CHAPTER

SwAP MARKETS AND CONTRACTS

LEARNING OUTCOMES

After completing this chaprer, vou will be able 1o do the following:

W Describe the characteristics of swap contracts.

® Explain how swaps are ierminated.

B Define and give examples of the types of curmency swaps,

W Calculate the paymenis on a CUrTency swap.

® Define and give an example of a plain vanilla imerest rate swap,

B Calculate the payments on an interest rate swap.

B Define and give examples of the types of equily swaps.

B Calculate the payments on an equily Swap.

B [nstinguish between the pricing and valuation of swaps.

® Explain the equivalence of swaps to combinations of other instruments.

B Explain how interest rate swaps are equivalent 1o a series of off-market foreard
rate agreements (FRAs).

8 Expluin how a plam vamlla swagp iz equivalent to a combination of an interest
rafe call and an interest rate put.

B Determing the fixed rate on a plain vanilla interest rate swap and the market
vatlee of the swap during its life.

B Determine the fixed rate, if applicable, and the foreign noticnal principal for a
given domestic notional principal on a currency swap, and determine the
market values of each of the different types of currency swaps during their
lves,

m Determine the fixed rate, if applicable, on an egquity swap and the market
values of the different types of equity swaps during their lives,

® Define, explain, and interpret the characteriztics of swaptions, including the
difference between paver and receiver swaptions.

® Explain why swaptions exist and give examples of how they are used.

m Show how the pavollz of an interest rate swaption are like those of an option
o1 A coupon-bearing bond.

8 Calculate the value of an interest rate swapdion on the expiration day.

® Explain how the market value of a swagption at expiration can be recerved in
different ways.
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Solutions 267

Ni—031) = 1 — Ni0.31) = 1 — 06217 = 03783 = Nidy)
The value of the call option iz
¢ = 144.030.4325) — 150~ MFTHOITRING 3TRT) = 5926

Consistent with the equivalence of options on the underlying and options on the
forward contract, this value 15 the same as the value of the call option on the for-
ward contract in Part A (the slight difference comes from rounding).

C. The values for N{d, )} and MN{d.) are the same as in Part A, Putting these values into
the formula for the put option in the Black model produces

p = e FOETOITENO SO0] — 0.3783) = 145(1 = 0.4325)) = 10894

Dy The valwes for M(d, ) and N{d;) are the same as in Part B. Puiting these values inio
the formula for the put option in the Black=Scholes=Meron model produces

p = 150" 0ETERITENG 0 3783) ~ 1440301 —~ 0.4325) = 10.897

Consistent with the equivalence of options on the underlying and options on the
forward contract, this value 15 the same as the value of the put option on the for-
ward coniract in Part C (the slight difference comes from rounding).

20, A, Calculate the values of dy and da. The time 1o exparation 15 T = 1800365 = (L4932,
_ In{0.0725/0.075) + [(0.04)°/2](0.4932) _

d — 11928
! 0.04%/0.4932
dy = —1.1928 — 0.04% 04932 = —1.2209

Using the normal probability table,
Ni—1L19) = 1 — N{L.19) = | — 0.8E30 =0.1170 = N{d,)
Mi=122y =1 — N{1.22) = 1 — (L8888 = L1112 = Nid,)

The value of the call option 1s
¢ = o PSRN0 0T2500.1170) = 0L075(0.1112)] = 0.00013903

This value is computed based on the assumption that the option payolf 15 made st
expiration. For the 90-day interest rate option, however, the payment is made 90
days after expiration. 5o, discount back 90 days:

000013903 ITHE0N = 1 00013657
Comvert to perodic rate bused on o 90-day rate and using the customary 360-day vear.
00001 365T(HNI60) = 000003414

B. The values of N{d, ) and MN{d.)» are the same as in Par A, Plug these values into the
Black model for the pat option.

p = "IN 07501 — 0.00112) — 0072501 = 0.11700] = 000257813
Mow discount back 90 days:

0LON25 TR 3~ MOTIHIGES) < ) 0253245
Convert to periodic rate hased on 90-day rate:

0.00253245(900360) = 000063311
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(overpriced) will vield a nsk-free profit of 39 — 3841 = 3059 The mitial up-
froat cash is generated as follows:

Transaction
Sell pui 9
Huy synthetic put
Long call =35
Shont forward 1]
Long bond =491
Total 0.59

As shown below, ar expiration no cash will be received or paid out

Value at Expiration

Transaction S5r = 50 Sp = 50
Sell put —{50 — Sy) 0
Buy synthetic pur
Long call 0 S = 50
Short forward —(Sr — 45) —(Sy — 45)
Long bond 50— 45 S0 — 45
Todal Ll ]

19, A. First calculate the values of d; and d,. The time to expiration, T = 657365 = (L1781

_ In{145/150) + [{0.03)°72)0.1781) _
0,33%0,1781

d: = 01738 — 033 (L1TEL = —02313]

d, —0.1738

Using the normal probability tawble,
Mi=017T =1 = Ni(.17) = 1 = 0.5675 = 04325 = Nid,)
Ni=03ly = 1 = N3} = 1 = 06217 = 03783 = Nidy)
The value of the call option is
g = ¢ WIETHRTEIN 1 45(0.4325) — 15000.1783)] = 5.928

B. With no cash Mlows on the underlying and continuously compounded interest, the
price of the underlying asset can be calculated as

SD = [45¢ QEETEI I TR = iq'd'.{:ﬁ
Mow wse the Black-Scholes-Menon model:

_ In{144.03/150) + [0.0375 + (0.33°2)0.1781) _
di = 0.33v0.1781 0.1740

dy = <0174 = 0.33VOLITEL = 03133
Uzsing the normal probahility table,
Ni(—0.171 =1 — Ni0.1T) = 1 — 0.5675 = 0.4325 = Nid,)

. h— . e — - — ——

S
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18. Call price, cp = 53.50
Put price, pg = 59
Exercise price, X = 150
Forward price, F{0,T) = $43
Driy=s to option expiration = 175
Risk-free rate, r = 4 percent
Time to expiration = 1757365 = (0.4795
Bond price = [X — ROTINI + 17 = (50 — 450 1+.04)"7 = $4.91
A. Synthetic call = Long forward + pa — [X = FIOTINI + 0" =0+ 9 = 49] =

4.09

Synthetic put = ¢, + Shon forward + [X = FOTIAL + 0" = 35 + 0 4

4.91 = §41

Synthetic forward = ¢, = py + [X = FOTIAL + 07 =38 =04 409 = —059

B. Instrument Actual Price Synthetic Price Mispricing/Profit

Call 3,50 4.09 (L59
Pur 4 E.41 (.55
Forward L .59 0,59

C. The actual call is cheaper than the synthetic call, Therefore, an arbitrage transac-
tion in which you buy the actual call (underpriced) and sell the synthetic call (over-
priced) will yield a risk-free profit up front of $4.09 — 53,50 = 30.59. The initial
up-front cash is penerwted as follows:

Transaction

By call =3.5
Sell synshenc call
Short forward 0
Short pur 9
Long bond —4.%1
Teaal .59

Mg shown below, al expiration no cash will be received or paid out,

Yalue at Expiration

Transaction Sr = R0 St = 50
By call 0 Sp — 50
Sell swithetic call
Short forwand —{&%p — 45) ={5¢ — 45)
Short put —(50 — 5q) L]
Long bond 5 =45 5 — 45
Tital 0 L1

D). The actual put is more cxpensive than the synthetic put. Therefore, an arhitrage
transaction in which you buy the synthetic put {underpriced) and =1l the actual pat
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il. For a 35 change in the price of the underlying:

Change in call price = 040035 = £2.0065

Change in put price = —0.5987(5) = —3$2.9935

Approximate new call price = 13144 + 2.0065 = $3.320%

Approximate new put price = 30004 = 2 9935 = 501059

. For a 31 change in the price of the underlying, the approximate new call price of

$1.7157 1= different from but not too far off the actual call price of $1.7538, Sim-
ilarly, the approximate new put price of 32,5007 is different from but ool 1o far
off the actual put price of $2.3388, Therefore, the delia approximation is good ba

not perfect.

