CHAPTER

OprTiION MARKETS AND CONTRACTS

LEARMNING OUTCOMES

Afrer complening this chaptes, vou will be able 1o do the following:

B [dentify the basic elements and characteristics of option contracts.

B Define European option, Amercan oplion, maneyness, payoedT, intrinsic value,
amd time value,

B Dhfferentiate between exchanpe-traded options and over-the-counter oplions,

B [dentify the different varieties of opiions in terms of the types of instruments
underlying them.

B Compare and contrast interest rate options 1o forward rate agreements (FRAs).

® Explain how option payoffs are determined, and show how interest rate option
pavodts differ from the payvolfs of other types of oplions,

B Define interest rate caps and floors.

B [dentify the minimum and maximum values of European options and Amencan
Opions,

B [llustrate how the lower bounds of European calls and puts are determined by

constrscing portfohio combmatons that prevent arbitrage, and calculate an
option’s lower bound.

B [Detenmine the owest prices of Buropean and American calls and purs based on
the rules for lewer bounds.

8 [llustrate how a portfolio (combination) of options establishes the relatonship
between oplions that differ only by exercise price.

® Explain how option prices are affected by differences in the time (o expiration.

B [lustrate how put-call panty for European oplions is establizhed by comparing
the payoffs on a fiduciary call and a protective put, explain how to use this
resull to creste synthetc instruments, amd explain why an investor would want
o div a0,

W [lustrate how violatons of put—call panty for European oplions can be
exploited and how those violations are eliminated.

® Explain the relationship between Amencan options and European options in
terms of the lower bownds on option prices and the possibility of early exercise.

® Explain how cash flows on the underlying asset affect put—call parity and the
lonwer bounds on ophion prices,

® [dentify the directional effect of an interest rate change on an option's price.
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1

B Explain bow an option price is determined in a one-period binomial model.

B [llustrate how an arbitrage opporiunity can be exploited in a one-penod
binomval model,

® Explain how an option price is determined in a two-period binomial model.

® Calculate prices of options on bonds and interest rale oplions in one- and rwo-
period binomial models,

® Explain how the binomial model value converges as time periods are added.

® List and briefly expliin the assumptions amnderlying the Black-Scholes-Merton
model,

® Calculate the value of & Europesn option using the Black=Scholes-Mernon
madel,

® Explain how an option price, as represented by the Black=Scholes-Merton
model, is affected by each of the input values (the Greeks).

® Explain and illustrate the concept of an option’s delta and how it is used in
dynamic hedging.

Explain the gamma effect on an oplion’s price and delta.
Discuss how cash flows on the underving asset affect an option’s price,

Explain and illustrate the rwo methods for estimating the volatility of the
underlying.

Muztrate how pul-call party for options on ferwards (or futures) is established.

Explain how American options on forwards and futures are alike, and explain
how they differ from European options.

Calculate the value of a European option on forwards (or futures) using the
Black model.

Calculate the value of a European inferest rate option using the Black model.
Discuss the role of options markets in financial systems and sociely,

INTRODUCTION

s

In Chapter 1, we provided a general introduction to derivative markets. In Chapter 2 we
examined forward contracts, and in Chapter 3 we looked al futures contracts, We noted
o simiilar foreard and furures contracts are: Both are commitments to buy an underly-
ing asset at a fixed price at a later date. Forward contracts, however, are privately created,
over-the-counter cusiomized instruments that carry credit risk. Futures contracts are pub-
licly raded, exchange-listed standardized instruments that effectively have no credit risk,
Mow we um to options, Like forwards and futures, they are derivative instruments that
prowvide the opportunity to buy or sell an underlying assel wath a specific expiration date,
But in contrast, buying an option gives the right, not the obligation, to buy or scll an under-
lying asset. And whereas forward and futures contracts involve no exchange of cash up
front, options reguire & cash payment from the option buver 1o the option seller.
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Yet options contain several features common to forward and futures contracts. For
one, options can be created by any two parties with any set of terms they desire. In this
sense, options can be privately created, over-the-counter, customized instruments that are
subject 1o credit risk. In addition, however, there is a large market for publicly traded,
exchange-listed, standardized options, for which credit risk is essentially eliminated by the
clearinghouse,

Just as we examined the pricing of forwards and fotures in the last two chapters, we
shall examine option pricing in this chapter. We shall also see that options can be created
out of forward contracts, and that forward contracts can be created out of options. With
some simplifying assumptions, options can be created out of futures contracts &nd futures
contracts can be created out of optons.

Finally, we note that options also exist that have a futures or forward contract as the un-
derlying. These instruments blend some of the features of both options and forwards/futures.

As background, we discuss the definitions and characteristics of options.

2 BASIC DEFINITIONS AND ILLUSTRATIONS
OF OPTIONS CONTRACTS

2.1 Basic
CHARACTERISTICS
oF OrTioNs

In Chapter 1, we defined an option a3 a financial derivative contract that provides a parly
the right 1o buy or sell an underlying at a fixed price by a certain time in the fumre, The
party holding the right is the option buyer; the party granting the right is the option seller.
There are two types of options, a call and a put. A call is an option granting the right to
buy the underlying; a put is an option granting the right to sell the underlying. With the
exception of some advanced types of options, a given option contract is either a call, grant-
ing the right to buy, or a put, granting the right 1o sell, but not both.! We emphasize that
thiz right to buy or sell is held by the option buyer. also called the long or option holder,
and granted by the option seller, also called the short or option writer.

To obtain this right, the option buyer pays the seller a sum of money, commaonly
referred to as the oplion price, On occasion, this option price is called the option pre-
mium or just the premium. This money is paid when the option contract is initiated.

The fixed price at which the option holder can buy or sell the underlying is called the exer-
cise price, sirike price, striking price, or strike, The use of this rfight to buy or s21] the
underlying is referred o as exercise or exercising the option. Like all derivative contracts,
an option has an expiration date, giving rise to the notion of an option’s time to expira-
tion. When the expiration date arrives, an option that is not exercised simply expires.
What happens at exercise depends on the whether the option is a call or a put. If the
buyer is exercising a call, she pays the exercise price and receives either the underlying or
an equivalent cash senlement, On the opposite side of the transaction is the seller, who
receives the exercise price from the buyer and delivers the underlying, or alternatively.
pays an eguivalent cash sertlement. If the buyer is exercising a put. she delivers the stock
and receives the exercise price or an eguivalent cash settlement. The seller, therefore,
receives the underlying and must pay the exercise price or the equivalent cash settlement,
As mated in the above paragraph, cash settlernent 15 possible, In that case, the option
holder exercising a call receives the difference between the market valoe of the underlying
and the exercise price from the seller in cash. If the option holder exercises a put, she receives
the difference berween the exercise price and the market value of the underlying in cash.

' O comrse, & panty could by both 2 call and a put. thersby holding the right 1o by ead sell che underlying.
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2.2 SomE
ExasmPLES OF
OrTIONS

There are two primary excrcise styles associated with options, One type of oplion
has Evropean-siyle exercise, which means that the option can be exercised only on its
expiration day. In some cases, expiration ¢ould oceur during that day; in others, exercise
can occur only when the oplion has expired. In either case, such an option is called a Ewro-
pean aption. The other styvle of exercise 15 American-style exercise. Such an option can
be exercised on any day through the expiration day and is generally called an American
option.”

Option contracts specify a designated number of units of the underlying. For
exchange-listed, standardized options, the exchanpe estublishes each teom, with the excep-
o of e prce, The price is negotiated by the two paries. For an over-the-counter opiion,
the two pariies decide each of the terms through negotation.

In an over-the-counter option—one created off of an exchange by any two parties
who agree to trade—the buyer is subject to the possibility of the writer defaulting. When
the buyer exercises, the writer must either deliver the stock or cash if a call, or pay for the
stock or pay cash if a put. If the writer cannot do so for financial reasons, the option holder
faces a credit loss. Because the option holder paid the price up front and is not required o
do anything else, the seller does not face any credit risk. Thus, although credit sk is bilat-
eral in forward contracts—ithe long assumes the risk of the short defaulting, and the shost
assumies the risk of the long defaulting—the credit nsk in an option is unilateral. Only the
buyer faces credit risk because only the seller can defaul, As we discuss later, in exchange-
listed options, the clearinghouse guaraniees payment o the boyer.

Consider some call and put options on Sun Microsystems (SUMNW ). The date 15 13 June
and Sun 15 selling for 516,25, Exhibit 4-1 gives informanion on the closing prices of four
options, ones expiring in July and October and ones with exercise prices of 15.00 and
1750, The July apticns expire on 20 July and the October options expire on 18 October,
In the parlance of the profession, these are referred to as the July 15 calls, July 17.50 calls,
October 15 calls, and Oorober 17.50 calls, wAith sirmblar terminclogy for the puts. These par-

ticular options are Amencan style.

EXHIRIT 4-1  Closing Prices of Selected Options on SUNW, 13 June
I

Exercise Price  July Calls  Oclober Calls July Puts

—

Oictober Puts

[5.00 235 10 0.50 LES
17.50 1.0k L5 215 130

Moy Stock price is 31625 July oplions expire oo 30 July, Octeher ofliors capine oa | B Crtoher

——— —— e —— — —

Consader the Tuly 15 call. Thiz option permits the holdder to buy SUNW a1 a price of
313 a share any time through 20 July. To obtain this option, one would pay a price of 32.35.
Therefore, a writer recetved $2.35 on 13 June amd mast be ready 1o sell SUNW b buver
for 15 during the period through 20 July, Currently, SUNW trades above 515 a share, but
a5 we shall see in more detail later, the option holder has no reason to exercise the option

* i wortkwhile b be awane that these s have mdlbang b da with Europe or Aménca. Both iypes of
apiénns are Found in Europe and America. The names are pan of the folklore of options markeis, and there is
nix defimitive history o caplain hers they came inlo s,
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right now.” To justify purchase of the call, the buyer must be anticipating that SUNW will
inerease n price before the option expires, The seller of the call must be anticipating that -
SUNW will not rise sufficiently in price before the option expires.

Mide that the option buver could purchise a call expiring in July but permitting the
purchase of SUMNW at a price of 517.50, Thiz price is more than the 51500 exercise price,
bl gz a resull, the option, which sells for 31,00, 15 considerably cheaper. The cheaper price
comes from the fact that the Tuly 1750 call is less likely to be exercised, because the stock
has a higher hurdle w clear. A buyer 15 not willing to pay as much and a seller 1s more will-
ing i fake less for an option that is less likely (o be exercised,

Adternatively, the option buver could choose to purchase an October call instead of a
July call. For any exercise price, however, the October calls would be maore expensive than
the July calls because they allow a longer peniod for the stock to make the move that the
buyer wants. October options are more likely 1o be exercised than July options; therefore, a
birver would be willing o pay more and the seller would demand more for the October calls.

