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QUESTION 1
Solve the following differential equations
11 x(y-3)dy =4ydx (4)
12 (x3 + y3)dx ~3xy%dy =0 [Hint Put y = vx] @)
13 d—y+ycotx=59°°“ (5)
dx

[16]
QUESTION 2
Find the general solutions of the following differential equations using D-operator methods
21 (D*+9)y =cos(2x +3) (5)
22 D(DZ+SD+2)y=x2+4x+8 (9)

[14]
QUESTION 3

2
dy +49’—Z+13y = e’ cost, where y Is the

The equation of motion of a body 1s qiven by —Z
q yisg Yy o2 o

distance and ¢ 1s the time

Determine a general solution for y in terms of {, by using D-operator methods. (9)

(9]

QUESTION 4
Solve for x In the following set of simultaneous differential equations by using D-operator
methods

(D+2)x+3y =0 7
3x +(D+2)y =26% {7)

QUESTION 5
Determine the following

51 L{PH(t-1)} (3)

_1148+5
52 L1{ } 2
s?+9 @

[5]
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QUESTION 6
Determine the unique solution of the following differential equation by using Laplace

transforms:  y"(t)+2y'(t)-3y(t)=€™ if y(0)=0 and y'(0)=0

1 -1 1 1

ewen (s+3)*(s-1) ) 16(s+3) a(s+3Y ' 16(s-1)

(7)

QUESTION 7

A cantilever beam, clamped at x = 0 and free at x =b, carries a uniform load k per unit

4
length Given the differential equation gy = % 0 < x < b and boundary conditions

dx*
y(0)=0,y(0)=0,y"(b)=0 and y™(b)=0, show that the deflection of the beam Is given by
y(x)= %(J{4 —4bx3 + 6b2x2) by using Laplace transforms. (10)

[10]

QUESTION 8

-1
if A= [? 1 } , determine the eigenvalues of A and an eigenvector for A (6)

(6]

QUESTION 9

-n<t
meis 0, with a period of 27.

Given the function defined by f(t) = {—tn 0<t
<I<T

91 Determine ap and a, to write down the Founer series for f{t) (8)

1-2(-1)"

92 Write down the Fourier senies for f{f} given that b, =
n

(2)

[10]
Full marks = 84

Exammers First Ms L E Greyling
Second Dr J M Manale

External Dr J N Mwambakana
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FORMULA SHEET
ALGEBRA Factors
Laws of indices a* b =(a—b)a* +ab+b?)
1 a”xa"=a™" a3+b3=(a+b)(a2—ab+b2)
2 an =g"™"
a

3 (a"' )n =q™ = (a" )m Partial fractions

2 fl(x) A B C
4 " =4a" = + +

¢ ]“ | e blard) kva) (b)) (ko)
5 a’=— and a"=—
¢ a Flx A B c D
6 a° =1 = + + +
3 2 3
+a)Px+b) (x+a) (x+a X+a (x+b)

el (cral(c+t) (va) Gral Gva)
g (E)nz"" f(x) __Mx+B__ C

b b” (a?z+bx+c1x+d) (ax2+bx+c) (x+d)
Loganthms
Defimtions If y=a* then x=log, y

If y=e¢”* then x=4{ny dratic formbl
1 log{Ax B} = log A+log B Quadratic formula
A If ax’* +bx+c=0
—|= —loghB
2 log(BJ IOgA og —bim
then =x=
3 logA” =nlog A 2a
4 log, A=84
log, a

5 a'%sf =f SPLL f
Determinants
Ay Gy dp
Ay Gyp Gy =4dp 22 223 4y, jn Bl+a, 221 zzz
a:” a32 a33 32 33 31 33 n iz

=ay, (azzan — A3 )— apy (az:a33 - aa:“n)"‘ a3 (az:aaz - “31“22)
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SERIES
Bmomual Theorem
(@+b) =a" +na""b+————-—n(n2,— ) grpe y 2oz =2) sy
and b <|a|
(]+x)n 14+ n(.n-—])x2 + n(n—l)(n—Z)x3 N
2N 3
and - 1< x <1
Maclaurm’s Theorem
_ o), f10) ., f70) , 70) e
flx)=f(0)+ TR R I 1) x
Taylor’s Theorem
’ » L4 n-1
f(x)=f(a)+f—(9—)(x—a)+f (a)(x—a) + (a)(x—a)3+ +f (a)(x—a)"_'+
I 2! 3t (n—1)
B R R
fla+h)=fla)+—fla)+—fla)+  +7—=f""(a)+
I 2! (n—1)
COMPLEX NUMBERS
1 Z=a+bj=!‘(COSB+ Jsin e): rlﬂ: reﬁ, 7 De Moivre's Theorem
where ;7 =-1 [rlﬁ]rl =r"|@=r"(cosn9+ Jsin nB)
’( j 1
Modulus r=|z|= a’ +b° 8 z" has n distinct roots
b L]
Argument 9=argz=arctan; z%=r% 6+ k360 with k=012 .n-1
2 Addiion : —r
n _
(a+jb)+(c+]d)=(a+c)+ J‘(b+d) 9 re —r(0059+151n9)
3 Subtracton . ER(re’“)= rcos® and S(re"’ )= rsmo
(a+ sb)—(c+ sd)=(a—c)+ j(b-d) 10 e™” =e” (cosb+ smb)
4 If m+m=p+yg, then m=pandn=q |11 tnre® =tnr+ ;0
5 Muluphcation z,z, =f’1r2|(91 +9,)
6 Division i=r—'|(9l—62)
L LT
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GEOMETRY

y=mx+c
1 Straight line
y—y, =m(x—x,)