For a 55 change in the price of the underlying, the approximate new call price
of 333204 is fairly far off the actual call price of 34,2270, Similarly, the approxi-
mate new put price of 5001059 is quite far off the actual put price of $1.0120

Therefore, the delta approximation 13 not particularly good.
The above comparisons indicate thay the approximations based on delta are
waorse for larger moves in the underlying price.

17. A. First calcolate the values of d; and d;. The time to expiration is T = 275365 =
00,7534, Adjust the price of the asset 5, = 5100 — $4.25 = 395.75

_ In(95.75/100) + [0.03 + (0.45)°2)0.7534)
0.45%0.7534

dy = 0.1420 — 0.45VD.7534 = —0.2486
Using the normal probability table,

Mil14) = 0.5557 = Nid,)

Ni=0.25) = | = N(0.25) = | = 0.5987 = 0.4013 = Nid)
The value of the call option is

c = 95.75(0.5557) — 100 "M 0 4013) = 13,975
The value of the put option is
p = 100”0 — 0.4013) - 95.75(1 — 0.5557) = 15.990

B. First caleulate the values of d, and d;. The time 1o expiration is T = 275365 =
01,7534, Adjust the price of the asset 5, = 10015074 = g 87626

_ In{98.876/100) + [0.03 + (DASYR2]0.7534) _ o 2o4s
0.45%0.7534 '

dy = 0.22423 — 0.45VD.7534 = =0, 1664
Using the normal probability table,
N(0.22) = 0.5871 = Nid,)
N{=0L17) = 1 — N{L.17) = 1 — 0.5675 = 0.4325 = N{da)
The value of the call option is
€ = DEETE(0.5871) — 100w~ "THOTIEYD 4305) = $15.767
The value of the put option 15
p = 100e MO~ 0.4325) — 98.8T6(1 — 0.5871) = $14.656

= {1420

dy

d,
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16, A,

e o

Fricing the hwo-period floorlet
The option values at expiration at 1 = 2 are

prT = Max(00.08 — (L114W1.114 = D
p" = Max(0,0.09 — D.O816)1.0816 = DLOOTE
p = Ma(0,0.08 — 0050110501 = (L03ED
The risk-neuiral probabilicy is
wm=05and] — v =035
Mow find the option prices al ime 1:

. _ 0.5(0) + 0.5(0.0078) _
P 1.0982 0.0036
_ 0.5(0.0078) + 0.50.0380) _

1.0662
The price of the teo-period floorlet today 15

p = 05(0.0036) + 0.50.0215)

= (LO11E
1.0625

FPricing the one-period floorler
The option values at expiration at § = | are

p' = Maxi0,0.08 — D.09E2)1.0982 = 0
p o= Max(0,0,08 = 0.0662)/1.0662 = 0.0223
The price of the one-period floorler woday is
_ D500 + 0.5(0.0223)
1.0625
The price of the two-period floor = 00118 + 00105 = 0.0223

The value of M(d,) is the approximate value of delta for calls and MNid,} —1 is the
approximate value of delta for puts, So, first calculate the valee of d,. The time o
expiration is T = T5/365 = (L2055,

_ In(28/30) + [0.035 + (0.40/12)0.2055) _ _

= (L0105

d 0407 0.2055 0.2
Usimg the normal probability table,
Ni{—025) = 1 — N{0.25) = | — (,5987 = 0.4013 = MNid,}

Therefore, the approximate value of delta for calls is 0.4013 amd the approximate
vilue of delta for puts is 04013 — 1 = — 05987,

« Change in option price = Delia X Change in underlying asset price

Call delta = (L4013

Put delta = =0.5987

i. Fora 31 change in the price of the underlying:
Change in call price = 0,4013(1) = $0.4013
Change in put price = —0,5987(1) = —30.5987
Approximate new call price = 13144 + 04013 = §1.TI57
Approximate new put price = 30004 — 05987 = £2 5007
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15. A,

Mow find the option prices at time 1:

v _ D5(0.0574) + 0.50.0023)
p= DO 00aT2
_ 0.5(0.0023) + 0.5(0) _
P= 1.0662 0.0011
The put price today 15
p= 0.5(0.0272) + 0.5(0.0011) _ 0.0133

10625

The two-period cap with an exercise rale of B percent consists of two caplets, a
one-pericd call on the one-pericd interest rate with an cxercise rate of 8 percent,
and & two-period call on the ane-period interest rate with an exercize rate of 8 per-
cent. Price these capleis separately and sum them to obiain the price of the cap.

Pricing the wo-period caplet
The option values at expiration af ¢ = 2 are

et = Max(00 114 — 0081114 = 00305
' = Max{0,0.0816 — 0,0B¥1.0816 = 0.0015
T = Max{000501 — 00810501 =0

The risk-neutral probability is
7=05ad | — % =05

Mow find the option prices at time 1
ot = 0.3(0.0305) + 0.5(0.0015)

L = 0.0146
_ 0.5(0.0015) + 0.5(0) _
- o 0.0007

The price of the two-peniod caplel today is
o= 0.5(0,0146) + 0.50.0007)

= (L0072
1.0625
Pricing the one-period coplet
The option valees at cxpiration at ¢ = | are

¢ = Maxi0,0.0982 — 0.08V1.0982 = 0.0166
¢ o= Maxi0,0.0662 — 00810662 =0
The price of the one-period caplet today is

_ D5(0.0166) + 0.5(0)
1.0625

The price of the two-period cap = 0.0072 + 0LOOTS = 0.0150

= .0078

« The two-penod floor with an exercise rate of 9 percent consists of two Moorets, a

one-period put on the one-period interest rate with an exercise rate of 9 percent,
and & two-pertod pul on the one-penod interest rate with an exercize rate of 9 per-
cent. Price these floorlets separately and sum them to obiain the price of the floor.
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L0562 = DUOH0COS23) 4 1080907 4)
Mow compute the option prices. At time 2, the prices ane
7 = Maxi00,9426 - 095) =0
e" T = Max(0,0.9977 = 0.95) = 0.0477
¢ = Muax(0,1.0562 — 0.95) = 0,1062
The risk-neutral probability is
m=05and | = 7w =105
Now find the option prices a1 time 1:

_ 05(0) + 0500477 o
10982 0.021

_ _ DS(0.0477) + 0.5(0.1062) _
c T = 0.0722

The call price wday js

o = D5(0.0217) + 0.5(0.0722)
1.0625

- First calculate the payoff values of the put at expiration in two periods.
P = Max{0,0.85 — 0.8063) = 00437

pT = Max(0.0.85 — 0.8553) =0

p - = Max(D0.E5 = 09074 =10

= 00442

The risk-neutral prohability is
m=05and | —w =05
Mow find the option prices at time 1:
p* = 050000437 + 05000

L0822 = 0oiss
- _ D5(0) + 0.500) _
P 10662 t
The put price today is
b= 0.5(0.0199) + 0.5(0) _ 0.0094

L.OG25

« The prices af time 2 of the 8 percent coupon bond with $1 face value are the same
as in Part B,

