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~ QUESTION 1
Solve the following differential equations:
11 2x(y+1)dx-ydy =0, given that if x=0 then y = -2, (6)
dy y .
1.2 x—-y=xtan; = Hint: Put y =
o [X) [Hin y=vx] (5)
1.3 %—2ytanx= y?tan® x (6)
[17]
QUESTION 2
Find the general solutions of the following differential equations using D-operator methods:
21 (D*-9)y=36"+x-sindx (7)
2.2 (D2~—4D+4) y=92"(x2 +1) 7)
' [14]
QUESTION 3
The conditions in a certain electrical circuit are represented by the following differential
o dEdr :
equation: 10—+ 60—+ =240cos5t. Determine the general and the steady state
di? dt 0,004
solutions for the current, i in terms of ¢, by using D-operator methods. (8)
[8]
QUESTION 4
Solve for only x in the following set of simultaneous differential equations by using D-
operator methods:
(D2 - 1) y+ 5Dx=t
(8)
2Dy -(D? ~4)x=2
[8]
QUESTION 5
Determine the following:
51 L{er*+ H(t-3)+4cos5t) 3)
P 3 3
(s+2)
(6]
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- QUESTION 6
Determine the unique solution of the following differential equation by using
Laplace transforms: y"(t)+6y'(t)+13y(t)=0,1f y(0)=3 and y'(0)=7. (7)
[7]
QUESTION 7

The motion of a mass-spring system, with no friction, I1s given by the equation

ﬂ+y=25(1‘—27r)—2(5‘(t—47r)
daf
with an impulsive force at t =2z and an equal and opposite force at t = 4z.
If y(0)=0 and y’(0)=0, use Laplace transform methods to solve for y. (8)

(8]
QUESTION 8

2 2 \ .

If A =[ ] 5], determine the eigenvalues of A and an eigenvector for A. (6)

(6]
QUESTION 9
Given the function defined by f(x) = x,0< x<2 , find the haif-range Fourier sine
series for f(x) Sketch the function within and outside of this range. (10)

[10]

Full marks = 84
Examiners: First: Ms L E Greyling
Second’ Dr J M Manale

External: Dr. J N Mwambakana
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FORMULA SHEET
ALGEBRA Factors
Laws of indices @’ b =(a-b)la’ +ab+b?)
1. a"xa"=a™" as+b3=(a+b)(a2—ab+b2)
2. au =am—n
a
3. (a"')" =a™ =(a“)m Partial fractions
O f(x) A B C
4. R = = +
? 1“ | Graerblar e rra) (48) G+o)
5 a’=— and a"=—
a a
a® =1 f(x) - A + B C + D
. Jab=alh (x+a)(x+b) (x+a) (x+a) (x+a)* {(x+b)
> (ﬂj =5 flx) Ax+B C
b b"

Definitions. If y=a* then x=log, y

If y=e* then x=4ny
log(AxB)=log A+log B

2. log(—g) =logA-logB

fa—ry

Quadratic formula
If ax’ +bx+c=0

(ax? +bx+ch+d)= (@x® +bx+c) (x+d)

—bt+b* —4dac
then x=
3. log A" =nlog A 2a
log, A
4., log, A= 8 2
log, a
5. alog,f =f . eenf - f
Determinants
a, a;; d4;
a a4, da a, a
a4y Gy ay|=a,|”? —a,| * 2 +ag| 2
d3; a3 A3 3 a4y A4y
d; a3 A4y

=4a (azzaas —a34y )_ alz(a2la33 —Qy 0y )+ a3 (a21a32 - “31“22)
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SERIES
" | Binomial Theorem

(a+b) =a" +na""b+n—(nz;-—l)a"'2b2 +—n—(£l--_—1)—(£_—2)a""z'b3 + o
and [p]<a
(1+x) =1+nx+ n(n‘_l)x2 + n("-lg’)'("-z) 3
and -1<x<1 .
Maclaurin’s Theorem

_ £ .0 . 10 0 .
f(x)=f0)+ TRy x* + 3 x*+. .+mx +..
Taylor’s Theorem

_ f{a) fa) 2, fa) 3 f"a) net
f(x)—f(a)+T(x—a)+ o (x—a) +-———§E—(x—a) +...+ (n-l)! (x—a) +
f(a+h)=f(a)+%f'(a)+h?2!f'(a)+ ..+%f""(a)+...

