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QUESTION 1
Solve the following differential equations
11 x% =y+2Jxy [Hnt Put y=vx] (5)
12 [smy—2xy+x2}dx+[xcosy—xz]dy=0
[Hint First show that the equation 1s exact] (6)
X
13 Y _y_2 venthaty(e)=0 (6)
ax X
[17]
QUESTION 2
Find the general solutions of the following differential equations using D-operator methods
21 (02 —36)y=cosh3x (5)
22 (DP+2D+4)y=€"sin2x (8)
[13]
QUESTION 3
Solve only for y In the following set of simultaneous differential equations by using
D-operator methods
(D+1)x-Dy=-1
(2D-1)x-(D-1)y =1 (8)
(8]
QUESTION 4
41  Determine the Laplace transform of
411 2tsin2t (1
412  3H(t-2)-3(t-4) (2)
55+2
42  Use partial fractions to find the mnverse Laplace transform of ————— (4)
(s+1)(s+2)
7]
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QUESTION 5

Determine the unigque solution of the following differential equation by using Laplace
transforms: y"(t)+2y'(1*)+1va(t)=(25t2 +16t+2)e3‘, if y(0)=0 and y'(0)=0

(8)
[8]

QUESTION 6
The motion of a mass on a spring 1s described by the differential equation

d* x

tZ

+100x =36cos8t If x=0and % ={, at t= 0 find the steady state solution for x(t) and

discuss the motion. (1)
(1]
QUESTION 7
3 1
it A =[ 1 5} , find an eigenvalue and an eigenvector of A (6)
[6]
QUESTION 8
0 —n<t<~%
Given the function defined by f(t) =43 -3 st<% , with penod 2n
0 T<t<n
81  Sketch the function (2)
82 From the graph determine if the function 1s odd or even. (1)
83 Find the Founer senes for f{t) (7)
(10]

Full marks = 80
Exammers Fust Ms L E Greyling
Second DrJ M Manale
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FORMULA SHEET
ALGEBRA Factors
Laws of indices a ~b'={a —b)(a2 +ab+b2)
i a” xag"=a”" gl+b3=(a+b)(az—ab+bz)
2 _«:;t_zalﬂ-ﬂ.
a
3 (a'” )" =q™ =(a " )m Parual fractions
E n m f("t) A B C
4 "= = + +
a ]a | (x+a)(x+b)(t+c) (x+a) (x+b) (x+c)
5 a_" :—T and a” :T
. ‘ (x) A B c D
R TR e e M A A
x+a ; + x+
. \/EJ-=\/E‘\[’; x+a)(x+ x+a x+a
g (EJ _a £%) __M+B
b b (axz +bx+cx.?c+d) (ax2 +bx+r.) (x+d)
Loganthms

Defimnions  If y=a' then x=log_ v

If vy=¢" then x={(ny
log(AxB)=log A+logB

Quadratic formula

—_—

If ax’ +bx+c=0

~bLtAb" —dac

2 log(%}xlogA+logB

then «x=

3 log A" =nlog A 2a

log, A
4 logaA=—--——g”

log, a
5 alogﬂf_:f . e(nf=f
Determinants
d 4] d
. 2 Bl tyy Un dy Up tdy Ay
ay 4y anl =4y U +ay;

tyy Ay dy  dy ay Ay

s, 4y 4y

=a”(a22a“ —azzaza)_ alz(auaw - an“zz)“"“n(“znaw _aua:v)
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SERIES
Binomial Theorem
(a + b)" =a" +na"'b+ _n(n — 1) a"'h? + _______n(n - I)(n _ 2)61"_3173 +
2! 3
and |b|<la|
(1+x)n =l+m+ n(n — l) o+ n(n— l)(n— 2)x3 +
" 3
and —l<x <1
Maclaurin’s Theviem
_ fo)  fo ,, fo0o) , f0) ..
f(x)=rloy+ m X+ > X +Tx + + 1) "+
Tayler’s Theorem
# ” ”~ n-l
TS TR AL CO T ) A ) VR I i C) [N IR
It 2t 3 (n—-1)
2 n—I|
fla+h)= fla)+ 2 pla)+ o prla)e 4 o)+
It 2! (-1}

COMPLEX NUMBERS
1 f=a+bj=r(c0s‘9+Jrqmﬁ)=r|§=re’ﬁ,

where j2 =-1

Modulus r=|2[=1/ia2 +b1i
F
Argument  O=arg z=arctan 2

£}

2 Addition
(a+;b)+(c+;d)=(a+c)+ j(b-+~d)
3 Subtraction
(a+ ]b)—(c+jd)=(a—c)+ J(b—d)
4 Ifm+ mm=p+ g, then m=pand n=g
5 Muluplication z,z, =r1r2|(9, +9,)
h

6 Division :—'=—(0, -0,)

7, 1

P

7 De Moivre's Theorem

[r|§]" =r"|n@=r"(cosn@+ jsn n@)