The payoff values of the put at expiration in two periods at t = 2 are
p'" = Max(0,] — 0.9426) = 0,0574
p = Max{0,1 — 0.9977) = 00023
p- = Maxi,] — 1.0562) =0
The risk-nentral probability is
m=05and ]l —w =105
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14. A, Because the underlving is a four-period bond, redraw the interest rale tree o
include only the four-year maturity bond prices,

13.00%
(LERSD
11.40%
0, 8063
QEIE 9725
(. 7565 nand
6.25% £.165%
07450 08553
6.62% 651%
& 266 DalRE
S01%
(0, %74
R Fa
09669

Because the call expires in two periods, first we must caloulate the payolT values
of the call af expiration in two pericds using the bond prices at time 2 in the shove
Lrese,

e’ = Max(0,0.8062 — 0.85) =0
¢t = Maxi(L0.8553 — 0.85) = (L0053
¢ = Max{D0.9074 — 0L.85) = 00574
The rizk-neutral probability is
#=05and] - 7 =035
Mow find the option prices at fime 1:
ot = 0.5(0) + 0.5(0.0053) _

109482 0.0024
_ _ 0.5(0.0053) + 0.5(0.0574)
[ D662 = (054

The call price today is
. — D5(0.0024) + 0.5(0.0294)
10625

B. Because the bond expires in two periods, first we have to calculate the prices of
the 8 percent coupon bond with $1 face value st t = 2. Attt = 2, the bond is a two-
period bond. Consider the wop node af t = 2, The one-and tero-period zero-coupon
bond prices are (L8977 and 0.8063, respectively. Therefore, the coupon bond price
at the top node att = 2 s

05426 = OLOS{0LEITT) + 1ORB0R0G63)
Similarly, the coupon bond prices at the middle and bottom nodes &t © = 2 are
0.9977 = QL0RM0.9246) + 1.0B(0,8553)

= 00150
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C. Exercize price, X = 570

Stock prices in the hinomial tree, one and two penods from now are
5% = Su = 65(1.20) = §78
57 = 8d = 65(0.83) = $53.95
57" = S0’ = 65(1.2001.20) = $93.6
577 = Bud = 65(1.200(0.83) = 564,74
5 = &d" = 65(D.EIN0.E3) = $44.78

Put option values at expiration two periods from now are
pr T = Max(0,70 — 93.6) = 30
Pl = Max{D,70 — 64.74) = 5526
P = Max(0,70 — 44.78) = $25.22

The risk-neutral probability is

o = 105 — 0.83
1.200 = 0.83

Mow find the option prices at time 1:

= (L5946, and | = & = 0.4054

. (U5946(0) + 0.4054(5.26)
P 1.05

_ DSUG(5.26) + 0.4054(25.22)
L

The put price today is

. 0.5946(2.03) + 0.4054(12.72)
p= 1,05

= $2.03

= $12.72

= $6.06

. The hedge ratios at each point in the binomial tree are calculated as follows:

Al the current stock price of 365,

P —pt _ 1272203 _
M= gt — 5 T8 -s3gs S

Therefore. today at time 0. the risk-free hedge would consist of a long position in
000D pets and a long position in 4,445 shores of the underlying stock.
At stock price 57H,

ot = prT=ptt 5260

877 —-8"" 036 - 6474

Therefore, wday at time 0, the risk-free hedge would consist of a long position in
10, puts and a long position in 1,823 shares of the undedving stock.
At stock price $53.95,
__p T =p'n _ 2512536 _

87T -8 6474 - 4478

= (I.1823

Mow, the risk-free hedge would consist of a long position in 10,000 puts and a long
position in 10,000 shares of the underlyving stock.
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Mow find the option prices at time 1:
pt = 0.504600) + 0,4054(0) - &0

1.05
p = D346(0) +].1£1'.54u5=1{15.:2] ~ $5.88
The put price oday is
p = 2:3938(0) TI&WE"EE} = 5227

. Unlike the hedge portfolio for calls, which has the opposite positions in the rwo

instrurnents {calls and underlying stock), the hedge portfolio for puts has the same
positions in the two instruments, Therefore, the current value of the hedge portfo-
lio for puts 15
H=ns+p
The possible values of the hedge portfolio one period Liter ane
H" =n8" +p'
H =n5" +p
Setting H™ equal to H™ and solving forn,
— +
n= _F'+_I"_
5 -5
Mote that the above formula is the same as that for the hedge portfolio for calls,
except that the p™ and p~ have switched positions in the numerator. Similarly, the
hedge ratios for the next time point are

. E-r-rE-H-
n _q-l--l-_s-l-—

Al the current stock price of 565,

— +
_p —p _ 588-0 _

"T85 78-5395 02445
Therefore, today at time 0, the risk-free hedge would consist of a long position in
IR puts aned a long position in 2,445 shares of the undetlying stock.
At o stock price of 578,
N _ Ff - P'I-'I' _ ﬂ - |:| _ ﬂ

"t -58"" 035 - 6474
Zero shares of the underlying stock are needed for the long position in puis,
Al a stock price of 353,95,

C_p Rt 1520 o
N T
Mow the risk-free hedge swould consist of a long position in 10,000 puts and a long
position in 7,625 shares of the underlying stock.

n
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I ﬁ%[ﬂ]lzjﬂ.mq@_ _ 0

The call price today 15

_0.5046(13.36) + D.4054(0)
= 1.05

D. The hedge ratios a1 each point in the binomial tree are calculated as follows,

— §¥7.57

At the current stock price of $65,
et —c” _ 1336-10
§T -8 78 -5395

Therefore, today at time 0, the risk-free hedge would consist of a shont position in
10,000 calls and & long position in 5,555 shares of the underlying stock.

= [1.5555

n:

At a stock price of $78,

T e M- el |
§*T =8TT 936 - 6474

Mow, the risk-free hedge would consist of a short position o 10,060 calls and a

long position in 8,177 shares of the underlying stock.

At a stock price of 33395,

e 0—n
n e —

il = (LEITY

ST o5 Gh74-4aT8 0

Zero shares of the underlying stock are needed for the short position in calls,

13. Current siock price, 5, = 365
Up move, u = 1.20
Do move, d = (LE3
Risk-free rate, r = 5 percent
A, Exercise price, X = 360

Stock prices in the binomial tree one and two periods from now are
87 = Su = 65(1.20) = 378
5~ = Sd= A5(0.683) = $53.95
Y = Su® = 65(1.20)(1.20) = $93.6
Y7 = Sud = 65(1,2000.83) = $64.74
57 = 84° = 65(0.83H0.83) = $44.78
Put option values at expiration two perods from now are
p'" = Max(0,60 = 93.6) = 30
p' = Max(0,60 — 64.74) = 30
p- = Max(060 — 44.78) = 515.22
The risk-neutral probability 1=

o 105 — 083
.20 — 0.R3

= (L5946 and 1 — 7 = 0.4054
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h—_—

The call price today is

_ 0.5946(20.86) + 0.4054(2.68)
1.u5

c = 51285

B. The hedge ratios at each point in the binomial tree are caleulsied as follows:
Al the current stock price of 363,

et = ¢ _ 20.86 - 268

5 =8 J8—sigs 078

i I

Therefore, today at time 0, the rsk-free hedge would consist of a short position in
10,000 calls and a long position in 7,559 shares of the underying stock.

Al a stock price of 378,

s_ett—ctT 336 -—474

= e

§'T — 5 936 - 6474

Now the risk-free hedpe would consist of a short position in 10,000 calls and a
long position in 10,000 shares of the underlying stock,

At a stock price of $53.93,

m |

n =r.:‘_—-|:"-= 474 — 0
8 -8 64,74 — 4478

= (.2375

Mow the risk-free hedpe would consist of a short position in 10,000 calls and a
long position in 2,375 shares of the underlying siock.