Suppose the buyer expects the stock price to go down. In that case, he might by a
put. Consider the Oerober 17,50 put, which would cost the buyer 5320, This option would
allow the holder 1o sell SUNW at a price of $17.50 any time up through 18 Ociober.” He
has no reazon o exercise the option right now, because 10 would mean he would be buving
the option for $3.20 and selling a stock worth 51625 for 217.50. In effect, the option
holder would pan with 51945 (the cost of the option of 3320 plus the value of the stock
of 516.25) and obtain only $17.50.% The buyer of a put ohvicusly must be anticipating thal
the stock will fall before the expiration day.

If he wanted a cheaper option than the October 1750 pat, he could bay the October
13 pur, which would cost only 21,85 but would allow him to sell the stock for only 31500
a share. The Cetober 15 put is less likely to be exercised than ihe October 1750, because
the stock price must fall below a lower hurdle. Thus, the baver 15 not willing to pay as
much and the seller is willing to take less.

For either exercise price, purchase of a July put instead of an October put would be
much cheaper but would allow less time for the siock o make the downward move neces-
sary for the iransaction (o be worthwhile. The July put is cheaper than the October put; the
buyer is not willing to pay as much and the seller i= willing to take less because the option
is less likely 1o be exercised,

In observing these oplion prices, we have obtained our first @aste of some principles
invodved in pricing oplions,

Coll options have a lower preminm the higher the exercise price.

Pur oprions have a lower premium the lower the exercise price,

Roth call and put options are cheaper the shorter the time o expiration.®

! The buyer paid $2.35 for the aption. If he sxercised it righs now, ke would pay 51500 for the ssock, shich is
worth only $16.25, Thus, he would have elfectively paid 31735 (the cost of the option of £2.35 plus the
exerrise price of $15) for a stock worh 51625, Even if be had parchased the opteon previously al & misch
Iower price, the cument option price of 52,33 is the opparinity cost of exercising the option—that i, he can
slways =ell the option far 3215, Therefare, if he exercised the option, he would be ihrowing sway the 52,33 he
could receive if be seld i,

1 Esen if the option holder did not oem the stock, he could use the optian e sell the seack shar,

' Again, even if the oprion were parchased i ihe past an & msch lower price, the $3.20 current value of the
aplim is an opportunity cost. Exercise of the option is equivalent to throwing away the opportanicy cost.

* There is &n exceplicn o the nike that put optiens are cheaper the shommer the Dimse e expiration, This
alatermen] B always true For American oplioms bl nol always for European options. We explore this poing later.
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These results should be intuitive, but later in this chapter we show unequivecally why they
must be true.

2.3 THe CONCEPT  An important concepl in the sudy of options is the notion of an option’s moneyness,
OF MONEYNESS OF  which refers to the relationship between the price of the underlying and the exercise price.
AN OpTiON  We use the terms in-the-money, out-of-the-money, and at-the-money. We explain the
concept in Exhibit 4-2 with examples from the SUNW options. Note that in-the-money
options are those in which exercising the option would produce a cash inflow that exceeds
the cash outflow. Thus, calls are in-the-money when the value of the underlying exceeds
the exercise price. Puts are in-the-money when the exercize price exceeds the value of the
underlying. In our example, there are no at-the-money SUNW options, which would
require that the stock value equal the exercise price; however, an at-the-money option can
effectively be viewed as an out-of-the-money option, because its exercise would not bring
in more money than 15 paid oul.

EXHIBIT 4-2 Moneyness of an Option

In-the-Money Out-of-the-Money

Oiption Justification Option Justification
July 15 call 16,25 = 1500 Jaly 17.50 call 16,25 = 17.50
Cletober 15 call 16,25 == 1500 Ohcaober 17 50 call 16.23 < 17.50
July 17.50 put 17.50 = 1625 July 15 pus 1500 < [6.25
Oictober 17,50 pu 17.50 = 1h25 Oetober 15 put 1500 < 1625
Mpded: Sus Micrecpstems oplinm on 13 Jume; skock price is 1825, See Exlibil 4-] for moee delmls. There ane
opreons with an exencise price of 16,25, 0 7o opnoas ape ab-the-momey,

A explaned above, ove woudd not mecessarily exercise an in-the-money option, bl
avre wolild Rever exercise an oul-of-ifle-money oprian.
We now move on to explore how options markets ane organized,

3 THE STRUCTURE OF GLOBAL OPTIONS MARKETS

Although no one knows exactly how options first got stanted, coniracts similar to options
have been around for thovsands of years, In fact, insurance 15 a form of an option, The
insurance buyer pays the insurance writer a premium and receives & type of puarantee that
covers losses, This ransaction is similar o a put option, which provides coverage of a pos-
tion of losses on the underlying and is often used by holders of the underlying. The first

true oplions markets were over-the-counter options markets in the United States in the
159th century.

3.1 Over-THE- In the United States, customized over-the-counter options markets were in existence in the
Counter OpTioNS  early pant of the 20th century and lasted well into the 19705, An organization called the Put
MARKETS  and Call Brokers and Diealers Association consisted of a group of firms that served as bro-

kers and dealers. Az brokers, they attempled 0 match buyers of options with sellers,

thereby earming a commission. As dealers, they offered to take either side of the option

B B
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transaction, usually laying off (hedging) the risk in another ransaction. Most of these
transactions were retail, meaning that the general public were their customers,

Az we discuss in Section 3.2 helow, the creation of the Chicago Board Options
Exchange was a revolutionary event, but it effectively killed the Put and Call Brokers and
Dealers Association. Subseguently, the increasing use of swaps facilitated a rebirth of the
customized over-the-counter options market, Currency aplions, a natural extension to cur-
rency swaps, were in much demand. Later, interest rate options emerged as a natural out-
growth of interest rate swaps, Soon bond, equity, and index options were trading in a
vibrant over-the-counter market, In contrast (o the previous over-the-counter opiions mar-
ket, however, the current one emerged as a largely wholesale market. Transactions are usu-
ally made with institutions and corporations and are rarely conducted directly with
individuals. This market 15 much like the forward market described in Chapter 2, with deal-
ers offering to take gither the long or short position in options and hedging that nsk with
transactions in oiher options or denvatives, There &re no guarantees that the seller will per-
form; hence, the bayer faces credit risk. As such, option buyers must scrutinize sellers’
credit nsk and may regquire some risk reduction measures, such as collateral,

As previously noted, customized options have all of their terms—such as price, exer-
Clse price, Ume w expiration, identfication of the underlving, sertlement or delivery terms,
size of the contract, and 50 on—determined by the e paries.

Like forward markets, over-the-counter oplions markets are essentially unregulated.
In most countries, participating firms, such as banks and securities firms. are regulated by
the appropriate authorities but there 1s usually mo particular regalatory Body for the over-
the-counter options markets, In some countries, however, there are regulatory bodies for
these markets,

Exhibit 4-3 provides information on the leading dealers in over-the-counter currency
andd Interest rate options as determmuned by Risk magazine in itz annual survevs of hanks amd
imvestment banks and also end users.

EXHIBIT 4-3 Risk Magazine Surveys of Banks, Investment Banks, and Corporate
End Users to Determine the Top Three Dealers in Over-the-
Counter Currency and Interest Rate Options

Respondents
Currencies Banks and Investment Banks  Corporate End Users
Currency Cplions
e UBS Warburg Citigroup
CitigroupdDewsche Bank Royal Bank of Scotland
[euische Rank
L1 ] UBS Warburg Citigroup
Credit Snisse First Bosion IP Morgan Chasc
JP Moegan Chase/Royal Bank LUBS Warburg
of Scotland ]
WE Foyal Bank of Scotland Raryal Bank of Sootland
/BS Warburg Citigroup
Crigroup Hong Komg Shangha Banking Corp.
$5F UBS Warburg LUBS Warburg
Credi Saisse First Boston Credit Susse Fost Boston
Chtigroup Citigroup
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3.2 ExcHaNGE-
LisTen OpTioNS
MagrkETs

literesr Bave Olprions

i 1P Morgan Chase JF Morgan Chase
Dizwische Bank Citngroup
Bank of sanenca [Dewische Bank'Tehman Brothers
£ JF Morgan Chase TP Morgan Chase
Credil Suisse First Bostond Citigroup
Margan Stankey UBS Warburyg
¥ IP Mosgan Chase'Deutsche Bank LTBS Warburg
Bank of America Barclays Capital
Clikgroup
£ Barclays Capital Ruoyal Bank of Scotland
Sociele Cenerale Ciroups Cuigroup

Bank of AmericaRoyal Bank

ol Scotland
S5F LIBS Warburg LIRS Warburg
TP Muorgam Chase 1P Mosgan

Hong Kong Shanghai Banking Corp.

Credit Suisse First Boston

— e

Crpddman Sachs

Fhwes: & = LS dollar, € = eure, ¥ = Rapanese yen, £ = UK. pound sering, 8F = S Tram:

Semree; Riek, Seplember 2000, pp 3067 for Banks and Ineesiment Banking deader respondents. and Jurne: B2, pe.
24= 8 for Corpornie End User respondenes

Fesults for Corposste End Users for Interest Rae Optioas ave from Bisi. July W00, pp. 3846, Rick omimed dhis caie-
pory From dis JWIY sureey.

As broefly noted above, the Chicago Board Options Exchange was formed in 1973 Created
as an extension of the Chicago Board of Trade, it became the first organization to offer a
miarket for standardized options, In the United States, standardized options also trade on the
Amex-Nasdag, the Philadelphia Stock Exchange, and the Pacific Stock Exchange.” On a
worldwide basis, standardized options are widely traded on such exchanges as LIFFE (the
London International Financial Futures and Options Exchange) in London, Evrex in Frank-
furt, and most ather foreign exchanges. Exhibit 4-2 shows the 20 largest options exchanges
in the world. Mote, perhaps surpnsingly, that the lesding oplions exchange is in Kosea.

