx)dx =sm f{x)+c 10 I flx)tan fix)dx = tnsecf{x)+c

| 19 cot fixdx = tnsm g+

[ 169 sec fx)dx = tn[sec )+ tan fix)]+c

j flx)cosec fix)dx = tn[cosec fix)—cot fix)]+c
| re9sec’ fgdx=tan g +c

| £ cosec’ flxdx =~cot fix) +c

| 169 secfg) tan fgdx =sec fim)+

[ 1tcosecix) cot fix)dx = ~cosec )+

| 76 smh fix)dx = cosh fi) +c

| f1) cosh fixdx =swh f) +c

[ ) tanh fx)dx = en cosh fx)+c

| £).coth f)dx = ensmh fx)+c
| 1t6).sech? fixydx = tanh £ (x)+c

[Turn over]
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23 J- Sftx)cosech? fx)dx = —coth f (x)+ c
24 I f ) sechy(x) tanh f(x)dx = —sechf{x)+c

25 I fx) cosech f{x).coth f{x)dx = —cosech f{x)+c

26 ‘(Wg]z(x—la;dx=——;-arccom(-f—g—)}c

27 ﬁ——dx —arctanh( x))
a~[fxf @ a

28. Jp[f(f]2+a ;arctan( )+c

29. J ‘/——g—_.l—dx—arcsm( J+c

30. : JU(J; )(]J:)Jr . :Ix=arcsmh(f (")}ﬂ:

-
31 Jﬁ)——d.t = gre cosh|
IFE -

3. Jf’(xmdxw?arcsm[f (x) x)FT e

Y
b3
o
N
+
i)

1AL GF +2|+ LE G = v

S+ &)F -a®

3. |1 [f(x)]’+a2dx=i’zifn

4 [reNIGT -ade=-tn N TS

®
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TABLE OF LAPLACE TRANSFORMS

Study Guide 2 page 20 and page 51

=1 _
7()=£{F () F(s)=L{/(2)
a a
5
" |
d 2, n=123
Sn+l
bt i
e s-b
sin at _a
.5'2‘|'(12
cosat —
5'2+ﬂ2
sinh at a
1 2
s —a
cosh at s
Sz -—az
n bt |
t'e E;—::F’ n=12.73,
tsinat _2g5
(s2+:12)2
tcosat s —a°
(s2+az)2
fsinh at _2as
(82—02)2
tcosh at 2.t
(s7—a?)?
bt —_
e smat (s—b)2+a2
&% cosat L‘f)—_
(s—b) +a2
e smh at L
(s—b) —a2
e” coshat (s-b)
(s—b)2—02
H(t-c) Pl
5
H(t—c)F(t—c) e f(s)
8(¢—a) e

Study Guide 2 page 55

L{f@®)}=F(s)

L {f' ()} =sF(s)- f(0)

L {f"(6)) =5*F(s)-sf (0)~ £ (0)

L {0} =5F(s)-s*£(0)—sf (0)- £"(0)
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