COMPLEX NUMBERS
1. z=a+bj=r(cos8+ jsn@)=rfg=re”,

where ;2 =-1

Modulus:  r=|g=4/{a* +5?)
b
Argument: O=argz=arctan—
a

2. Addition:

(a+ jb)+(c+ jd)=(a+c)+ jlb+d)
3. Subtraction :
(a+Jb)—(c+jd)=(a—c)+j(b—d)
4. K m+ jn=p+ jg, then m=p and n=qg
5. Multuphcation: z,z, = r1r2|(91 +8,)

6. Division: L o4 (8, - 8,)

3 N

7. De Moivre's Theorem

[r|§]'l = r"ln_ﬂ =r"(cos n® + jsin n@)
1
8. z" hasndistuinct roots :
18+ k360°

1
" =r

with k=0,1, 2, ...,n-1

Fl
9. re’® =r(cos®+ jsin@)
ER(reﬂ’)= rcos 0 and S(reja)= rsin @
10. e“** =¢" (cosb + jsinb)
11. tnre”® =tnr+ J0
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GEOMETRY
y=mx+c
y—w =m(x_x1)
-1

Perpendiculars, then m, =—
m,

1. Straight line:

2. Angle between two lines.
tan® =1 "2
l+mm,
3. Circle:
¥+ yz -2
(x—n) +(y—k)* =r?
4. Parabola:
y=ax’ +bx+c

axis at x=—

2a
5. Ellipse:
2 2
x—2+y—2—-1
a b
6. Hyperbola:
xy=k
2 2
x° Yy
——=—=1 {round x - axis
at b ( )
2 2
LIRS A (round y-ax15)
a b

MENSURATION

1

2.

4.

=

=]

Circle (O 1 radians)

Area =7nr?
Circumference = 2nr
Arclength s=r0

Sector area =~ 1?0 =1 s
2 2
Segment area = %rz (0 —sin 0)

Ellipse.
Area = ab

Circumference = n{a + b)
Cylinder:
Volume =nr’h

Surface area = 2nrh + 2nr’
Pyramud:

Volume = % area base X height
Cone:
Volume = %nrzh

Curved surface = 1tré
Sphere:
A=4mnr?

|4 =il-ﬂ:r3
3
Trapezoidal rule:
+
A2y ey,

. Simpsons rule:

A=§((F+L)+4E+2R)

Prismoidal rule

V=-2(A, +44, + A,)
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HYPERBOLIC FUNCTIONS

X -X

e —e
2
e +e

sinhx =

Defimnions: coshx =

-X

e —e

tanh x =
-X

e te
Identities:
cosh? x —sinh? x=1
1-tanh? x=sech’x
coth? x —1=cosech’x
sinh” x = % (cosh 2x —1)

cosh” x =%(cosh 2x+1)

sinh 2x = 2 sinh x cosh x

cosh 2x =cosh? x +sinh? x

=2cosh?® x—1

=1+2smh? x

TRIGONOMETRY
Idennties
sin 20 +cos’9=1
1+tan’@=sec’@
cot?@ +1=cosec’0
sin(-0) = -smmb
cos (-8) =+ cosf

tan (-0) = - tan9
tanB = sind
cosO

Compound angle addition and subtraction
formulae:

sin(A +B) =sinAcos B+cos Asin B

sin(A - B) =sinA cos B -cos Asin B
cos(A+B)=cosAcos B-smAsmB
cos(A-B) =cosAcos B+smAsin B

taﬂ(A-i-B): tan A +tan B
l—-tan Atan B
tan(A - B _tanA-tanB
I+tan Atan B
Double angles:

sin2A=2smAcosA
cos 24 = cos’A — sinA
=2c0s%A - 1
=1-2sin’A
s’ A = 14(1 - cos 24)
cosZ A = ¥(1 + cos 24)
_ 2tan A

Products of smnes and cosines mtoc sums or
differences.

sinA cos B= Ya(sin (A + B) + sin (A - B))

cos A sin B=Y2(sin (A + B)-sin(A - B))

cos A cos B =Y2(cos (A + B) + cos (A - B))

sin A sin B = -Y2(cos (A + B) - cos (A - B))

Sums or differences of sines and costnes 1nto
products:

+ p—
sinx+smy= ZSln[x > y}cos[x y]

2
sinx —siny = 2cos| Xty sin| 222
2 2
X+y x—y
cosx +cosy = 2cos cos§
7]
COSX —COSy = —2sin Xy sin| 2
2 2
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.| DIFFERENTIATION 10-L s~ )=t P
dx / 2
1-1f(x)
dy ., flx+h)-flx) U. |
1'&;:11-13 h ll.icos“1 f(x)z—_f—(—x)——
Lo = VI-[r @
dx 129 an1 f=-d D
3.3; ax" =anx™" dx 1+[f )P
d o 13 %ot~ £(x) =;f'%
4-Ef-8=f-g+g-f dx 1+[f ()]
d f_g-f'_fg' 14 iSCC_]f(x)= f'(x)
s 21 8778 :
dxg gt & FONIF@P? -1
6L @) =nlf ol £ 15,9 cosec™ ()= — LD
dx dx )J 5
dy dy du dv flx [f(x)] -1
"o 16 Lsinh~! fry=—ZL O
8. Param;tnc equations dx 1/[f(x)]2 +1
A d -1 f(x)
_dlz 40 17.—cosh  ~ f(x)= ——r0
e & Vol -1
o d, -1 £
18.-—tanh f(x):__
ity %(%J dx 1-[rP
a? dx 19.7:13;5--c0th_1 f(x):Wf’)(]xz)—1
do X)) -
9. Maximum/minimum d -1 — f'(x)
: - Yy — 20.—sech " f(x)=
For turning points f'(x) =0 dx
Let x = a be a solution for the above FlxWi- [P
If f'(a) > 0, then a4 mimmum 01 d cosech™ lf(x) £1(x)
If f'(a) <0, then a maximum T =
For points of inflection ' (x) =0 o f (xN [f(x)]2 +1