C. Exercise price, X = 570
Stock prices in the binomial trec one and two periods from now are

87 = 5u = 65(1.20) = 5§78
5 = 5d = 65(0.83) = 553.95
5% = 8u? = 65(1.20)(1.20) = 593.6
Y7 = Sud = 65(1.20)(0.83) = $64.74
§ = 5d" = 65(0.83)(0.83) = $44.78
Call option values at expiration two periods from mow are
't = Max(D93.6 — 70) = $23.6
¢ = Max(Dp4. 74 — T0) = $0
C = Maxi{D44.78 — 70H = 30
The nsk-neutral probability 15

- 105 - 083
1.20 ~ 0.83

Now find the option prices at time 1:

= (L5946, and 1 — o = 0.4054

. 0.5946(23.6) + 0.4054(0)
© T 1,08

= }13.36
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C. If the current put price is $11. it is underpriced. In order to create a hedge portfo-

lio, we should buy the put and buy the underlying stock. The hedge ratio is
p—p __0-225
5 -5 1995 — 127.5
For every option purchased we should buy 0.3125 shares of stock. [T we buy
10,0000 puts we should buy 3,125 shares of stock,

= —(L.3125

n=

Buy I0JM0 puts at 11 = = 110,000
Buy 3,125 shares at 150 = — 468,750
Met cash flow = —57TH, 750

That is, we invest $578, 750,
At expiration, the value of this combination will be
B 12501995y -+ 10,00000) = S623457 1 S = $199.5
FA2H0027.5) + 10,022.5) = 3623 43T if S = 3127.5
A3T

We invested $578,750 for a payoiT of $623,437. The rate of retum is iﬁm -
00772, This rate is higher than the risk-free rate of 0043, '

|_=

12, Current stock price, § = $65
Up maowve, u = 1.20
Down move, & = (L83
Risk-free rate, r = 3 percent
A, Exercise price, X = 360
Stock prices in the banomial tree one and two penods from now are

8% = Su =65(1.20) = $78
57 = 5d = 65(0.83) = $53.95
§°7 = 8o’ = 65(1.200(1.20) = $93,60
§"7 = Sed = 65(1.2000.83) = $64.74
5§77 = Sd%= 65(0.83)(0.83) = 44,78
Call option values al exparation two periods from now are
et = Maxi093.60 = 60) = $33.6
¢ = Max(0,64.74 — 60) = 54.74
¢ = Max{D 44,78 — &0 = &0
The risk-neutral probability is

.05 — 083
= T () S0, a0 - g5 = (L4054
1.20 — (.83 (3946, and 1 = = "

Mow [ind the option prices at tme 1

oo - D596(336) + 04054(4.74) _ o0 o
1.05
- _ 0.5946(474) + 040540) _ o, o

.05
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Al expiration the value of this combination will be
100(20) — BOC1I0) = —5$6,800 if 5S¢ = 110
IOHNO) — BO(85) = —$6,800 if 5. = 85

We generated 36,600 up front and pay back 3680, The rate of relum is
06 BHE600) — 1 = (0303, This bormowing rate is lower than the risk-free rate
of 0065,

1. Current stock price, 8 = $150
Up move, o = 1,33
Down move, d = (L85
Excrcise price, X = 5150
Rizk-free rate, r = 4.3 percent
A, Stock prices one period from now ane

8" = 8u = 1501.33) = £199.5
§ = 5d = 150j0.B5) = $127.5
Put option values at expiration one period from now are
p' o= Muax(0,150 = 199.5) = 30
p- = Max{(,150 — 127.5) = §22.5
The nsk-neutral probability is

045 — (.85
1.33 — LE5

The put price today is

_ D.4063(0) + 0.5937(22.50)
1.045

B. If the current put price is $14, it is overpriced. In order to create a hedge portfolio,
we should sell the put and short the underlying stock. The hedge ratio is

N pr-p __0-225
5t -5 199.5 — 1275

For every option sold, we should sell 0.3125 shares of stock., If we sell 10,000 puts,
we should sell 3,125 shares of stock,

Sell 100000 puts at 14 = 140,000
Bell 3,125 shares at 1530 = 468,750
Met cash Mow = 8,750

Thus, we generate 5608, 750 up front,
At expiration, the value of this combination will be

=3125(199.5) — 10,000(0) = —$623437 if 57 = $199.5
=3 1251275y = 10,0N2L5) = —5623.437 if 57 = 5127.5
We generated $608,750 up front and pay back $623,437. The rate of return is

623437
08, TS0

This bosrowing rate is lower than the risk-Tree rate of 00045,

= 04063, and | = 7 = 0L5937

" = |2.78

= ~(L3]125

1 = 00241
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10, Current stock price, 5 = 5100
Up move, u = 1.1
Dioan move, d = 0LBS
Exercise price, X = 590
Risk-free rate, r = 6,5 percent
A, Stock prices one pertod from now are

8" = 8%u = I0K1.1) = 5110
§ =5 = 100{0.85) = $85
Call option values at expiration one period from now are
¢ = Max(0,110 = 90) = $20
¢~ = Max(0,85 — 20} = 30
The rsk-neutral protabiliny is
1.065 — 0.85
1.1 — 0.85
The call price twoday is

_ D86(20) + 0.14(0) _
= 1063 16.15

B. If the current call price s 217.50, it 15 overpriced. Therefore, we should szl the
call and buy the underlying stock, The hedge ratio 15

_ -0 _
m=Tio—gs 08

=086and | —w =014

For every option sold we should purchase 0.8 shares of stock, I we =211 100 calls
we should buy 80 shares of stock.

Sell 100 calls ar 17.50 = 1,750
Buy B shares at 1000 = =35,
Met cash flow = —6,250

Al expiration the value of this combination will be
S0{110) — 100(20) = $6,800 if 5 = 110

S0(85) — 1000) = $6,800 if Sy = BS
We invested 56,250 for a payoff of 26,80, The rate of return is (68000, 2500 —
I = (L0EE, This rate is higher than the risk-free rate of 0063,

C. 1N the current call price is 314, it is underpriced, Therefore, we should buy the call

and sell the underlving stock, The hedee ratio 1=

p=—2=0 _

110 — &5

For every option purchased we should sell 0.8 shares of stock. If we bay 100 calls
we should zell 80 shares of stock,

0.8

Buy 100 calls at 14 = — 1,400
Sell 80 shares at 100 = §,000
Net cash flow = 500

Thus, we generate 36,600 up froni.



252

Chapter 4 Option Markets and Contracts

Time to expiration = 139365 = 03808

Current stock price, 5, = $67.32

Bond price = X1 + " = 7041 + 0,05 = $68.71

A. Synthetic call = py + Sy — XA1 + )T = 6.8 + 67.32 — 68.71 = 55.41
Synthetic put = ¢, + XA1 + 17 = 8 = 4.5 + 6871 — 67.32 = $5.89
Synthetic bond = py + Sy — cp = 6.8 + 67.32 — 4.5 = $69.62
Synthetic underlying = ¢p + XA1 4 1)7 = po = 4.5 + 68.71 — 6.8 = $66.41

B. Instrument Actual Price Synthetic Price MispricingProfit
Call 4.50 5.41 .91
Put 6.80 5.89 0.91
Bond 68,71 69,62 091
Stock 6732 G4 .91

Thus, the mispricing is the same regardiess of the instrument used 1o look ar it
C. The actual call 1s cheaper than the synthetic call. Therefore, an arbitrage transac-
tion where you buy the call {underpriced) and 22l the symihetic call (overpriced)
will yield a risk-free profit of £5.41 — $4.50 = $0.91.
As shown below, at expiration no cash will be received or paid out,