EXHIBIT 4-4 World's 20 Largest Options Exchanges

Exchange and Location Volume in 2001
Korea Siock Exchange (Korea) Bl T 92
Chicago Board Opiions Exchangs (United States) A6 BAT RS ]
MOMNEP [Framce) B8, 667 GG
Eurex (Germany and Switzerlarnd) 23016516
American Stock Exchange (LUnited Siates) 205, 103 884
Pacilic Stock Exchange (United Staes) 10,701,752
Fhiladelphia Stock Exchange (United Stales) 100,373,443
Chicnge Mercantile Exchange {Unated Siates) 0%, 740,352

T Wau may woesder why the Mew Yook Stock Exchenge s nog mentioned, Sandandfized optioes did trade an ihe
MY SE at one time b were not saceessful, and the right te trade thes: oplions was sold g another exchan

- i
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| Amsterdam Exchange (Metherlamis) Geh A0, 6554
LIFFE i United Kingdom) 54225652
Chicago Board of Trade (United Siates) 500,345 (K8
O Siockhodm (Sweden) 39327 619
South African Futures Exchange (South Adrica) 24307 477
MEFF Fenta Variable (Spain) 23628 ddi
Mew York Mercantile Exchange (Linited States) 17985, 10%
Karea Fulures Exchange | Korea) 11,468, 9491
Italian Denvatives Exchange (laly) 11,085 5064
Disaka Securilies Exchange {Japan} 6,991 S8
Bourse de Moatreal (Canada) 5372930
Hong Kong Futures Exchange (China) 4 T1E S8
Ao Wolusie given o i aumber of contrecs
Sowvre: Daia suppliod by Famares edusiry magazine.

As described in Chapter 2 on futures, the exchange fixes all terms of standardized
instruments except the price. Thus, the exchanpge establishes the expiration dates and exer-
cise prices as well as the minimum price guotation unit. The exchange also determines
whether the option 15 Buropean or Amerncan, whether the exercize s cash settlement or
delivery of the underlying, and the contract zize. In the United States, an option contract
on an individual siock covers 100 shares of stock. Terminology such as “one option™ Is
often used o refer to one option coniract, which is really a set of options on 100 shares of
stock, Index option sizes are stated in terms of a muluplier. indicating that the contract cov-
ers 4 hypothetical number of shares, as though the index were an individual stock. Similar
specifications apply for oplions on other types of underlyings.

The exchange generally allows trading in exercise prices that surround the current
stock price. As the stock price moves, options with exercise prices around the new stock
price are usually added. The majority of trading occurs in options that are close to being
al=the-momey, Options that are far in-the-maney or far cut-of-the-money, called deep-in-
the-money and deep-out-of-the-money opiions, are wsoally not very actively traded and
are often nod even histed for rading.

Most exchange-listed options have fairly shor-ierm expirations, usually the current
month, the next month, and perhaps one or teo other months. Most of the trading takes
place for the two shorest expirations, Some exchanges list opticns with expirations of sev-
eral years, which have come o be called LEAPS, for long-term equily anticipatory secu-
rities. These options are fairly actively purchased, bat most investors tend 1o buy and hold
them and do ool trade them as ofien as they do the shorer-term options.

The exchanges also determine on which companies they will list options for trading,
Although specific requirernents do exist, generally the exchange will list the options of any
company for which it feels the options would be actively traded. The company has no
vipice in e matter, Oplons of a company can be listed on more than one exchange ina
given couniry,

In Chapter 3, we descrbed the manner in which futures are traded. The procedure is
very similar for exchange-listed oplions. Some exchanges have pit trading, whereby par-
ties meet in the pit and wrranpe o transaction. Some exchanges use electronic trading, in
which transactions are conducted through computers. In either case, the ransactions are
guaranteed by the clearinghouse, In the United States, the clearinghouse is an independent
company called the Options Clearing Corporation or OCC, The OCC guarantees o the
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buyer that the clearinghouse will step in and fulfill the obligation if the seller reneges at
CXREMCISE,

When the buyer purchases the option, the premium, which one might think would go
Lo the seller, instead goes o the cleannghouse, which maintains it in a margin account, In
addition, the seller must post some margin money, which is hased on a formula that reflects
whether the zeller has o positon that hedges the risk and whether the option 12 0= oF ol
of-the-money. If the price moves against the seller, the clearinghouse will force the seller
o put up additional margim money. Although delaults are rare, the cleannghouse has
always heen successful in paving when the seller defaulis. Thus, exchange-listed options
are effectively free of credit nsk.

Because of the standardization of option terms and participants’ general acceptance
of these terms, exchange-listed options can be bought and sold al any tme poior 1o expi-
ration. Thus, a party who buys or sells an option can re-enter the market before the opdion
expires and offier the position with a sale or a purchase of the identical option. From the
cleaninghouse’s perspective, the positions cancel.

As in fulures markets, traders on the options exchange are generally either market
miakers or brokers. Some slight technical distinctions exist between different types of mar-
ket makers in different options markets, but the differences are minor and do not concern
us here. Like futures iraders, option market makers attempt o profit by scalping {holding
positions very shoft term) to earn the bid-ask spread and sometimes holding positions
longer, perhaps closing them overnight or leaving them open for days or more.

When an option expires, the holder decides whether or not o exercise it, When the
option is expiring, there are no further gains to waiting, so in-the-money options are
always exercized, assuming they are in-the-money by more than the ransaction cost of
buying or selling the underlying or wranging a cash settlement when exercising. Using our
example of the SUNW options, if at expiration the stock is at 16, the calls with an exercise
price of 15 would be exercised. Most exchunge-listed stock options call for actual delivery
of the stock. Thus, the seller delivers the stock and the buyer payvs the seller, through the
clearinghouse, 515 per share. If the exchanpe specifies that the contract s cash settled. the
seller simply pays the huyer 51. For puts requiring delivery, the buyver tenders the stock and
receives the exercise price from the seller. If the option 15 out-of-the-money, 1t simply
expires unexercised and is removed from the books. If the put is cash settled, the writer
pavs the buyer the equivalent cash amount,

Some nonstandardized exchange-traded options exist in the United States. In an
atlempd W compete with the over-the-counter oplions market, some exchanges permit some
options i be individually customized and traded on the exchange, thereby henefiting from
the advantages of the cleannghouse’s credit guarantee, These options are primarily avail-
able only in large sizes and tend to be fraded only by large institutional investors,

Like fulures markets, exchange-listed options markets are tvpically regulated at the
federal level. In the United States, federal regulation of options markets is the responsikbil-
ity of the Secunities and Exchange Commizsion; similar regulatory structures exist im other
countries.

4 TYPES OF OPTIONS

Admiost amything with a random outcome can have an option on it. Kote that by using the
word anyifing, we are implying that the underlving does not even need 1o be an asset, In
this section, we shall discover the differsmt tyvpes of options, wdentified by the nature of the
underlying. Chur focus in this book is on financial options, bat it is important, nonetheless,
0 gain some awareness of ather types of oplions.



Types of Options

169

4.1 FinaNncIAL
OFrTIoNS

Financial options are oplions in which the underlying iz a financial asset, an inferest rate,
OF 3 CUmEncy.

41,7 Stook Oemioms
Options on individoal stocks, also called equity options, are among the most popular.
Exchange-listed options are available on most widely wraded stocks and an option on any

stock can potentially be created on the over-the-counter market. We have already piven
examples of stock options in an earlier section; we now move on to index options,

4712 leoex Oenions

Siock market indices are well known, not only in the investment community but also
among many individuals who are not even directly investing in the market, Becaose a stock
index is just an anificial portfiolio of stocks, it is reasonable o expect that one could cre-
ate an option on a stock index. Indesd, we have already covered forward and futures con-
fracts on stock indices; options are no more difficult in structure.

For example, consider options on the S&P 500 Index, which irade on the Chicago
Brard Options Exchange and have a designaied index contract multiplier of 2500 On 13
June of a given year, the S&P 500 closed at 1241.60. A call option with an exercise price
of £1,250 expiring on 20 July was selling for 328, The option is European style and settles
in cash. The underlving, the S&P 500, 15 treated a3 though it were a share of stock worth
51,24 160, which can be bought, using the call option, for $1,250 on 20 July. At expira-
tion, if the option 1s in-the-money, the buyer exercises it and the writer pays the buyer the
3250 contract multiplier times the difference hetween the index value at expiration and
31,250,

In the Uinited States, there are also opfions on the Dow Jones Industrial Average, the
Masdag, and varous other indices. There are nearly always options on the best-known
stock indices in most countries,

Just gz there are options on slocks, there are also options on bonads,

4.1.3  Bamo OFmions

Options on bonds, wsually called bond options. are primarily traded in the over-the-
counter markets. Options exchanges have attempled 1© generate interest n oplions on
honds, but have not been very successful. Corporate bonds are not very actively traded;
mest are purchased and held o expiraton. Government bonds, however, are very actively
traded; nevertheless, options on them have mot gained widespread acceptance on options
exchanges. Options exchanges generate much of their rading volume from individual
investors, who have far more interest in and understanding of stocks than bonds.

Thus, bond options are found almost exclusively in the over-the-counter market and
are almost always options on government bonds. Consider, for example, a U5, Treasury
bond maturing i 27 years. The bond has a coupon of 5,50 percent, a vield of 5,75 percent,
and is selling for 30,9639 per 51 par. An over-the-counter options dealer might sell a put
or call option on the bond with an exercize price of 30,98 per 31.00 par, The option could
be European or American. Its expiration day must be significantly before the maturity date
of the bond. Otherwize, as the bond approaches maturity, i3 poce will move wwand par,
thereby removing much of the uncertainty in its price. The option could be specified to set-
tle with actual delivery of the bond or with a cash settlement. The parties would also spec-
ify that the contract covered a given nodional principal, expressed in terms of a face value
of the underlving bond.

Continuing our example, let us assume that the contract covers 55 million face value
of bonds and 15 cash settled. Suppose the buyer exercizes a call oplion when the bond price
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is a1 $0.995, Then the option is in-the-money by $0.995 — $0.98 = 30.015 per 31 par. The
seller pays the buyer Q015550000000 = 57500 If instead the contract called for
delivery, the seller would deliver 35 million face value of bonds, which would be
worth 55,000,000050.995) = $4.975,000. The buyer would pay $5.000,000{$0.98) =
$4,900,000, Because the option is created in the over-the-counter market, the option huyer
would assume the risk of the seller defaulting.