Perpendiculars, then m, = it}
m,

2 Angle between twoe lines
1+mm,

3 Circle

(x=h) +{y-k) =r?
4  Parabola
y=ax’ +bx+c

axis at x=—
2a

5 Elhpse
X Yy

Z_+2 =1
a’® b’
6 Hyperbola
xy=k
2
=1 (round X - axis)

l\< ::-|\<
[¥] (3]

+

QIH =:|>-<
(I3 N - B S T O )

- =1 (round y - axis}

Q—n

MENSURATION

oc

O

Circle (9 10 radians)

Area=Tr®
Circumference = 2nr
Arclength s=r0

Sector area = lJ"zﬂ = lsr
2 2

1
Segment area = 5 r2(0 —sin 8)

Ellipse
Area = nab

Circumference = nt{a + b)
Cylinder.
Volume = ntr*h

Surface area = 2mrh + 21r?
Pyramid

Volume = %area base x height
Cone
Volume = 1 nr’h

Curved surface = fird
Sphere
A=4mr’

V= 4 rr’
3
Trapezoidal rule
+
A=h[2'2—y"+ y,ty, +
Simpsons rule
A=%((F+L)+ 4E +2R)

Pnismoidal rule

V=%(Al +4A, +A,)

+yn-l]
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HYPERBOLIC CTIONS Compound angle addition and subtraction
b et —e™”* formulae
S x= sinfA+B) =smAcosB+cosAsmnB
e e sin(A-B) =sinAcosB-cosAsinB

Defimttons  coshx=

x -xX

e —é€

e +e”

tanhx =

Identities
2 2
cosh” x—smnh” x=1
1 —tanh® x =sech’x

coth? x — 1 =cosech®x

sinh? x= %(cosh 2x—1)

cosh” x =%(cosh 2x+1)

sinh 2x =2 sinh xcosh x

cosh 2x =cosh? x + sinh? x

=2cosh? x ~1

=1+2smh* x

TRIGONOMETRY

Idenunes
sin?0 +cos’9 =1
1+ tan’@=sec’@
cot’0 +1=cosec’d
sin(-0) = - s
cos (-0) =+ cosB

tan (-8) = - tan0
(an6 = s
cosO

cos{A+ B)=cosAcosB-smAsinB
cos(A-B) =cosAcosB+smAsmnB

tan(A+B)= tan A+tan B
l-tan Atan B
tan(A—B)z tanA—tan B
1+ tan Atan B
Double angles

snm2A=2smAcosA
cos 24 = cos’A — sin°A
=2cos’A - 1
=1-2s1n°A
smZA = 14(1 - cos 24)
cos’ A = 1a(1 + cos 24)
2tan A

tan2A= >
l1-tan” A

Products of sines and cosines into sums or
differences

smAcosB= Vasin(A+B)+smn(A-B))

cos AsimnB=%(sin (A + B)-sin(A -B))
cosAcosB=Vcos(A+B)+cos(A-B))
sinA sin B=-Y2(cos(A+B)-cos(A-B))

Sums or differences of sines and cosines 1nto
products

+ —
sinx 4+ smy = 2sm[x 5 y}cos[x y]

2

siInx—siy = Zcos[x; y}smlix;y]

cosx+cosy =2 cos[ a ; Y } cos[—u]

2

COSX —COSYy = —ZSIHI:x; y:,sm[x;y}
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DIFFERENTIATION 10 d —— )= f'(x)
& Yi-lreP
1ﬂ=hmw “i -1 =)
dr b0 h ™ cos  f(x)= ——m
1-
2 k=0 d £'( SX)
dx 125 tan ™! fl =
3 —ax" =anx"! dx 1+[f(x)]
d 1 —f'(x)
13 —cot * f(x)=————
4%fg=fg'+gf' dx 1+ [f(0)]?
Sf_£=gf'—fg' 14 %sec_lf(x): f(x)
ig g FONLFOR -1
d n o _ n— ' d — - f'(X)
6—[f(x)] —"[f(x)] ] f'(x) 15 —cosec lf(x)z
dx dx ) f 2
.@-d_yi'f.fil f(;'[f(x)] -1
dx  du dv dx 16 ismh_lf(x)= (x)
8 Parametric equations dx \“f(x)]2 +1
dy d_ - £
dy _ 49 17 Ecosh flx)=—r—=—
e S Vr@P -1
do d 1. . f®
i(dl) 18 Etanh f(X)—m
dty _ d6\ dx 3 09
det dx 19 £ coth™! f(x)=+
6 dx [feol -1
9 Maximum/minimum d -1 a - f'(x)
For turming points  f'(x) =0 20 zsech fn= }J )
Let x = a be a solution for the above FONI=[f(0)]
If f'(a) > 0, then @ mimmum d 1 £'(x)
If f'(a) < 0, then @ maximum 21 —cosech " f(x)=
For points of inflection f* (x)=0 dx flx }'\} [ f (J\:)]2 +1