Value at Expiration

Transaction Sp = 70 =0
Buy call 0 S — 70
Sell synchetic call
Short put ={T0 = S7) 0
Short stock =&y =87
Long bond 70 70
Tintal 0 L

[, The actual pul is more expensive than the synthetic pul. Therefore, an arbitrage
iransaction in which vou buy the synthetic put (underpriced) and sell the put {over-
priced) will yield a risk-free profit of $6.80 — $5.89 = 30.91. As shown below, at
expiration no cash will be received or paid out,

Value at Expiration

Transaction 5 = 7D r =70
Sell pui =70 — S¢) 0
Buy somthetic put
Long call 0 S, — 70
Long bond 70 70
Shaort stock =St —5t
Total 0 0
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Maximum value for the call: Oy = 5, = $1.05
Lower bound for the call: Cp = Max[0,1.05 — 0.9541.055)" ') = s0.11
Maximum value for the put: Py = X = 30.95
i Lower bound for the put: Py = Max(0,0L85 — 1.05) = 50
' i, X = 51.10
Maximum value for the call: T = 5, = 3105
Lower bound for the call: Cp = Max[0,1.05 = 1L10W 10551544 = 30
Maximum value for the put: Pq = X = $1.10
Lower bound for the put: Py = Max{0, 110 = 1.05) = 5005
B. 5, = 105, T = 6365 = (L1644, X = (.95 or 1.10, European-style options
. X = 50.95
Maximuom valuee lor the call: o = 55 = 3105
Lower bound for the call: ¢ = Max[0,1.05 — 0,951 1.055)™"%4] = 50,11
Maximum value for the put: py = 0.9501.055)™" = 50,94
Lower bound for the put: p, = Max[(L0.95/41.055)™ %4 — 1.05) = 0
il. X = %110
Maximum value for the call: ¢y = 5 = 5105
Lower bound for the call: ¢ = Max[0,1.05 = 1104 1.055)™'%%) = $0
Maximum value for the put: p, = 1100105515 = £1.09
Lower bound for the put: p = Max[0, 1106 1.055" "™ — 1,05) = $0.04

8. We can illustrate put—call parity by showing that for the fiduciary call and the protec-
tive put, the current values and values ol exparstion are the same.,
Call price, o, = 56.64
Pul price, p, = 52.75
Exercise price, X = 330
Risk-free rate, r = 4 parcent
Time to expiration = 2197365 = 0.6
Current stock price, 5, = 533,19
Bond price, X/(1 + )" = 3061 + 0.04)™" = 5203

Value at Expiration

Transaclion Current Value S5y = 20 5y = 40
Frduciary call

Buy call .6 0 40 — 30 = 10
Buy bond 29,30 30 30

Toual 35.04 30 40
FProrective pur

Buy pur 275 = 20=10 0

Buy stock EX R 200 Al

Total 15094 30 40

The valwes in the table above show thar the cirrent values and valves al exprration for the

fiduciary call and the protective put are the same. That is, cq + X401 + )" = py + S5
9, Call price, ¢y = 3,50

Put price, py = 36,810

Exercise price, X = $70

Risk-free rate, r = 5 percent

PTG 2 e S
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SOLUTIONS

"

1. A 8 = 579.32
i. Call payoff, X = 450 Max(0,579.32 — 450) % 100 = $12,932
ii. Call payoff, X = 650: Max(0,579.32 — 650) » 100 = 0
B, S5y = 57932
i. Put payoff, X = 450 Max(0,450 — 579.32) » 100 = 0
ii. Put payoefl, X = 650 Maxi{0,650 — 579.32) = 100 = 37 068

2. A. S; = §0.95
i. Call payoff, X = 0.85: Max(0,0.95 — (L85) % 100,000 = 10,000
ii. Call payoff, X = 1.15: Max(0,0.95 — 1.15) * 100,000 = $0
B. 5¢ = 3095
i. Put payoff, X = 0,85 Max(0,0.85 — 0.95) = 100,000 = $0
ii. Put payoff, X = 1.15: Max(0,1.15 — 0.95) > 100,000 = $20,000

3. AL 54 = 00653
i. Call payoff, X = 0.05: Max(0,0.0653 — 0.05) > {180/360) % 10,000,000 =
76,500
ii. Call payoff, X = 0.08: Max(00.0653 — 0.08) % (180/360) * 10,000,000 = 0
B. 5¢ = 00053
i. Put payoff, X = 0.05: Max{0,0.05 — 0.0653) % (180V360) 3 10,000,000 = 0
i, Put payoff, X = 0.08: Max(0,0.08 — 0.0653) 3 (180/60) % 10,000,000 =
75,500

4. A, 8; = 81438
i. Call payoff, X = 1.35: Maxi0,1.438 — 1.35) = 125,000 = £11,000
i, Call payoff, X = 1.55: Maxi0,1.438 — 1.55) > 125,000 = $0
B. 5 = 51438
i. Put payoff, ¥ = 135 Max(0,1.35 — L438) = 125,000 = $0
. Put payoff, X = 1.55: Maxi0,1.55 — 1.438) x 125,000 = 514,000
5. A 5; = 113676
i, Call payofl, X = 1130 Max(0.1136.76 — 1130) % 1,000 = 56,760
il. Call payoff, X = 1140: Max(0,1136.76 — 1140) % 1,000 = 0
B. 5; = 1136.76
i Put payoll, X = 1130: Max(0,1130 — 1136.76) * 1,000 = 0
il. Put payoff, X = 1140: Max(0,1140 — 1136.76) = 1,000 = $3 240

6. A, 5, = 124089, T = 750365 = (LHI55, X = 1225 or 1255, call options

i X =1225

Maximum value for the call; ¢y = 55 = 124089

Lower bound for the call: o, = Max[0,1240.89 — 12254 1.03)"*) = 23.31
i, X = 1255

Maximum valuee for the call: ¢, = S = 1240,80

Lower bound for the call: o, = Max[0,1240.89 — 1255/41.05"™] =0

B. S; = 124089, T = 75/365 = 0.2055, X = 1225 or 1255, put options

i X o= 1225

Muximum value for the put: p, = 1225/1.03)" ™ = 1217.58

Lower bound for the put: pg = Max[0,1225/0(1,03)" ™% — 1240.89] = 0
ii. X = 1255

Maximum value for the put: py = 12554 1,03 = 124740

Lower bound for the put: pg = Max|[0,1255/41.03)"*% — 1240.89) = 6.51

7. Al 5p = 104, T = 60365 = 0.1644, X = 095 or 1.10, American-style oprions
i. X = 3095
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0. A. An inferest rate call option based on a H-day underlying rate has an exercize rafe
of 7.5 percent and expires in 130 days. The forward rate is 7.25 percent, and the
volatility is (.04, The continwously compounded risk-free rate is 5 percent. Cal-
culate the price of the interest rute call option using the Black model.

B. An interest rate put option hased on a 90-day underlying rate has an exercise rale
of 7.5 percent and expires in 130 days. The foreard rate is 7.25 percent, and the
volatility is 0004, The continuously compounded risk-free rae is 5 percent. Calcu-
late the price of the interest rate put option wsing the Black model.
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17.

18,

19.

A, From the Black—Scholes—Merton model, obtain the approximate values of the call
delta and put delta if the underdying asset price is 528,

B. Uszing the call delta and put delia obtained in Part A and the call and put prices
given in the problem for the asset price of 528, caleulate the approximate new call
and put prices for a

i. %1 increase in the price of the underlying asset
il %5 incresse in the price of the underlying asset

C. Based on a comparison of your answers in Part B with the actual call and put
prices given in the problem, what can you say about the approximations hased on
delta?