Even though hond options are not very widely traded, another type of related option
is widely used, especially by corporations, This family of options is called interest rate
options. These are quile different from the options we have previously discussed, because
the underlying 15 not a particular inancial instrument,

4014 |srerest Bare Oprnes

In Chapter 2, we devioted considerable effort to understanding the Evrodollur spol misrket
amd forward contracts on the Eurodollar rate or LIBOR, called FRAS. In this chapler, we
cover options on LIBOR, Although these are not the only interest rate options, their char-
acterisiics are sufficiently general to capture most of what we need 1o know aboul options
on other interest rates. First recall that a Buwrodollar is a dollar deposited outside of the
United States. The pnmary BEurodollar rate is LIBOR, and it is considered the best mea-
sure of an interest rate paid in dollars on & nongovernmental borrower. These Exrodollars
represent dollar-denominated ume deposits issued by Banks in London bomrowing from
other banks in London,

Before looking at the charscteristics of interest rale eptions, let us set the perspec-
tive by recalling that FRAs are forward contracts that pay off based on the difference
between the underlving rate and the fixed rate embedded in the contract when it 15 con-
structed. For example, consider a 3 % 9 FRA, This contract expires in three months, The
underlying rate is six-month LIBOR. Hence, when the contract is constructed, the under-
lying Eurodollar instrument matures in nine months. When the contract expires, the pay-
off is made immediately, but the rate on which it is based, 180-day LIBOR, is set in the
spot market, where it is assumed that interest will be paid 180 days later, Hence, the pay-
off on an FRA is discounted by the spot rate on 180-day LIBOR to give a present value for
the pavoll as of ihe expiration date.

Just as an FRA is a foreard contrsgt in which the underying is an interest rate, an
inferest rate option is an option in which the underlying is an interest rate. Instead of an
exercise price, it has an exercise rate (or strike rate). which 15 expressed on an osder of
magnitude of an inlerest rate. AL expiration, the oplion payofT is based on the difference
between the underlying rate in the market and the exercise rate. Wherzas an FRA 15 o com-
miinment 1o make one interest payment and recerve another at a fulere dale, an interest raie
option is the right 1w make one interest payment and receive another. And just as there are
call and put options, there is also an interest rate call and an interest rate put,

An inderest rate call v an optien in which the holder has the righr 1o make g krown
imterest pavment and receive an unknown interest payment. The underlying is the unknown
interest rate. IF the unknown underlying rate tums ool e be higher than the exercise rale at
expiration, the option s n-the-money and is exercized; otherwise, the option simply
expires, An inferest rate pur is an option in which the holder has the right to moke an
prtkrown inferest payment and receive a bnown interest pavment, 1§ the unknown underly-
Ing rabe tums sul W be lower than the exercize rate at expiration, the option is In-the-maney
and is exercised; otherwise, the opiion simply expires. All interest rate oplion Coniracts
have a specified size, which, as in FRAs, is called the notional principal, An interest rate
oplion can be European or American style, but most tend to be European style. Interest rate
options are seitled in cash.

_d
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{Motional Prncipal ibMax(0,Underlying rate ol expiration — Exercise mh‘:](

(Moticnal Principal )Max((,Exercise rate — Underlving rate at ex plrﬂllm](

Az with FEAs, these options are offered for purchase and zale by dealers, which are
financial institutions, vsually the same ones who oiTer FRAs, These dealers quote rates for
options of various exercise prices and expirations. When a dealer takes an option position,
it usually then offseis the risk with other transaciions, often Eurodaollar futures.

Ty use the same example we wsed in introducing FRAs, consider options expiring in
90 days on | B0-day LIBOR. The option buyer specifies whiatever exercise rate he desires. Let
us say he chooses an exercise rate of 5.5 percent and a notional principal of %10 million.

Mow let us move o the expiration day. Suppose that 180-day LIBORE 15 6 percent.
Then the call option is in-the-money. The payoff o the holder of the option is

(5 10,000,0001(0.06 — 0.055) (%) = B23,04KD

Thix money iz nof paid of expiration, hoewever, i 18 paid T80 dayve Larer. There is no rea-

son why the payofl could not be made ol expinstion, as is done with an FRA. The delay of

payment associated with interest rate options actually makes more sense, because these
instruments are commonly used 1o hedge Moating-rate loans in which the rate is set on a
given day but the interest s paid later. We shall see examples of the convenience of this
rvpe of structure in Chapter 7.

Maote that the difference between the underlying rate and the exercise rate is mul-
plied by 130360 w0 reflect the fact that the rate quoted 1= a 180-day rate but is stated as an
annual rate. Also, the interest calculation is muliiplied by the notional principal,

T general, the pavoll of an interest rate call 1s

i

Days in underlying raie } 411

360

The expression Max{0,Underlyving rate ai expiration — Exercise rate) is similar 1o a form
that we shall commonly see throughout this chapter for all options. The payofl of a call
option sl expiration is based on the maximum of zero or the underdying minus the exercise
rate. I the option expires cat-of-the-money, then “Underlyving rte at expiration — Exer-
cise rale” is negative: consequently, zero is greater. Thus, the option expires with no value.
If the option expires in-the-money, “Underlying rate al expiration — Exercise rute” is pos-
itive, Thus, the option expires worth this difference (multiplied by the notional principal
and the Days/360 adjusiment), The expression “Days in underdying rate,” which we used
in Chapter 2, refers to the fact that the rate is specified as the rate on an instrument of @
specific number of days 1o matenty, such as a 90-day or 180-day rate, thereby requiring
that we multiply by 90¢360 or 1300360 or some similar adjustment,
For an interest rate pat option, the general formula s

Days in underlying rate
360

}| (4-2)

For an exercise rate of 5.5 percent and an underlying rate at expiration of 6 percent, an
interest rate put expires out-of-the-money, Cnly if the underying rate is less than the exer-
wise rate does the put oplion expire in-the-money.

As noted above, borrowers often use interest rate call options 1o hedge the risk of ris-
ing rates on floating-rate loans. Lenders often use interest rate pot options o hedge the risk
of falling rates on floating-rate loans. The form we have ssen here, in which the option
expires with a single payoll, is not the more commonly used variety of interest rate option.
Floating-rate loans usually involve multiple interest payments, Esch of thase pavmenis 1=
seton a given date, To bedge the nsk of interest rates increasing, the Borrower would need
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options expiring on each rate resel date, Thus, the borrower would require a combination
of interest rate call options. Likewise, a lender needing to hedpe the nisk of falling rates on
a multiple-payment floating-rate loan would need a combination of interest rale put
options.

A combination of interest rate calls is referred to as an interest rate cap or some-
times just & cap. A combination of interest rate puts is called an interest rate floor or
sometimes just a floor.* Specifically, an interest rate cap is a series of call aptions on an
interest rate, with each option expiring af the date on which the floating loar rate will be
reset, and with each option having the same exercise rate,” Each option is independent of
the others; thus, exercise of one option does not affect the right to exercise any of the oth-
ers, Each component call option is called a caplet. An inrerest rate fToor is a series of pul
opiions on an inferest rate, with each option expiring af the date on which the floating loan
rerre will be rerer, and with each oprion having the same exercize rate, Each componeni pat
option is called a floorlet. The price of an interest rate cap or floor is the sum of the prices
of the options that make up the cap or floos.

A special combination of caps and floors 15 called an interest rate collar. An infer-
eif rare collar is a combiration of @ long cap and @ short fleor or a short cap and a long
floor. Consider a borrower in a floating rate loan who wants to hedge the risk of rising
interest rates but is concerned about the requirement that this hedge must have a cash out-
lay up front: the option premium. A collar, which edds a short floor to a long cap, is a way
of reducing and even eliminating the up-fromt cost of the cap, The zale of the floor brings
in cash that reduces the cost of the cap. It is possible to set the exercise rates such that the
price received for the sale of the floor precisely offsets the price paid for the cap, thereby
completely eliminating the up-front cost. This transaction is sometimes called a zero-cost
collar, The term is & bit misleading, however, and brings to mind the importance of noting
the true cost of a collar. Although the cap allows the borrower to be paid from the call
options when rates are high, the sale of the floor requires the borrower 1o pay the counter-
party when rates are low. Thus, the cost of protection against rising rates is the loss of the
advantage of falling rates. Caps, floors, and collars are popular instruments in the intenest
rate markets. We shall explore strategies using them in Chepter 7.

Although interest rate opiions are primarily written on suech rates as LIBOR, Euri-
bor, and Euroyen, the underlying can be any interest rate.

4.1.5 Currescy OPTions

As we noted in Chapter 2, the currency forwand market is quite large. The same 15 true fos
the currency options market, A currency optlon allows the holder to buy (if & call) or sell
(if & put) an underlying currency at a fixed exercise rate, expressed as an exchange rate.
Many companies, knowing that they will need to convert a currency X at & future date into
& currency Y, will buy & call option on currency Y specified in terms of curmency X, For
example, say that a U.5. company will be needing €50 million for an expansion project in
three months, Thus, it will be buying eurcs and is exposed 1o the risk of the euro rising
against the dollar. Even though it has that concern, it would also like to benefit if the euro
weakens against the dollar. Thus. it might buy a call option on the euro. Let us say it spec-
ifies an exercise rate of $0.90. So it pays cash up front for the right to buy €50 million at
a rate of $0.90 per euro. If the option expires with the euro above $0.90, it can buy euros

* It is possible to construct caps and floars with optsons on any othes 1ype of underlving, but they ane very
aften used when the underiving is &n imenest ale,
v Technacally, each aption meed not have the same exercise rate, but they generally do,
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4.2 Ormions ON
FUTURES

at $0.90 and avoid any additional cost over 50,90, If the option expires with the suro below
50,90, it does not exercise the option and buys euros at the market rate.
MNote closely these two cases:

Euro expires above S0.80
Company buys €50 million at 30.90
Eure expires af or below 50,80
Company boys €30 million at the markes rate

These outcomes cen also be viewed in the following manner:

Dallar expires below €1.1111, that is, €1 > 30,90
Company sells 545 million (€50 million » $0.90) at €1.1111, equivalent to
buying €30 million

Doliar expires above €1,1111, that is, €] < 30,90
Company sells sufficient dollers to buy €50 million at the markst rate

This transaction looks more like a put in which the underlying is the dollar and the exer-
cise rate is expressed as €1.1111, Thus, the call on the euro can be viewed a5 a put on the
dollar. Specifically, a call to buy €50 million at an exercise price of 50.90 iz also & put o
sell €50 million ¥ $0.90 = 545 million at an exercise price of 1/$0.90, or €1.1111.

Most foreign currency oplions activity occurs on the customized over-the-counter
markets. Some exchange-listed currency options trade on a few exchanges, but activity is
fairly low,

In Chapter 2 we covered futures markets. One of the imponant innovations of futures mas-
kets is options on futures. These contracts originated in the United States as a result of a
regulatory structure that separated exchange-listed options and futures markets, The for-
mer are regulated by the Secarities and Exchange Commission, and the latter are regulated
by the Commodity Futures Trading Commission (CFTC). SEC regulations forbid the trad-
ing of options side by side with their underlying instruments. Options on stocks trade on
one exchange, and the underlving trades on another or on Masdag,

The futures exchanges got the idea that they could offer options in which the under-
Iving is a futures contract, no such prohibitions for side-by-side irading existed under
CFTC rules. As a result, the futures exchanges were able to add an attractive instrument to
their product lines, The side-by-side trading of the option and itz underlyving futures made
for excellent arbitrage linkages between these instruments. Moreover, some of the options
on futures are designed to expire on the same day the underdving fulures expires, Thus, the
options on the futures are effectively options on the spot asset that underlies the futures.