22. Increments. &z = 9z Ox + iZ—.S y+ 9z Sw
ox oy ow

23. Rate of change:
dz 0z dx+8z dy 0z adw

@ 9x dt dy dt

INTEGRATION
1. Byparts: _[udv=uv-j vdu

1 ¢t
3. Mean value =—| vydx
b-a L Y

2 | " fix)dx = F(b)— F(a)

a_ 1 o 4
4. (RMS) _}:E{L ytdx
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TABLE OF INTEGRALS

ok

L

Lh

~]

9.

1

—

12

13.

14.

15.

16.

17

18.

19.

20

21.

x[n+l }
I x"dx -‘=—+1-+C, n#~1
n

j audx = aj udx, a aconstang

I %dx=€n|ﬂx)|+c

I f(x)aﬂ"dx=ﬂ+c
fna
_[ flx)cos fix)dx =sin flx)+c

I flx)cot flx)dx = tnsin fix)+c

| flxasec fixydx = tnfsec fix)+tan fix)]+c

_[ flx)sec? fix)dx =tan fix)+c
I flxjcosec’ flx)dx = —cot fix)+c

I flx)sec fix) tan f{x)dx =sec fix)+¢

[ flxpsmh fiedx = cosh fix)+c
I fix)cosh fix)dx=smh fix)+c
X I flx)tanh fix)dx = £n cosh fix)+c

f Sfix)coth flx)dx = £nsinh fix)+c

22. I Flx)sech® fix)dx = tanh f(x)+c

I flx)cosec fix)dx = £n[cosec fix)—cot flx)]+c

I fix)cosec fix).cot fix)dx =—cosec fix)+c

[N

. J-(u+v)dx=.[ udx+_[ vdx

. *[f(x)]nﬂ _
4. [ [fx)] fdy =22 —e, n# -1
6. J'ff’Jtc).e"mdx=e""J +c
8. Iffx).smf(x)dx:—cosf(ch

10. [ flxptan fix)dx = tnsecfix)+c
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23 I flxicosech? fixjdx =—coth f(x)+c
24. [ flxpsechfix).tanh f (x)dx =—sechf{x)+c

25 [ flxkcosechfix).coth fix)dx =—cosech f{x)+c

26. L(")-—-dx arccoth( / (x)]+c
J [f(x)f -a a a

27. P—m—dx=larctanh(f (x)J+c

[ @ e

28 :#)’](z-l-;—dx— arctan( )

29. :\/ f{:(x dx = arcsm(f ]

30. f\/[f();)(]z-'-a 'L\r—arcsmh(f ]+c

31, d ‘/[fx 'lr arccosh( ]+c

2. | N[ = Sarcsnl L))o LB GG e

a

Fl e+ LG v+

f(x)+JLf(x)]2-a2\+@\/[f(x)12—a2+c

33 [FONFGF +a2dx=a—22£n

34. ]f’(x [f(x)]z—azdx=—§£n
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TABLE OF LAPLACE TRANSFORMS

Study Guide 2 page 20 and page 51

f(1)= L7{F(s)]

F(s)=Lf ()}

a a
5
n ﬂ'
! 2 a=12.3,
n+l
bt 1
€ s—b
sin at a
Sz +02
cosat 5
st+a?
sinh ar a
2 2
s —a
cosh at s
2 2
§ —d
a bt 1
t'e L n=1273
(s_b)ll+l
fsin at 2ays
(.rz-l-a2 )2
tcosat gt
(s24a%)?
tsinh at 2as
tcoshat s 4q®
a2
bt . a
e sinar
(s-b) +a?
e” cosat (*‘“_j’)
(s-b) +a?
¥ sinhat a4
(s—b) —-a?
e” coshat (s-b)
(s—b)*—a®
H{t-c) e
5
H(I—C).F(t—(:) ewc“f(s)
3t —a) e

Study Guide 2 page 55

L{fO}=F(s)

LA{f'®}=5sF(s)-f(0)

L{f"®)}=s>F(s)~sf(0)- £'(0)

L{f"(0) =5’F(s)-s*£(0)—5f'(0)— £ "(0)

@
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