Let x = & be a solution for the above

Test for inflection f(b - k) and b + h)
Change sign or f""(6) # 01f f™(b) exists

22 Increments &z= 9 dx+ 9z 8y + 9z dw
x dy ow

23 Rate of change
dz 0z dx 0z dy+ﬂ dw

dr 9x dt dy di ow dr

dr 9x dr dy dt

INTEGRATION
1 By parts I udv =uv-I vdu

3 Mean value = ! Ibydx
b-a

2 J"’ fx)dx = F(b) - Fa)

4 (RMS) 231_ [y2ax

={1 a
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TABLE OF INTEGRALS
1 x"dx=):nT+lljkc, n#—1 2 I(u+v)dx= Iudx+ jvdx
3 Iaudx=ajudx, a aconstant 4 I[ﬂx)] fix )dx-[ﬁ )]M +c, n#—1

Lh

~J

9

11

1

b3

1

[#S ]

14

15

1

(=]

17

18

19

2

<

2

—

22

I )}(x)} dx= Enlﬂx)|+c

S

j‘f(x)aﬂ”dx=‘;

na

Iffx)cosﬂx)dx=51n fix)+c

I Flxicot fix)dx = énsm fix)+c

6 _[ flxre™dr=e™ +c

8 If'(x}smﬂx)dx=—cosﬂx)+c

10 Iffx)tanﬂx)dx=é’nsecf(x)+c

I flxisec fix)dx = ¢n [sec f{x)+ tan flx)]+c

I Flxjcosec fix)dx = fn [cosec fix)—cot fix)]+c

jf'(x)secz flx)dx=1tan fix}+c
_[ fijcoseczﬂx)dx = —cot ﬂx)_l_c

Jffx)secf(x) tan fix)dx =sec fix)+c

I flxicosec fix) cot fix)dx =—cosec fix)+c

Iffx)smh fix)dx=cosh fix)+c
| fixicosh fixidx =sih fix)+c
j flx)tanh fix)dx = ¢n cosh fix)+c

[ Flxicoth fix)dx = énsinh fix)+c
I fix)sech® fix)dx = tanh f(x)+c
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2

W

Iffx)cosechzﬁ’x)dr=—coth flx)+c

2

EiS

[ Fixpsechfix) tanh f(x)dx =—sechfix)+c

25 J' Fixicosech fix) coth fix)dx = —cosech fix)+c

26 P—”de=—larccoth(ﬁj+c
Jffp-a? @ a

27 Pﬂ-—dx:larctanh(f(x)]+c
Ja-[fp @ a

28 P—L'de:larctan[—ﬁ)m
[Fx)P+a* 4 a

29 f'(x) dx = arcsm( f(x)J +¢
a

30 | [f(J; )(]f)+a2 =arcsmh(M)+c

31 r f'(x) dx = arccosh f(x) +c
I - )
32 [f'(x az—[f(x)]zdx=a—22ar631n(-¥]+f—gx)- a® —[f(x)} +c

33 lf'(x)‘\/[f(x)]2 +a2dx=—azi£n f(x)+ [f(x)F +a’ +j-gx—)\/[f(x)]2+a2 +c

3 [FONTFOT _azdxz_gen FEAF P —a? +@\/[f(x)]2 o e
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TABLE OF LAPLACE TRANSFORMS

Study Guide 2 page 20 and page 51

-1 —
f(1)= L7F(s)} F(s)=L{f (1)}
a a
Ry
n n f
! , n=1,23,
n+l
bi 1
e 5-b
sin at a
52+02
cosat 5
52+£12
sinh at a
Sz - a2
cosh at s
52 - a2
tnebr n! ﬂ=1,2,3,
(s-b)"“
tsin at _ 2as
(.¥2+(12)2
rcosar ﬁ
(.';2+a2 )2
tsinhat 2
(52_a2)2
tcoshat 2442
(s2-a%)?
bt a
e sinat
(5—-b)2+a2
¢” cosat “‘2”)
{s-b) +a?
e™ sinh at 4
(s—b) -a*
¢” coshat =)
(s-b) -a®
H (t - c) e
kY
H(t—c)Flt-c) e f(s)
8(! — a) e ™

Study Guide 2 page 55

L{f"O}=F()

L{ft)}=5sF(s)~f(0)

L{f "} =5*F(s)-sf ()~ £(0)

L{f"0O}=5F(5)-5"f(0)—sf (0)— f"(0)
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