A call option on & fulres grves the balder the fght o enter o & long futures contrsct
at a fixed futures price. A put option on a futures gives the halder the right o enter into a shart
futures contract at a fixed funires price, The fixed futures prce is, of course, the exercise price.
Consider an opion on the Eurodollar futares contract trading at the Chicago Mercantile
Exchange. On 13 June of a partcular year, an oplion expiring on 13 July was based on the
July Eurcdollar futures contract. That futures contract expires on 16 July, a few days after the
option expires,'" The call option with exercise price of 95.75 had a price of 54.60. The under-
Iying futures price was 86.21. Recall that this price is the IMM index value, which means that
the price is based on a discount rae of 100 = 96,21 = 3,79 The contract size 15 §1 million.

"' Soene options on folures expire 2 mosh ar so befare the futores expires. Others expire wery close o, if oot
#, the fotunes expiraion
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4.3 CommomTy
Oemions

4.4 OrHer Tyres
ofF Ornions

The buyer of this call option on a fueres would pay 00860F 1000000} = S, K
and would obtain the fight to buy the July futures contract at a price of 95.75. Thus, st that
time, the option was in the money by 9621 — 9575 = (146 per 3100 face value. Suppose
that when the option expires, the futures price 15 96,00, Then the holder of the call would
exercise il and obtin a long fulures position ot a price of 95,75, The price of the undery-
ing futures is 96,00, so the margin account 12 immediately marked o market wath a credi
of 0.25 or $625."" The party on the short side of the contract is immediately set up with a
short futures contract at the price of 9575, That party will be charged the 3625 gain that
the long made, If the option is a pul, exercise of it establishes a short position. The
exchange assigns the put writer a long futures position.

e N

Oiptions in which the asset underlying the futures is a commodity, such as oil, gold, whea,
of sovheans, are also widely traded. There are exchange-traded as well as over-the-counter
versions, Over-the-counter ophions on oil are widely used,

Or focus in this book is on financial instruments so we will not spend any time on r
commadity options, but readers should be aware of the existence and use of twese instro-
menis by companies whose business involves the huving and selling of these commuadities.

As derivalive markets develop, options {and even some other types of derivatives) have
begun o emerge on such underdvings as electncity, various sources of energy, amd even
weather, These instruments are almoest exclusively costemized over-the-counter instru-
menis. Perhaps the most notable festure of these instruments 15 how the undervings are
often instruments that cannot actually be held, For example, electricity is nod considered a
storable asset because 1t s produced and almost immediately consumed, but 11 15 nomethe-
less an asset and cerainly has a volatile price. Consequently, it is ideally suited for oplions
and other denvatives trading.,

Consider weather. It is hardly an asset at all but simply a random factor that exens
an enormous influence on econcmic activity. The necd (o hedpe against and speculale on
the weather has created a market in which measures of weather activity, such as sconomic
Iogzes from storms or average temperature or runfall, are structured into a denvatve
instrument. Option versions of these derivatives are growing in importance and use. For
example, consider a company that penerstes considerable revenoe from outdoor summer
activilies, provided that it does not rain. Obviously a certain amount of rain will occor, but
the more rain, the greater the losses for the company. 1 could buy a call option on the
amount of rainfall with the exercise price stated as a quantity of rainfall, I actual rainfall
exceeds the exercise price, the company exercises the option and receives an amount of
maoney related tw the excess of the rainfall amount over the exercise price.

Another type of option, which is not at all new but 1= incressingly recognized m prac-
tice, is the real option. A real option is an option aseociaied with the flexibiliny inherent incap-
ital investment projects. For example, companies may imvest in new projects that have the
option to defer the full investment, expand or contract the project at a later date, or even ter-
mingte e project. In fact, most capital investment projects have numerows elements of fles-

" If the contract is in-the-money by 96 — 95.75 = 0.25 per $100 par. it is in-the-money by 0.25/100 =
CLMI2E, or (025 percent of che face valee. Hecwuse the face wolue is 81 million, the conimaet s in the money hy
(D025 AW IS S | 00N = 625, (Mole the adposiment by 207360.) Another way o fook an thiz
calculatbon is that the (wures price at 9575 is 1 — (R425PHE SN = 3059375 per £1 par, or $959,5375, AL
U, 1 Tt pelce b | — OUCAPRIAG0 = S0.9% per S0 par o $9A0,000, The difference i« 3525, 5o,
exercising this oplion is like emtering inko a fubgres conlract at a price of 9853575 and having the price
immedimely go o 2L, o gain of 4623, The call balder must deposii money 10 meel the Earadollar
Tutures margin, bul the exercise of the option gives him 3625, In otber wonds, assuming he meels B minimam
imilial margin requirement, he i immediaiely credised with 5625 more.
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ibility that can be viewsed as options. OF course, these options do ol trade in markets the sume
wiry as financial and commodity aptions, and they must be evaluated much more carefully,
They are, nonetheless, options and thus have the potential for generabing enormous vale

Again, our empfiasis is on financial options, but readers should be aware of the grow-
ing role of these other types of options in our economy. Investors who buy shares in com:-
panies dhatl have real options are, in effect, buying real options. In addition, commodity and
odher types of options are sometimes found in investment portfolios in the form of “aler-
native investments” and can provide significant diversification benefits.

To this point, we have examined characteristics of options markets and contracts,
Mow we move forward 1o the all-important wopic of how options are priced.

5 _PHIHEIPLES OF OPTION PRICING

In Chapters 2 and 3, we discuzsed the pricing and valuvaton of forward and fetures con-
tracts, Becall that the value of a contract is what someone must pay to buy into it or what
someone would receive to sell oot of it A forward or Tutures contract has eero valee at the
start of the coniract, but the valee turns positive or negative as prices or rates change. A
contract that has positive value to one party snd negative value (o the counterparty com tum
arpund and have negative value to the former and positive value o the latier as prices or
rates change. The forward or futures price is the price that the parties sgree will be pad on
the future date to buy and sell the underlying.

With options, these concepts are different. An option has a positive value at the =tarl,
The buver mest pay money and the seller receives money 1o initiate the contract. Prior to
expiration, the option always has positive value (o the buver and negative value 1o the
seller. In a forward or fulures contract, the two parties agree on the fised price the buver
will pay the seller. This fixed price is set such that the buyver and seller do ol exchangs
any maoney. The comesponding fixed price at which a call holder can buy the underlying
or & put holder can sell the underlying 15 the exercise price. [k w0, 15 negotiated belween
buyer and seller bor sill resulis in the buyer paying the seller money up front in the form
of an option premium or price.’”

Thus, what we called the fopward or fuiures price cormesponds more o the exercise
price of an option. The option price fx the oplion value: With a few exceptions tha will be
cleardy noded, in this chapter we do not distinguizh between the option price and value.

In thiz section of the chapler, we examine the principles of option pricing, These prin-
ciples are characteristics of option prices thal are governed by the rationality of imvesions,
These primciples alone do not allow us o caleulate the option price, We do thit in Section 6.

Before we begin. it is important o remind the reader that we assume all participants
in the market behave in a rational manner such that they do not throw away money asd that
they take sdvantage of arhitrage opporiunities, As such, we assume that markets are suffi-
ciently competitive that no arbitrage Opporiumies exisl,

Let us start by developing the notation, which is very similar o what we have used
previously, Mote that time O is today and tme T s the expiration

S B¢ = price of the underlving asset at ome O (oday) and dme T (expiration)
x = prercise price

r = rigk-free rate

12 Pow g call, there s mo finise exerclae price that drives the option price w o, For & par, the unrealistic
example of a wend exercise price woukl make the pul price be 2ano.
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5.1 Pavorr
VaLues

T = time to expiration, equal to number of davs o expiration divided by 363
o, ¢ ™ price of European call wday and at expiration
Cy. T = price of American call today and at expiration
Po- pr = price of European put today and at expiration
Fa, Py = price of American put today and at expiration

On occasion, we will introduce some vanations of the above s well as some new notation,
For example, we start off with no cash flows on the underlying, but we shall discuss the
effects of cash flows on the underlying in Section 5.7,

The easiest time 1o determing an option’s value is at expiration. At that point, there is no
future, Only the present mamers. An option’s value at expiration is called its payoff. We
introduced this material briefly in our basic descripiions of types of options; now we cover
it in more depth.

Ar expiration, a call option iy worth either zero or the difference berween the under-
tving price and the exercize price, whichever i greater:

er = Max(0,57 = X) (4-3)
Cr = Max(0.5r — X)

Mote that at expiration, a European option and an American option have the same payoff
because they are equivalent instruments at that point.

The expression Max(0,5; — X) means to take the greater of zero or S¢ — X. Sup-
pose the underlying price excesds the exercise price, 5¢ = X, In this case, the option is
expiring in-the-money and the option is worth 5¢ = X. Suppose that at the instant of expi-
ration, it is possible o buy the option for less than 8¢ — X. Then one could buy the option,
immediately exercise i, and immediately sell the underlying. Doing so would cost oy (or
Cr) for the option and X to buy the underlying but would bring in S¢ for the sale of the
underlying. If cr (or Cy) < 5¢ — X, this transaction would net an immediate risk-fres
profit. The collective actions of all investors doing this would force the option price up to
5¢ = XK. The price could not go higher than 5+ = X, because all that the option holder
would end up with an instant later when the option expires is 5 = X, If ¢ < X, mean-
ing that the call is expiring out-of-the-money, the formula says the option should be worth
zero. It cannot sell for less than zero because that would mean that the option seller would
have to pay the option buyer. A buyer would not pay more than zero, because the option
will expire an instant later with no value,

Al expiration, a pul option 5 worth elther 1ere or the difference berween the exercise
price and the underlving price, whickever is greafer.

pr = Max(0.X = 5] (4-4)
P'.' = Mu[ﬂ.x - S'r}

Suppose 3¢ = X, meaning that the put is expinng in-the-money, Al the instant of expira-
tion, suppose the pat is selling for less than X — Sv. Then an investor buys the put for pr
{or Py) and the underlying for Sy and exercizes the put, receiving X. Ifpr(or Pr) < X —
S, this transaction will net an immediate sk-free profit, The combined actions of panic-
ipants doing this will force the put price up to X — Sy, It cannot go any higher, becauss
the put buyer will end wp an instant later with only X — 51 and would not pay more than
this, If 54 = X, meaning that the put is expiring out-of the-maoney, it is waorth zero, It can-
not be worth less than zero because the option seller would have 1o pay the option buyer.