Consider an asset that trades at 5100 today. Call and put options on this asset are avail-
able with an exercise price of 2100, The oplions expire in 275 days, and the volaulity
is (.45, The continuwously compounded risk-free rate is 3 percent.

A, Calculate the walue of European call and put options using the Black—5choles—
Merton model, Assume that the present value of cash Nows on the underlying assel
over the life of the options is $4.25.

B. Calculate the value of European call and put options using the Black—5choles—
Meron model. Assume that the continuously compounded dividend vield s

1.5 percent.

Consider the following information on put and call options on an assel:
Call price, ¢y = $3.50
Put price, pp = $9
Exercise price, X = 350
Forward price, FI0,T} = 343
Dravs to option expiration = 175
Rizk-free rate, r = 4 percent
A, Use put—call-forward parity to calculate prices of the following:
i. Synthetic call option
il. Synthetic put oplion
ili. Synthetic forward contract
B. For cach of the synthetic instruments in Part A, identify any mispricing by com-
paring the actual price with the synthetic price.
C. Based on the muspricing i Part B, illustrale how w eam a risk-free profic using a
symthetic call.
D. Based on the mispricing in Part B, illustrate how to eamn a risk-free profit using a
synthetic put.

A forward contrect is priced at 145, European options on the forward contract have
an exercise price of 150 and expire in 65 days, The continuously compounded risk-
free rafe is 3.73 percent, and volatility is (L33,

A. Calculate the price of a call option on the forward contract using the Black
madel.,

B. Calculate the price of the underlying asset. Calculate the price of a call option on
the underlving asset uwsing the Black—5choles—Merton model. Compare your
answer here with the answer in Part A,

C. Calculate the price of & put option on the forward contract using the Black model.

D, Mow calculate the price of a put option on the underlving asset using the

Black—Scholes—berton model, Compare your answer here with the answer in Pant C,
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15.

16.

the one-perind interest rate and prices of zero-coupon bonds with maturities of one
period, two periods, and three perods, AL = 2, you are provided with the one-perod
interest rate and prices of zero-coupon bonds with maturities of one period and bao
periods. At = 3, you are provided with the one-period interest rate and prices of
zero-coupon bonds with maturity of one period.

13,000
1 1A% (5550
9,82% 08977
(L9 ]0a 08063
i, 255% (L2057 9.T%
0412 (L7565 &.16% 0w114
(1B (15246
[LBDEG .62 % 08553 6,52%
L7450 LR L 0.93HE
0. &Rz 0%
(LE266 04523
(1444 A%
05669

A, Calculate the value of a Buropean call option on a four-period sero-coupon bond.
The call option expires in two pericds and has an exercise price of .83,

B, Calculate the value of 4 Buropean call option on a four-penod 8 percent coupon
bond with a 1.0 face value. The call option expires in two periods and has an exer-
cise price of 0,95,

C. Calculate the value of a European put option on a four-pericd zero-coupon bond.
The call option expires in two periods and has an exercise price of .85,

D. Calculate the value of a European put option on a four-period 3 percent coupon
beoind with & 1.0 face value, The put option expires in two periods and has an exer-
cise price of 1.

Azsuime that the evolution of one-period spot rates 15 sl the same as in Problem 14,

that is, the same three-period hinomial interest rate tree stll applies.

A, Caleulate the price of a two-penod cap with an exercise mte of 8 percent. The
underlying is the one-period rate.

B. Calculare the price of a two-period foor with an exercise rte of 9 percent, The
underlying is the one-peried rate.

Call and pur options on an assel are available with an exercise prce of 330, The

opiions expire in 75 days, and the volatility is (.40, The continuously compounded

risk-free rate is 3.5 percent, and there are no cash flows on the underlying. The pre-
cise Black—Scholes—berton values of these options at different underlving prices are
as follows,

Asset Price Call Price Put Price

%28 [.1144 300004
529 [.7T538 25388
£33 42270 1.0120
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11.

1L

D. Based on the mispricing in Part B, illustrate an arbitrage transaction using a syn-
thetic put.

A siock currently trades st a price of 5100, The stock price can go up 10 percent or

down 13 percent, The risk-free rate is 6.5 percent.

A, Use a one-period binomial meodel o caleulate the price of a call option with an
exercize price of F90.

B. Suppose the call price is currently 517.50. Show how to execule an arbilrage trans-
action that will earn more than the risk-free rate. Use 100 call opdions.

C. Buppose the call price is currently 514, Show how to execute an arbitrage (ransse-
tign that replicates a loan that will earn less than the risk-free rate. Use 100 call
options.

Suppose a stock currently trades at a price of 5150, The stock price can go up 33 per-

cent of down 15 percent, The nsk-free rate 1= 4.5 percent,

A. Use a one-period binomial model to calculate the price of a put option with exer-
cise price of 5150,

B. Suppose the put price is currently $14. Show how to execate an arbitrage transac-
tign that will earn more than the fsk-free rate, Use 10,000 pul oplions,

C. Suppose the put price is currently $11. Show how to execute an arbitrage transac-
tion thar will earmn more than the nsk-lree rate, Use 10000 put oplions.

Consider a iwo-period binomial model in which a stock corrently trades at a price of
563, The siock prce can go up 20 percent or down 17 percent each pertod. The risk-
frec rate is 5 percent.

A, Caleulate the price of a call oplion expiring in two periods with an exercise price
of B60.

B. Based on vour answer in Pa A, calculate the number of units of the underlying
stock that would be needed at cach point in the binomial tree o construct a risk-
free hedge, Use 10,000 calls,

C. Calculate the price of a call option expiring in two periods with an exercise price
of $70.

D). Based on your answer in Part C, calculate the number of units of the underlying
siock thar would be needed at each point in the binomial tree o construct a risk-
free hedpe, Use 10,000 calls.

13, Consider a two-period binomial model in which a stock currently trades at a price of

14.

%65. The stock price can go up 20 percent or down 17 percent each period. The risk-

free rate 12 5 percent.

A. Calculate the price of a put option expiring in two periods with exercise price
of $6l.

B. Based on your answer in Part A, calcalate the number of unitz of the underlying
siock that would be needed at each point in the Binomial tree in order (o construct
a nisk-free hedge. Use 10,000 puts.

C. Calculate the price of a pul oplion expiring in iwo periods with an exercise price
of $70.

. Based on your answer in Pan C, calculate the number of units of the underlyving
stock that would be needed at each point in the binomial tree in order (o construct
a risk-free hedge, Use 10000 puts,

The three-period bnomial interest rate tree provided Below gives one-period interest

rates and prices of zero-coupon bonds, Starting a1 ¢ = O, you are provided with the

onc-pericd interest rate and prices of zerp-coupon bonds with mamrities of one

period, two periods, three periods, and four perads. ALt = 1, you are provided with
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6. Consider a stock index option that expires in 75 days. The stock index is currently at

124089 and makes no cash payments during the life of the option, Assume that the
stock index has a muliiplier of 1. The risk-free rate is 3 percent.
A. Calculate the lowest and highest possible prices for European-siyle call options on
the above stock index with exercise prices of
i 1225
ii. 1255
B. Calculate the lowest and highest possible prices for European-style put options on
the above siock index with exercise prices of
i. 1225
ii. 1235

« A. Consider Amencan-style call and put options on a boad, The options expire in &0

days. The bond is currently at $1.05 per ¥1 par and makes no cash payvments dur-
ing the life of the option, The risk-free rate iz 5.5 percent, Assume that the con-
tract is on 1 face value bonds. Calculate the lowest and highest possible prices
for the calls and puts with exercise prices of
i, 50.95
i. 51.10
B. Consider European style call and put options on a bond, The options expire in 60
days. The bond is currently at $1.05 per 51 par and makes no cash pavments dur-
ing the life of the option, The fsk-free rate is 5.5 percent. Assume that the contract
is on 31 face value bonds. Calculate the lowest and highest possible prices for the
calls and putz with exercise prices of
i #0.95
ii. 110
You are provided with the following information on put and call options on a stock:
Call price, c; = 3664
Pur price, py = $2.75
Exercise price, X = £30
Days o option expiration = 219
Current stock price, 5; = $33.19
Put—call parity shows the equivalence of a calllbond portfolio (fiduciary call) and a
putfudedving portfolio (protective put). Illustrale pot=call parity assuming siock
prices at expiration (S¢) of 520 and of 340. Assume that the risk-frec rate, r, is
4 percent.