1
8 z" hasndistinct roots

18+ 4360°
r —
1

1
"

with k=0,1,2, .n-1

<

9 re” =r{cos8+ ysinb)
93(:e"’)= rcos® and (re’® )=rsin®
10 e“ =¢“ (cosh + yomb)

11 fnre”® =fnr+ 40
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GEOMETRY MENSURATION
y=mx+c I Cucle (6 d
I Straight line ' irele (0 in radians)
v=v=mlx-x) Area =1 °
-1
Perpendiculars, then m, =— Circumference = 2mr
m
: Arclength s =r8
2 Angle between two lines I 1
my — n., Sectorarea =—r'0=—sr
tan® =—— 2 2
L+ mym, {
Segment area = —r>(0 —s1n B
3 Cucle € 5 ( )
2 2 2
oy =y 2 Ellipse
(x=n) +(y—k) =r* Area = ntab
4 Parabola Circumference = r(a + b)
y=ax’ +bx+c 3 Cylinder
- Volume=1r"#
axis at x=—o )
2a Surface area =27rh -+ 27r”
5 Ellipse 4 Pyranud ]
x . v | Volume = Fared base x height
2 2T
a b 5 Cone
6 Hyperbola 1,
xy=k Volume:§m‘”h
x—,—y—2=1 (round Y- ..um) Curved surface = {
a- b 6 Sphere
2 2 A
A=4
- x2 +;—2=l (round y - axis) 4m
’ V==mr'
7 Trapezodal rule

+ T
A:h(—}lz—h+ Yo+ ¥y, + y“J

oo

Simpsons rule

Az%((F + L)+ 4E +2R)

9  Pnsmoidal rule

V=%(A| +4A, +A)
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HYPERBOLIC FUNCTIONS
v -1

e —e
sinhx = ———
e' +e’
Defimtions coshx=——
et —e

e +e

Identities
cosh® x—snh” v =1
1—tanh® x =sech’®x

coth? x — 1 =cosech™x

sinh” x =%(c0sh 2x—1)

cosh™ x = é(coqh 2x+1)

sinh 2v =2 sinh ycosh x

cosh 2x=cosh? x+smh? x

=2cosh’ x—1

=1+2smh” ¢

TRIGONOMETRY

Identities
sin“@+cos‘B=1
I+tan @ =sec’8
cot’® + 1 =coscc’®
si(-8) = - s1n0
cos (-0) =+ cos8
tan (-6) = - tan®

Compound angle additton and subiraction
formulac

sinfA+B) =sinAcos B+cosAsin B
smmA-B) =sinAcosB-cosAsmmB
cosiA+Bi=cosAcos B-smAsmmB
cos(A-B) =cosAcosB+sinAsin B

tan A+ tan B

1—tat Atan B
tanA—tan B

|+tan Atan B

tan(A -+ B):

tan(A - B)=

Double angles

sin2A =2smAcos A

cos 24 = cos’A — sin’A
= 2cos’A - 1
=1-2an’A

sin® A =V4(1 - cos 24)

cos™ A = V(1 + cos 24)

2tan A

tan2A=———
l-tan” A

Products of sines and cosines nto sums or
differences

smAcos B= Wun{A+B)+sm(A-DB))

cos A sin B="Y(sin (A + B)-smn (A -B))

cos A cos B =Vs(cos (A + B) + cos (A - B))

sin A sin B = -¥5(cos (A + B) - cos (A - B))

Sums or differences of sines and cosines into
products

x+y x— ¥
sinx+siny=2sm COS
2 2

+ — }
sm.wr—smv:2(.05‘[JL y]sm[x }:l
2 2

xX+v r— 3
COSXx +Ccosy = 2¢os 2’ Ccos 2'

Y x—y
COSX — COs ¥ = —28In > sl —

4
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DIFFERENTIATION 10 L s~ £y =)
& Vi-l7f?
B Lo ) d - ')
dx i h Il —coy " fAY ="
d "“" 1-[f(of?
2—k=0 ; £
dx I2(—ldn_|j(x):—'—7—
3 gx‘“x” = anx"”’ dx 1+ [f(l)]_
J 13 icot_tj(x):ﬁ
d—fe=feref dx +[rof?
df_sgt-/¢ 14 —(?—sec l f(a)= f
§——===
hg g dx HeNI ol -1
i " rn=] | d —1 _ - f'(x)
6 dxlf @I =alf ™ /10 15 ;{;—cosec f(n=

dy dv du v
dx  du dv dx
8 Parametric equations
dy
d_ s
dx dx
8
ol
dzv do
dxt dx
40

9  Maximum/minimun

16 -fi—:,mh_l
d

Al

17 % o]
dxy

18 d tanh™~
dx

19 i(.mh_l
dr

20 isech_ L
d

X

flx)=
[F)? -
1 f(x)
Jlo)=——rr—r
i-[r)?
['(x)
Ju)ys——m——
[Fo)? -
~ f'(x)

W) -1

S (x)

[F(o)? +1
W

f(x)=

For turning pownts  f° (r) 0

fx)= —
f{r\al—[f(\\]
L_, .