S— = ¥
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It cannot be worth more than zero because the buyer would not pay for a position that, an
instant later, will be worth nothing,

These important results are summarized along with an example in Exhibit 4-5. The
payoff diagrams for the short positions are also shown and are obtained as the negative of
the long positions, For the special case of 5; = X, meaning that both call and put are expir-
ing at-the-money, we can effectively trear the option as out-of-the-money because it is
warth zero 8t expiration,

EXHIBIT 4-5 Option Values at Expiration (Payofis)

Example (X = 50)
Option Value 5y =52 5r= 48

European call oy = Max{(h8y — X} oy = Max(052 — 50 =2 ¢p = Max(048 — 801 =0
American call Cr = Man{0.5; — X} Cr = Man(d32 - 50) = 1 Cp = Max(04% = 50) = ©
Earopaan put pr = Maxi0X — 8¢} pr = Max{350 — 52 =0 pr = Max(0L50 — 48} = 2
American put Py = Max{0.X = §;) Pr = Max(0,50 = 52) = 0 Py = Max(0,50 = 4§) = 2

Hoves: Rewelts for (he Europesn end American calls corvesposd 1o Graph &, Resulis for Graph B ee the negilive af
Ciraph A, Results fog the Eeropean and American fuls comespond 1o Graph ©, sl remalis: for Graph D are the nega-

trve of Gragh C.
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The value Max{0 5; — X} for calls or Max((,X — 5y for puis is also called the option’s
inirinsic value or exercise value, We shall use the formers terminology, Intrinsic valee i3 wha
the option is worth o exercise it based on corrent conditions. In this section, we have talked
only abowt the option al expiration. Prior (o expiration, an option will normally sell fos mose
than its intrinsic valoe." The difference between the market price of the option and its intrin-
3¢ value 15 called 11z time value or speculative valoe, We shall vse the former erminclogy,
The time value reflects the potential for the option’s intrinsic value at expiration to be greater
than 1ts current intnnsice value, Al expirstion, of course, the nme value 15 #en,

PRACTICE PROBLEM 1

For Pans A through E, determing the payoffs of calls and pats under the conditions
given,
A. The underlying is a stock index and is at 5,601.1% when the oplions expire. The
multiplier is 00, The exercise price 15
i 5,500
i, 6,000

B. The underlying is a bond and is at 51.033 per 31 par when the options expire.

The contract is en 100,000 face value of bonds. The exercise price 15
i 31.00
ii. £1.05
C. The underlying is & ®0-day interest rate and is at 9 percent when the oplions
capire. The notional principal is 550 million. The exercise rate is
i. & percent
il 1.5 percent
D. The underlying 15 the Swiss franc amd is at $0.775 when the options expire. The
options are on SFS00000, The exercise price 15
i, $0.75
i, $0.81

E. The underlving is a futures contract and s at 1 1.5 when the options expire. The
options are on a futures contract covering 31 million of the underlying. These
prices are percentages of par. The exercise prce 15

i 110

i, 115
For Parts F and G, determine the pavolls of the siralegies inhicated and descrbse the
payott graph.

F. The underlying 12 a stock pnced at 540, A call option with an exercise price of
40 is selling for 37, You buy the stock and sell the call, At expiration, the stock
price is

i, $52

il $38

1 N gkl laber see an omeeplin e this stabement lor Edropean puls, bul B pow ke il as the tulk



Principles of Option Pricing

179

5.2 Bouspary
ConNmTiOoNS

A,

G, The underdving is u stock priced at 560, A put option with an exercise price of $60

is priced at 3. You buy the stock and buy the put. At expiration, the stock price is
i. 368
ii. 350

SOLUTIONS

1 Calls: Maxi) 5601.19% — 5500) = 500 = 50,595
Puts: Max((L3500 — 5601.19) = 500 = 0

il Calls: Max0 560119 — G000 = 500 =
Puts: Maxi06000 — 360119 < 300 = 199,405

i Calls: Maxi(,1.035 — 1.00) = 100,000 = 33,500

Puts: Maxq(, 100 — LO35) = S100,000 = S0
ii. Calls: MaxiQ,1.035 — 1.05) = 3100000 = 30

Puts: Blaxi, 1,05 = 1LO35) = S100,000 = 51,500
i Calls: Maw((0,0.08 — OU08) = (WYI60) = 50,000,000 = 125,000

Puts: Baxi0 0008 — 009 > (9V3a0) = 350,000,000 = £
il Calls: Maxi0,0.08 — 0,103) = (903603 = 350,000,000 = 20

Puts: Belaxi0 0,105 — 00095 =0 (9IVAA0Y = 250.000,000 = 5187500
i Calls: Max(0,0.775 — 0,75) = SF500,000 = 5F12,500

Puts: Maxi00.75 — 0.775) = SF500,000 = 5H}
i, Calls: Max(00.775 — Q.E1) = SEF300,000 = 5F0

Puts: Maxilh 0Bl — 0.775) = SF00000 = SF17,500
i Calls: Maxi, 1105 — 1105 2 (0A00) = 51,000,000 = 35,000

Puts: Maxi0, 110 — 110.5) = (170000 = 51 000,000 = 30
i, Calls: Magi, 110,35 = 1155 = (11003 = 51,000,000 = 30

Puts: Maxi0. 115 — 1105) = (17100) = 5 1LNLID = 545 (00
i, 52 = Maxill,52 — 405 = 40
il. 38 — Max(0.,38 — 40) = 38
For any value of the stock price at expiration of 40 or above, the payoll 15 constant
at 4. For siock price values below 440 st expiration, the payoff declines with the
stock price, The graph would fook sumilar oo the short put m Pasel D of Exhibi 4
5. This strategy is known us a covered call and is discussed in Chapter 7.
i 68 + Maxi(60 — 65) = 68
i, 30 + Maxi(.60 — 500 = &
For sy vilue of the stock price st expiration of 60 or below, the payoft is con-
stant a1 6l For stock price values above 60 ar expiration, the payoll increases
with the stock price at expiration. The graph will look similar to the long call in
Fanel A of Exhibdr 4-3. This strategy is kiown as a profective purn and is covened
later in this chapter and in Chapter 7.

We stirt by examining some simple results that establish minimum and maximuom videes

There is no guestion that evervone agrees on the option’s intrinsic value; after all, it
15 hised on the current stock prce and exercizse price. It is the ume value that we have more
difficulty estimating. 5o remembering that Chwicn price = Infrinsic valiee + Time valie, let
s move forward snd attempt 1o determing the value of an option wday, prior to expirstion.,

tor options prior to expirstion.

— — I——
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B2 T Mirsais ArD MAxipus Valors

The first and perhaps most obvious result is one we have already alluded to: The minimum
walie of any option I 7ero. We state this formally as

Gy o= 0,0y =0 (4-3)
po= Pz

Mo option can sell for less than zero, for in that case the writer would have to pay the buyer.

Mow consider the maximum value of an option. It differs somewhat depending on
whether the option is a call or @ put and whether it is European or American. The maxi-
e verfene o @ call B phe currens value of the underlving:

Cg = SI}- 'E'n = Su. t4'6‘}

A call is a means of buying the underlying. 1t would not make sense o pay mose for the
right to buy the underlyving than the value of the underlying iself.

For a put, it makes a differcnce whether the put is European or American, One way
o see the maximum value for puts is 10 consider the best possible ouicome for the put
holder. The hest outcome is that the underlving goes to a value of zero, Then the put holder
could sell o worthless asset for X, For an American put, the holder could sell it immesdi-
ately and capture a valoe of X. For a European put. the holder would have to wadt uniil
expiration; consequently, we must discount X from the expiration day to the present. Thus,
the praximum valiie of a Enropean put is the present value of the exercize price, The may-
imum valwe of an Amrerican put (5 the exercise price,

=X+ B =X {4-7)
where 15 the nsk-free interest rate and T 15 the time o expiration. These resulis for the

maximums and minimuems for calls and puts are summanzed i Exhiban 4-6, which also
ingludes a numencal example.

EXHIBIT 4-6 Minimum and Maximum Values of Options

Minimum  Maximum Example (5, = 52, X = 50,
Ciption Value Value r= 5%, T = 1/2 yearl
Eurapzan call =0 oo = 8y 0= gy = 52 ]
American call Cop=0 Co= 8 == 52 |
Eurapean put Pe=0  pp= XN 40" 0= py = 4880 [4R.8D = SN0
Amercan put By=10 Fy=X 0= Py = 50

522 Lower Bousnos

The results we established in Section 5.2.1 do not put much in the way of restrictions on
the option price, They tell us that the price is somewhere between zero and the maximuim.
which 15 either the underlying price, the exercise prce, ar the present value of the exercise
price—a fairly wide range of possibilities. Fortunately, we can tighten the range up a little
on the low side: We can establish a lower bound on the option price.
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For American oplions, which are exercisable immediately, we can state that the
lower bound of an American option price is its current intrinsic value: ™

C" = MH.:';.[U.S" - :{:l {4_“]
P|;| = M-ﬁ.ﬁ{ﬂ-:': - Sﬂ]

The reason these resulis hold today i3 the same reason we have already shown for why they
must hold at expiration. If the opiion is in-the-money and is selling for less than its intrin-
sic value, it can be bought and exercised 1o net an immediate risk-free profit.'® The col-
lective actions of markel participanis doing this will force the American option price up to
at least the intrinsic value,

Untortunately, we cannot make such a statcment abouwt European options—but we
can show that the lower boand iz either 2ero or the cumem underlving price mimus the pres-
ent value of the exercise price, whichever is greater. They cannot be exercised carly; thus,
there is no way for marker participanis W exercise an option selling for we linle with
respect 1o its intrinsic value. Fortunately, however, there is a wav o establish a lower
bound for European options. We can combine aptions with risk-ree bonds and the under-
Iving in such a way that a lower bound for the option price emerpes.

First, we need the ability o bay and sell a risk-free bond with a face value egual 1o
the exercise price and current value equal to the present value of the exercise price. This
procedure is simple bl perhaps nod obvious, 15 the exercise poce 1= X (say. 1000, we buy
g bond with o face value of X {100} maturing on the option expiration day. The current
value of that bond is the present value of X, which is X1 + 11", S0 we buy the bond today
for X1 + r)" and hold it until it matures on the option expiration day, at which time it
will pay off X. We assume that we can buy or sell (ssee) this type of bond, Note thit this
transaction involves bormowing or lending an amount of money equal o the present value
of the exercizse price with repavment of the full exercise price,

Exhibit 4-7 illustrates the construction of a special combination of instruments. We
huy the European call and the nsk-free bond and sell short the underlying azset. Recall that
short selling involves borrowing the asset and selling it. At expiration, we shall buy hack

EXHIBIT 4-7 A Lower Bound Combination for European Calls

Value at Fxpiration
Transaction Current Value S = X Br =X
By call o ] Sr- X
Sell short urberlying —8a -5 —&s
Buy bond XA+ X X
Toal o — Sa+ XA+ 07 X—5=0 i

¥ Mormally we Base ilalicized semences containing important resulis. This one, Bowsver, is a litle differeni;
Wi are staing it tempararily, We shall soon shiew that se can averride ane of these resulis with a lower bound
that i3 higher amd, therefoes, i o betier lower bowand.