- Consider the following information on put and call options on a stock:

Call price, o = $4.50
Put price, pg = $6.80
Exercise price, X = $70
Days to option expiration = 139
Current stock price, 55 = 367,32
Risk-froe rate, r = 3 percent
A. Use put—call parity to calculate prices of the following:
i. Synthetic call option
ii. Synthetic put option
iii. Synthetic bond
iv. Synthetic underlying stock
B. For each of the symbhetic insiruments in Part A, identify any mispricing by com-
parng the actual price with the synthetic price.
C. Based on the mispricing in Part B, illustrate an arbitrage transaction using a syn-
thetic call.
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PROBLEMS

. AL

Caleulate the payvoff at expiration for a call option on the S&PF 100 sock index
in which the underlving price iz 57932 at expiration, the mulaplier is 100, and
the exercise poice 15

i. 450

il 650

Calculate the payoff at expiration for a put option on the S&P 10 in which the
underlying is at 579,32 a expiration, the multipher 1z 100, and the exercise price is
i, 450

il G50

. Calculate the payoff at expiration for a call option on a bond in which the under-

Iving is at 3095 per 51 par wl expication, he contract 13 on $100,000 face value
homnds, and the exercise price is

i BES

ii. %115

o Calculate the pavol at expiration for a put option on a bond in which the under-

Iving is at $0.95 per $1 par at expiration. the contract is on $100,000 face value
bonds, and the exercise price is

i. $0.85

ii. %1.15

» Calculate the payoff at expiration for a call option on an interest rate in which the

underlying iz a 180-duy interest rale al 6,53 percent at expiration, the potional
principal is 310 million, and the exercise price is

i. 5 percent
il. & percent

« Caleulate the payofl al expiration for a put oplion on an interest rate in which the

underlying is & 180-day interest rate at 653 percent at expiration, the notional prin-
cipal 15 310 mallion, and the exercize price is

i. 5 percent

il B percent

. Calculate the payofT at expiration for a call option on the British pound in which

the underlying i1z at 51438 at expiration, the options are on 125,000 British
pounds, and the exercise price is

i. 31.35

ii. $1.55

. Calculate the payoll at expiration for & put option on the Brtsh pound where the

underlying is at $1.438 at expiration, the options are on 125,000 British pounds,
and the exercizs price 1%

i. 81.35

il. §1.55

. Caleulate the payoff at expiration for a call option oa a futures contract in which

the underlying is at 1 136,76 at expiration, the options are on a futures contract for
31,000, and the exercise pnce 15

i. 1130
il. 1140
Calculate the payoff at expiration for a put option on 2 futures contract in which
the underdying 1= at 113675 at expiration, the oplions are on a Tutures contract for
51000, and the excrcise price is

i 1130

ii. 1140
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APPEMDNX 4A Cumulative Probabilities for a Standard Mormal Distribution
PiX=x)=Nix)forx = 0or1 — N{—x) for x < 0

0 0 0,02 003 .04 005 (.06 0.07 (.08 .09

05000 05040 05080 05120 05160 05199 05239 0.527% 05319 05359
05398 05438 05478 05517 05557 05539 05636 05675 035714 (05753
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LGl 6217 06255 06293 0.6331 06368 (Le4E6 0443 064B0 06517
o554 06591 06623 (L6664 LeT00 06736 06772 06808 06344 0UGETS
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change in the underdving price. To construct a delia-hedged position, a short (long)
position in each option is matched with a long (short) position in delia wnits of the
undertying, Changes in the underving price will generate offsetting changes in the
value of the option position, provided the changes in the underlying price are small
and cccur over a short tme period, A delia-hedged position should be adjusted as the
delia changes and time passes.

If changes in the price of the underlying are large or the delta hedge s nol adjested
over a longer time period, the hedge may not be effective. This effect is due to the
instability of the delta and is called the gamma effect. If the gomma effect 15 large,
option price changes will not be very close o the changes as approximated by the
delta times the underlying price change.

Cush flows on the underlying are accommaodated in option pricing models by reduc-
ing the price of the underiving by the present vislue of the cash Mows over the life of
the option,

Volatility can be estimated by calculating the standard deviation of the continuously
compounded retums from a zample of recent data for the underlying. This is called
the historical volatility. An alternative measure, called the implied volatility, can be
obtained by setting the Black—Scholes=Merton mode] price equal oo the market price
and inferring the volatility. The implied volatility is o measure of the volatility the
market is using to price the oplion.

The pavoffs of a call on a forward contract and an appropriately chosen zero-cowpon
bond are equivalent to the payoffs of & put on the forward coniract and the forward
contract, Thus, their current values must be the same. For this equality (o occur, the
call price plus the bomd price must equal the pul price. The approprisle PErO=-Coupon
bond is one with a face value equal to the exercise price minus the forward price. This
relationship 15 called put—call—forward (or futwres) panty.

There is no justification for exercising American options on forward contracts early,
50 they are eguivalent 1o European options on foreards. American options on futures,
hoth calls and puts, can sometimes be exercised early, zo they are different from
European options on futures and carry a higher price.

The Black model can be usad w price European options on forwards or futures by
entering the forward price, exercise price, risk-free rate, time to expiration, and volatil-
ity into o formola thar 940l also require the determination of two pormal probabilines,

The Black model can be used 1o price European options on interest rates by entering
the forward interest rate into the maodel for the forward or futures price and the exer-
cise rate for the exercise price.

Options are wseful in financial markets because they provide a way to limit losses (o
the premium paid while permitting potentially large gains, They can be used for
hedging purposes, espectally in the case of puts, which can be used o limit the loss
on a long position in an asset. Options also provide information on the volatility of
the underlying asset. Options can be standardized and exchange-iraded or customized
in the over-the-counter market.
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® (Cash flows on the underlving affect an option’s boundary conditions and put—call
pariry by lowering the underlving price by the present value of the cash flows over
the life of the option.

* A higher interest rate increases a call option's price and decreases a put option's price.

® In a onc-period binomial model, the underlying asset can move up o one of two
prices, A portfolio consisting of a long position in the underlving and a shon position
in & call option can be made nsk-fres and, therefore, must retumn the risk-free mute.
Under this condition, the option price can be obtained by inferring it from a formula
that wses the other mpat values, The option price 15 a weighted average of the two
option prices at expiration, discounted back one period at the risk-free rate.