I — Anmninn 1 TLEt 2T GhEwso _lIlQ.- OB NCADOVE- - - .o L e T | L D
' ¥ Ifru‘_i" J, then « rmr""n. ...... f' £
— It-‘i(l |‘f['l-uu it THT 111 —i
tory er‘I"_Cn mfieciion “—ul (—r '_le\rlr (.}g}_
g Lel x = & be « solution ot the apoviis™ "= o . az dr
- OW- , e b, g3 MCrémentsTCEE or— —- Oy
¢ )1 NN I “est ior infiecuom f(E=a and s T A --{iii iii R O
TPy R -l . — | -
Change sign or 7 "(bi = Gy () existe— 23 Rate of change
do - d= (u;d' dv JLdid’
ar= 3;{ dr= 3\?— dr=dw-"gfr=—
INTEGRATION
1 By parts.. j. v =_11v- WV L. : 2 j Hcjdx_=Fib;- - Fla}
- £4)
.................. Y SR \ B
................................................... 3 MCngaluL — J yﬂ\ T N (R \llgﬁ_ . -\...a__.
D b’
©
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TABLE OF INTEGRALS

—

a2

|

9

12

(S

1

~J

18

19

20

21

o]
D

fr+l)

I x"dx = o +¢, Hw—1 2 J‘(u+v)dx=f tdx +-I velx
. o)™

J. audxza_[ 1dx, a aconstant 4 I U(r)] Sixjdr = +c, n#E-Il

mt
I % dx= ntf(x)|+c 6 I Flare™dx=e™ yc
’ aﬂu P
j Fixra™dx=—+¢ 8 _[ Flxksin fix)dx = ~cos flx)+c
{na
_[ fix)cos fixidx =sin f(x)+c 10 I J{x)tan fix)dx = tnsec fix)+c

_[ fixkcot flx)dr = {nsin fix)+c

_[ J {xhsec f(x)dx = Cnlsec fx)+ tan flx)]+c

[ stxicosec fixjdx = tnfeosec fix)—cot fix)]+c
| flaksee® fixidr = tan fi)+c

[ Fixpcosec flxjde==cot fix)+c

f flxdsec f(x) tan f(x)dx =sec fix)+c

[ flxkcosec fix) cot fxydx =—cosec fix)+c

[ flxbonh fixjdx =cosh fix)+c

J fixicosh fix)dt=smmh fix)+c

| ftxhanh f(x)dx = tn cosh fix)+c

I f{x)coth f(x)dx = (nsinh flx)+ec

I flx)sech? fix)dx = tanh f(x)+c,
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]
d

24

25

27

29

30

31

33

3

I

J f{vdcosech® f{x)dx =—coth f {1 )+
J fi)sechi(v) mnhf(t)dx:—sechj( )+
J J [xheosech fix) coth flxdx = —cosech f(x)+¢

Jf_'(")__dx = —larccoth[llgj+(
(F(x)} —a a “

~

/—I(A)——d,\ =lar(' hmh(f(x)]+ c
a: —[f ( r)]: a a

L

P—LI.( = lm‘c l.m( f( t)J +¢
Jr(F+a® @ a

~

L9 el LN,
Tl

LN

-——A—-—dxzarcsmh[f(‘)]-ﬂ
() +a? ¢

e

f)

+c
a

——Mm-dx =arccosh
Il WF -

TN

7

j‘f “(x [f( :f)]2 +a'dx 2%(’;1

J-f’(-‘)\![f(l)]z —a’dr =-—§fn

FOA (O] +a?

SO QP -a?

a’ —[f(x)]z +c

+@ [j (,r)]2+a: +e

+ f(.l)]z—az+c

LN

@
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TABLE OF LAPLACE TRANSFORMS

Study Guide 2 page 20 and page 51

-1
f(1)= LYF(s)) F(s)=L{f(1)}
a a
S
tn n'
a+l ? n=]’2’3’
bt 1
€ s—b
SIn at a
s +a’
cosat s
32+a2
sinh at a
2 2
s —a
coshat s
S5 —-d
t"e™ ul_ 1,2,3,
(S_b)rHl
tsinaf _ 2as
(.s‘2+az)2
fcosat 52—(12
(52+a'2 )2
tsinh a# 2qas
(2?2
tcoshat 2 aal
(s*~a* P
¢ sinat —L
(s—b) +a
e cosat (S‘,b)
(S—b)“+02
e smhat 2
(s~b) —a2
e¥ coshat (s-b
s-b) —a*
H (r - c) e
k)
H(t=c)F(t-c) & £(s)
3(t—a) e

Study Guide 2 page 55

L{f(D}=F()

L {f ()} =sF(s)=f(0)

L{f"®O}=5F(s)-5/(0)~ f'(0)

L |/ "0}=5"F(s)=5" f(0) =3/ (0)= £ "(0)
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