" Comsider, for exomple, on bn-the-money call selling for ks than S — X, Ose can buy the call for Cg,
EREncisg L paying X, and sell (be underlyimg mefling a gain of 5, = X = O, This value is positive and
represemis an immediate risk-free gain, If the opticn is an in-the-meney ot selling for less than X — S5 one
can hiy the put fos Fy, buy the usderying For 5o, and suercise the pal @ receive X, thereby neiting an
immediats risk-froe gain of X = 5, = Fi.
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the asset. In order to illustrate the logic behind the lower bound for a European call in the
simplest way, we assume thal we can sell shorl without any restrictions.

In Exhibit 4-7 the tao rght-hand columns contain the valee of each instrument when
the option expires, The rightmast column is the case of the call expinng in-the-maoney,
which case it is worth 5 — X, In the other column, the out-of-the-money case, the call is
worlh zery. The underlying is worth —5¢ (the negative of its current valoel in either case,
reflecting the fact that we buy it back o cover the shor position, The boad is worth X in both
cises, The sum of all the positions is positive when the option expires out-of -the-money and
rero when the option expires in-the-money. Therefone, n ne case does this combination of
instruments have a negative value. That means that we never have to pay oul any maoney at
expiration. We are guarantesd at least no loss ol expiration and possibly something positive.

If there is a possibility of a positive cutcome from the combination and if we know we
shall mever have to pay anything out from holding a combination of instruments, the cost of
that combrination muest be positive-—it must cost us something (o enter into the posibion. We
cannot take in money o enter into the position, In that case, we would be receiving money up
front and pever having to pay amything out. The cost of entering the position 1= shown o the
second colummn, lubeked the “Current Value” Because thal value must be positive, we there-
fore require that ¢ — 5, + X4 + r" = (. Rearranging this equation, we obtain ¢, = 5, -
X1 + ', Now we have a stutement about the mimimum value of the option, which can servi
a5 i Jower bound, This result is solid, becaose if the call is selling for less than 5, — X411 +
r}', an investor can buy the call, seil short the underlying, and buy the bond. Doing so would
bring in money up front and, as we see in Exhibit 4-7, an ivestor would not have to pay oul
any money ab exparation and might even get a linde more money, Because other investors
wollld do the same, the call price would be forced wp until it is a least 5, — X411 + '

But we can improve on this result. Suppose S, = XA1 + )7 is negative. Then we
are stating that the call price is greater than a negative number. But we already know that
the call price cannot be negative. S0 we can now say that

o = Max]0.5, — XA1 + 0]

In other words, the fower bownd on a Evropean call price is sither zero or the underlving
preice v e prevent value of the exercize price, whichever is greater. Notice how this
lower bound differs from the mmmum valee for the American call, Max(0,5; — X} For
the European call, we must wail to pay the exercise price and obtain the underlving. There-
fore, the expression contains the current underlying value—the present value of its fugre
value—as well as the present value of the exercise price. For the American call, we do not
have to wait until expiration; therefore, the expression reflects the potental 1o mmediately
receive the underlving price minus the exercise price. We shall have more o say, however,
about the relationship between these two vidwes,

Tir illwstrate the lower bownd, let X = 50, r = 0005, and T = 0.5, If the current under-
Iying price is 45, then the lower bound for the European call is

Max[0,45 — 504 1.05)"°] = Max{0,45 — 48.80) = Maxi0,~3.80) = 0

All this calculation tells us = that the call must be worth no less than zero, which we already
knbew, IF the current underlying price is 54, however, the lower bound for the European call is

Mian (0,54 — 4880} = Max{0,5.200 = 5.20
which tells us that the call must be worth no less than 5200 With European puts, we can

use of the present value of the exercise price.

also see that the lower bound differs from the lower bound on Amencan puts in this same I:
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EXHIBIT 4-8 A Lower Bound Combination for European Puts

Value at Expiration
Transaction Current Value ar= X ar =X
Buy pul M X -5 0
Buy underlying 5 S¢ Sp
Issue bond -XHl+n" -X -X
Tatal P+ Sy = XA 4+ 0y i Sr—XK=0

Exhibit 4-8 constrscts a similar type of portfolio for European puts. Here, however,
we buy the put and the underlying and borrow by issuing the zero-coupon bond. The pay-
off of each instrument is indicated in the two rightmost columns. Note that the total pay-
off 15 never less than zero, Conseguently, the iminal valoe of the combination must not be
less than zero. Therefore, py + 55 — X011 + 1) = 0. Iselating the put price gives us pg ==
XA+ )" — S, But suppose that %41 + r)' — 5, is negative. Then, the put price must
be greater than a negative number. We know that the pat price must be no less than zero.
Sao we can now formally say that

po = Max|0LXA1 + 07 — 8§,

In other words, the lower bownd of @ Enropean put is the greater of either zeno or the pres-
ent value of the exercise price minus the anderiving price, Bor the American put, recall that
the expression was MaxiD.X — 550 So for the European put, we adjust this value to the
present value of the exercise price. The present valuee of the asser price is already adjusted
to &

Using the same example we did for calls, let X = 50, r = 008, and T = 0.5, If the
current underlying price is 45, then the kower bound for the European put is

Maxi0506 105" — 457 = Max(0,48.80 — 45) = Max{0,3.80) = 3.80
IF the current underdyving price 1= 54, however, the lower bound is
Maxil48 B — 54) = Muxi0,—5205 =0

Al this podint lel us recomsider whil we have found. The lower bound for o European
call is Max|(5, — XAl 4 " |. We also ohserved thar an Amercan call must be worth an
least MaxilhS,; — Xb Bul except at expiration, the European lower bound is greater than
the minimum value of the American call."® We could not, however, expect an American
wall wr be worth les= than a European call, Thus the lower bound of the European call holds
for American calls as well, Hence, we can conclude that

Co ™= Max|0.5, — XH1 + ") {4-9)
Cy = Max[0.5, — XH1 + ")

" We discuss this poing e Tommally sod i the contest of whether il s ever worthwhile 1o exercise an
American ¢l carly in Sstivn 5.6,
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5.3 Tue EFFecT OF

A DNFFERENCE IN

Exercise PriCE

For European puts, the lower bound is Max[0,XA1 + )7 — §;]. For American puts, the
minimaem price is Max(D.X — S5, The European lower bound 15 lower than the minimum
price of the American put, so the American put lower bound is not changed to the Euro-
pean lower bound, the way we did for calls. Hence,

Po = Max[0.X00 + 1)’ — 54 (4-10)
Pn. = MHE[U.J{ - Sn:l

These resulis tell us the lowest possible price for European and American oplions.
Recall that we previously referred to an option price as having an intrinsic vilue and
a time value, For American options, the intnnsic value is the value if exercised, Maxil 5,
X1 for calls and Max{0,X — 5y} for puis. The remainder of the option prnce 1= (e hme
value. For European options, the notion of @ ume value is somewhat marky, becawse it first
requires recognition of an intrinsic value. Because a European option cannot be exercised
until expirution, in a sense, all of the value of & European option is time value. The notion
of an intrinsic value and its complement, a time value, 15 therefore inappropnate for Ewro-
pean options, though the concepts are commanly applied (o European options. Forunately,
understanding European options does not require that we separate intrinsic valee from
time value. We shall include therm wogether as they make up the option price.

PRACTICE PROBLEM 2

Consider call and put opions expiring in 42 days, in which the underlving is sl 72
and the risk-free rate is 4.5 percent. The underlving makes no cash payments during
the life of the options,

A, Find the lower bounds for European calls and puts with exercise prices of T

and 75,

B. Find the lower bounds for American calls and puts with exercise prices of 7
ard 75,

SOLUTIONS

A, 70 call: Max[0,72 = 704 1.045)™ 1] = Max(,2.35) = 2.35

75 call: Max[0,72 — 754 1.045)"""™') = Max(0,—2.62) = 0

70 pur: Max[0, 7060 1,045 = 72] = Maxi(),-2.35) = 0

75 put: Max[0.751.045)" """ — 72] = Max(0,2.62) = 2.62
B. 70 call: Max[0,72 = 70410455 = Max((,2.35) = 2.35

75 call: Max[0,72 — 754 1.045" """ = Max(0,—2.62) = 0

T puns Max(0,70 = 72y =0

T5 put: Max{0.75 — 72) = 13

Mow consider two options on the same underlying with the same expiration day but dif-
ferent exercise poces, Generally, the higher the exercise price, the lower the value of a call
and the higher the price of a put. To see this, ket the two exercise prices be X, and X, with
X, being the smaller, Let o0 X ) be the price of a Eurapean call with exercise price X and
ColX4) be the price of a European call with exercise price X-. We refer to these as the X

-
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call and the X; call. In Exhibit 4-9, we construct a combination n which we buy the X
call and sell the X call,"”

EXHIBIT 4-9 Portfolio Combination for European Calls Hlustrating the Effect of
Differences in Exercise Prices

Walue atl Expiration

Transaction Current Value  Sr=X; Xy <5< X; 5= Xp

BLI} call (X = }l...|_| x':.iH.J 0 5. - x. !';T = x|

Sell call (X = Xa) ol Xal 0 i —(5y — Xa)
Tial ol Xy ) — ol Xz 0 Se—X; =1 Ko — X; =0

Mote st that the three catcoaees are all non-negative. This fact establishes that the cur-
rent value of the combination, cgiX ) — cpf M) has to be non-negative. We have 1o pay oul
al least as much for the X, call as we make in for the X call; odtherwise, we would get
moaey up frone, have the possibility of a positive value st expiration, amd never have 1o pay
any money oul, Thus, because ool X0 — cplXa) = (0, we restate this result as

'n'u:l[:“:l] = ‘-'l-':}i:.':'

Thiz expression 15 equivalent 1o the statement that @ cell oprion with a higher exercize
price cannor have a higher valite thar one with @ lower exercize price. The option with the
higher exercise price has a higher hurdle 1o get over; therefore, the buyer is not willing to
pay as much for it. Even though we demonstrated this result with European calls, 10 15 also
true for American calls. Thus, "™