® If an option is trading for a price higher than that given in the binomial model, one
can sell the option and buy a specitic number of wnits of the underlying, as given by
the model. This combination is risk free but will eam a return higher than the risk-
free rate, 17 the option 15 wading Tor a prce lower than the price given in the binomial
model, a short position in a specitic number of units of the underlying and a long
position in the option will create a risk-free loan that cosis less than the risk-free rale

¢ Inatwo-pernod binomial model, the underlying can move to one of two prices in each
of two periods; thus three underlying prices are possible at the option expiration. To
price an option, start ol the expiration and work backward, following the procedure
in the one-period model in which an option price at any given point in time is a
weighted average of the next two possible prices discounted at the nsk-fres rae,

* To calculate the price of an option on a zero-coupon bond or 8 coupon bond, one must
first constrict a binamial tree of the price of the bosd over the life of the option. To
caleulate the price of an oplion on an interest rate, one should use a binomial tree of
inferest rates. Then the option price is found by staming at the option expiration,
determining the payofl and seccessively working backwards by computing the oplion
price as the weighted avernpe of the next two option prices discounted back one
peried, For the case of options on bonds or injerest rates, a different discount rate is
used at different parts of the wree.

* For an option of a given expiration, a greater pricing accuracy is obtained by divid-
ing the option’s life into a greater number of time periods o a binomial tree, As more

time penods are added, the discrete-time binomial price converges to a stable value
as though the option is being modeled in a contineous-time world,

® The sssumpiions under which the Black—5choles—Merion model is derived staie that
the underlying asset follows a geometric lognormal diffesion process, the risk-free
rate is known and constant, the volatility of the underlying asset is known and con-
stant, there are no taxes or ransaction costs, there are no cash flows on the underly-

ing, and the options are European.

® To calculate the value of an option using the Black—Scholes—Merion model, enter the
underlying price, exercise price, risk-free rate, volatility, and time o expiration into
o formula. The formula will require vou (o look up two normal probabilities, obained
from cither a table or preferably a computer routine.

* The change in the option price for a change in the price of the underlying is called
the delta. The change in the option price for a change in the risk-free rate is called the
rhen, The change i the option price for a change in the tme to expiration is called the
theta. The change in the option price for a change in the volatility is called the vega.

* The delia 1z defined az the change in the option price divided by the change in the
underlying price. The option price change can be approximated by the delta times the
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® The lower bound of a European call is established by constructing a portfolio con-
sisting of a long call and risk-free bond and a short position 1o the underlying asset.
This combination prodeces a non-negative value at expiration, so its current value
must be non-negative, For this situation to occur, the call price has wo be worth ot least
the underlying price minus the present value of the exercise price. The lower hound
of a European put is established by constructing a pontfolio consisting of a long put,
a long position in the underlying, and the issuance of a zero-coupon bond. This com-
bination produces a non-negative value at expiration so ils current value must be non-
negative. For this to occur, the put price has to be at least as much as the present value
of the exercise price minus the underlying price, For both calls and puts, if this lower
bound 1% negative, we mvoke the rule that an option price can ke no lower than zero,

® The lowest price of a European call is referred 1o as the lower bound, The lowest price
of an American call is also the lower bound of a European call. The lowest price of a
European put is also referred o as the lower bound, The lowest price of an American
put, however, 15 115 intnnsic valee,

® Buying a call with a given exercise price and selling an otherwise identical call with
# higher exercise price creates a combination that always pays off with a non-
negative value, Therefore, it current value must be non-negative. For this to ocour, the
call with the lower exercise price must be worth at least as much as the other call. A
similar argument holds for puts, excepd thit one would buy the put with the higher
exercise price. This line of reasoning shows that the put with the higher exercise price
musi be worth at least as much as the one with the lower exercise price.

® A longer-term European or American call must be worth an least as much as a corre-
sponding shorer-term European or American ¢all. A longer-term American pud must
be worth at least as much as a shorter-term American put. A longer-term European
put, however, can be worth mose or less than o shorer-term European put.

® A fiduciary call, consisting of a BEuropean call and a zero-coupon bomd, produces the
same payoff as a profective pul, consisting of the underyving and a European put
Therefore, their current values must be the same, For this equivalence 1o occur, the
call price plus bond price must equal the underlying price plus put price. This refa-
tionship is called put—call parity and can be used 1o identify combinations of instru-
ments that synthesize another instrument by rearmanging the equation to isolaie the
instrument you arc irying to create. Long positions are indicated by positive signs,
and shoft positions are indicated by negative signs. One can create a synthetic call,
a synthetic put, a synthetic underlying, and a svnibetic bomd, a= well as syntheti
shaort positions in these instruments for the purpose of exploiting mispricing in these
instruments.

® Pur-callparity violations exist when one side of the equation does not equal the other.
An arbitrageur buys the lower-priced side and sells the higher-priced side, thereby
earning the difference in price, and the positions ofTset at expiration. The combined
actions of many arbatrageurs performing this set of ransactions would increase the
demand and price for the underpriced instruments amd decrease the demond and price
for the overpriced instruments, until the put-call parity relationship is upheld.

* American oplion prices must always be no less than those of otherwise egquivalent
European options. American call options, however, are never exercised early unless
there is o cash flow on the undertying, so they can sell for the same as their European
counterpans in the absence of such a cash flow, American put options nearly always
have o possibility of early exercise, so they ordinarily sell for more than their Buro-
pean counterparts.
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In Chaprer 2, we covered forward contracts; in Chapter 3, we covered futures con-
tracts; and in this chapter we coversd option contracts. We have one more major class of
derivative instruments, swaps, which we now tum to in Chapter 5. We shall retum o
options in Chapter 7, where we explore option trading strategies.

KEY POINTS

* (ptions are rights o buy or sell an undedying at a fized price, the exercise price, for
w period of tme, The right w buy is a call; the right to sell is a put. Options have a
definite expiration date. Using the option to buy or sell is the action of exercising it
The buver or holder of an option pays a price (o the seller or writer for the right 1o
buy (a call) or sell (a put) the wnderlying instrument. The writer of an option has the
comesponding potential obligation to sell or buy the underlving,

* Furopean options can be exercised only at expiration: American options can be exer-
cised at any time prior to expiration. Moneyness refers o the charactenistic that an
option hos positive imnnsc valoe. The payoff is the value of the option at expiration.
An option's intrinsic value is the value that can be captured if the option is exercised.
Time value is the component of an option’s price that reflects the uncertainty of what
will happen in the fwure 1o the price of the underlying.

* Options can be waded as standardized instruments on an options exchange, where
they are protected from default on the part of the writer. or as customized instruments
on the over-the-counter market, where they are subject 1o the possibility of the writer
defaulting. Because the buyer pays a price at the start and does not have to do any-
thing else, the buyer cannot default.

* The underlying instruments for options are individual stocks, stock indices, bonds,
interest rates, currencies, futures, commosdities, and even such random factors as the
weather, In addition, & class of options called real options is associated with the flex-
ibility in capital imvestment projects.

* Like FRAs, which are forward contracts in which the underyving 15 an interest rale,
interest rate options are options in which the underlying 12 an interest rate, However,
FEAs are commitments (o make one mterest payment amd receive another, whereas
interest rate options are rights o make one interest payment and receive another.

* Oiption payoffs, which are the valees of options when they expire, are determined by
the greater of zero or the difference between underlying price and exercise price. if a
call, or the greater of zero or the difference betwesn exercise price and underlying
price, if & put. For interest rate oplions, the exercise price is a specified rate and the
underlying price is a variable interest rate.

*# Interest rafe options exist in the form of caps, which are call options on inleresi rates,
and floors, which are put oplions on inlerest rates. Caps consist of a series of call
options, called caplets, on an underlying rate, with cach option expiring at o different
time, Floors consist of a series of put options, called floorlets, on an underlyving rate,
with each option expiring at a different time.

* The minimum value of European and American calls and puts 1= zero. The maxinim
vilue of European and Amernican calls is the underiving price. The maximum value
of a European put is the present value of the exercise price. The maximum value of
an American put is the exercise prce.