Col X ) = Cyi Kb
In Exhibir 4= 10 w2 construct a similar portfolio for puts, except that we buy the X

put (the one with the higher exercise price) and sell the X, put {the one with the lower
ERErCIse privel

EXHIBIT 4-10 Portiolioc Combination for European Puts lllustrating the Effect of
Differences in Exercise Prices

Value at Expiration

Transaction Current WValue br= X My hr el ¥s Sy oKy

Buy pul (X = X;) Pl Ka— 5y Xa— 5y iy

Sell put (% = X0 RS X = 540 ] 0
Toual Pl ¥zl — polXs) Mo — Xy =0 Xa— 5 =10 ]

1 In Chapiér 7, when we SOver apleon sirgegies, this manzacison wall be kedrvn az a hull !«pl‘l’!..u‘l.

Fltis possible 10 use the resulis from this able to establish a limit on the difference bolwoeon the prices of
e pwen cplions, b we shall ol do 5o kere,
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5.4 TuE EFFecT OF
A DNFEEREMNCE IN
TimEe 1O EXPiRATION

Observe that the value of this combination is never negative at expiration; therefore, it
st be non-negative today, Hemee, pulXah — pol X0 = 00 We restate this resoll as

P Xa) = pal X))

Thus, the valie of @ European put with o higher exercise price must be ol least as greal oy
the value of & European put with o lower exercize price. These resulis also hold for Amer-

ican puts. Therefore,
Pl Xz = Pyl X,)

Even though it is techmically possible for calls and puts with different exercise prices
10 have the same price, generally we can sav thar the kigher the exercize price, the lower the
prive of @ call and the higher the price of o pud. For example, refer back o Exhibin 4-1 and
observe how the most expensive calls and least expensive puts have the lower exercise prices.

Option prices are also affected by the time (0 expiration of the option. Intuitively, one
might expect that the longer the time to expiration, the more vialuable the option. A longer-
term option has more time for the underlyving to make a favorable move, In addition, if the
option is in-the-money by the end of a given penod of tme, it has a better chance of mov-
ing even further in-the-money over a longer period of time. If the additional time gives it
a henter chance of moving oul-of-the-money or further out-of-the-money, the limitation of
loszes to the amount of the option premium means that the dizadvantage of the longer fime
is no greater. In most cases, a longer time o expiration 13 beneficial for an option. We will
see that longer-term Amcerican and European calls and longer-term American puts are
worth mo bess than their shorter-term counterpans,

First let us consider each of the four types of options: European calls, American calls,
European puts, sl American puts, We shall introduce options otherwise identical except
that one has 4 longer time o expiration than the other. The one expiring earlier has an expi-
raticn of T; and the ome expinng later has an expication of Ts. The prces of the options are
eyl Ty b and o 155 for the European calls, Cy(T,) and Cop(T5) for the American calls, pgiT))
and pol o) for the European puts, and PgiT, ) and PoTs) for the American puts.

When the shorter-term call expires, the European call is worth Max(0.5y, — X}, hut
we have alrewdy shown that the longerterm Buropean call is worth ai Jeast Maxi0,5¢, —
X1+ oY, which is @t least as great as this amount.'® Thus, the longer-term Euro-
pean call is worth an least the vilwe of the shorter-term European call. These results are not
altered if the call is Amercan. When the shorer-term American call expines, it is worth
Maxilh5r, — Xk The longer-term American call muost be worth at least the value of the
European ¢all, so it is worth ar least Max[0.8 — XA 1 + r)"™ '), Thus, the longer-term call,
European or Amercan, is worth no less than the shoner-term call when the shomter-term
call expires, Because this statement s always true, the longer-term call, European or Amer-
ican, is worth no less than the shorer-term call an any time pror o exparation. Thus,

gl T2l = colTy) (4-11)
ColTad = Gy

Maotice that these statements do not mean that the longer-term call is always worth maore;
it means that the loager-term call can be worth no less. With the exception of the rare case

" Tiachnically, we showed this caleulaion using a time Lo expiration of T but here the Eme o expiration is Ty — T,

i
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5.5 Pur=Caw
Parimy

in which both calls are =0 [wr out-of-the-maney or in-the-money that the addivonal tme 15
af nao value, the longer-term call will be waorth meore.

For European puts, we have a shght prablem. For calls, the longer term gives addi-
tional time for a favorable move in the underlying o occur. For puts, this 15 also troe, but
there is one dissdvantage 1o waiting the additional time. When a pul is exercized, the
holder recesves money, The lost interest on the money 12 a disadvantage of the additional
time. For calls, there is no lost interest. In fact, a call holder cams additional interest on the
money by paying oul the exercise price later, Therefore, it is nol always tree that sdditional
time is beneficial to the holder of a European put. It is troe, bowever, that the additonal
timee 15 Beneficial o the holder of an American put. An American put can always be exer-
cised; there 15 no penalty for waiting. Thus, we have

poi Tab com be eather greater or less than pgiT )

Pl Tzl = Po(T)) (4-12)

S0 for European puis, either the longer-term or the shoner-term option can be worth more,
The longer-term European pal will tend 1o be worth more when volatility is grester and
interest rules are lvaer.

Referring back to Exhibit 4-1, observe that the longer-tenm put and call options are
miore expensive than the shorer-term ones, As noted, we mighl observe an excepliion o
this rule for Evropean puts, bat these are all American options.

So tur we have been working with puts and calls separately. To see how therr poces most
be consistent with each other and 1o explore common option strategies, let us combine puis
and calls with each other or with a risk-free bond, We shall put wogether some combina-
tions that produce equivalent resulis.

550 Finucwary Cans ann Protecrve Purs

First we consider an option sizategy referred o a3 a Aduciary call. It consists of a Buro-
pean call and a risk-free bond, just like the ones we have been using, that matures on the
option expiration day and has a face value equal to the exercise price of the call. The upper
part of the table in Exhibit 4-11 shows the pavelfs at expiration of the fiduciary call. We
zze that if the price of the underlving is below X at expiration, the call expires worhless
and the bond iz worth X, IT the price of the underlying is above X at expiration, the call
expares and 15 worth S¢ (the underdying prce) —~ X So at expiration, the Gduciary call will
end up worth X or 54, whichever is greater.

EXHIBIT 4-11  Portiolio Combinations for Equivalent Packages of Puls and Calls

Value at Expiration
[ranzaction Current Value Sr= X Sr = X
Fidweiary Call
Buy call Ty 0 S8~ X
Buy bond 4! o X
Total ep + Xl + 1) X Sr
Prodechive Pul
Buy put Pa X -5y i
Buy underlyimg asset B0 S 5
Tostal L X St
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Walue of Fiduciary Call and
Protective Put ab Expiration

Stock Price at Expiration

This type of combination is called a hiduciary call because it allows protection against
downside losses and 12 thues faithiul wo the noton of preserving capatal,

Mow we construct a siratcgy known as o protective put, which consists of a Euro-
pean put and the underlying asset, I the prce of the underdving 15 below X at expiration,
the put expires and is worth X — 54 and the underlving is worth 5. If the price of the
underlying iz above X al expiration, the pul expires with mo value amd the underdving 15
waorth 5. 5o at expiration, the protective put is worth X or 54, whichever 15 greater. The
lpwer part of the table in Exhibag 4-11 shows the pavolls s expiration of the protective pail,

Thus, the fidociary call and protective put end up with the same value. They are,
therefore, identical combinations. To avoid arbitrage, their values today must be the same,
The value of the fiduciary call is the cost of the call, o, and the cost of the Bond, X411 +
7). The value of the protective put is the cost of the put, po, and the cost of the underly-
ing, Sg Thus,

XN+ 0" =py+ 5, (4-13)

This equation is called put—call parity and is one of the most important resulis in options.
It choes ot say that puts and calls ane equivalent, but it does show an egquivalence (parity)
of a callfeond porifolio and a put'underlying poritolio.

Put-callpasity can be writien in a number of other ways, By rearranging the four lerms
to isolate one berm, wie can obtain some interesting and important results. For example,

Co=Po+ 5o — XA+ 0

means that a call 15 equivalent to a long position in the put, a long position in the assed, and

a short position in the risk-free bond, The short bond position simply means to borrow by
issuing the bond, rather than lend by buving the bond as we did in the fiduciary call por- '
fiolios, We can tell from the sign whether we should go loag or shor. Pozitive signs mean
to go long: negative signs mean o go short.

552 SynrHENCs

Because the right-hand side of the above equaton 12 equivalent 1o a call, we often refer 1o
it a5 a synthetic call. To see that the synthetic call is eguivalent o the actual call, look at
Exhibit 4-12: q

__J
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EXHIBIT 4-12 Call and Synthetic Call

Yalue at Expiration

Transaction Current Value A | S5 = X
Call
Hl.l}' call L ] HI - X
Svatheric Call
Buy put P X — &¢ ]
Buy underying asset Sa Sy Sr
lasue biond XA+ " —-X —X

Todul P = Sq — XN+ 0’ ] S — X

The call produces the value of the underlying minus the exercise price or zero, whichever
is greater. The synthetic call does the same thing, bat in a different way. When the call
expires in-the-money, the synthetic call produces the underlying value minus the payoff on
the bond, which is X, When the call expires out-of-the-money, the put covers the loss on
the underying and the exercise price on the pul matches the amount of money nesded 1o
pay off the bond.

Similarly, we can isolate the put as follows:

Po = co — Sp + X1 + )"
which says that a put is equivalent to a long call, a shor position in the underlying, and o long

position in the bond. Becawse the lefi-hand side @5 a put, it follows that the nght-hand side is
a synthetic put. The equivalence of the put and svnthetic put is shown in Exhibit 4-13.

EXHIBIT 4-13  Pul and Svnthetic Put

|

; Yalue at Expiration
Transaction Current Value Sr=X Sr=X
Pur
Buy put o x—- 5 LI
Spatkenic Pur
Buy ¢all O i - X
Shor underlying asset -5 -5 =51
By bond KA1+ 6! X X

Total Cp— o+ XN1 + )7 X — 5y )]

As you can well imagine, there are numerous other combinghons that can be con-
structed. Exhibit 4-14 shows a number of the more important combinations. There are two
primary reasons that it is important to understand synthetic positions in option pricing. Syn-
thetic positions enable us 1o price options, because they produce the same results as options
and have known prices. Synthetic positions also tell how to exploit mispricing of oplions
relative 1o their underlying assets. Note that we can not only synthesize a call or a pat, but
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EXHIBIT 4-14  Alternative Equivalent Combinations of Calls, Puts, the Underlying, and Risk-Free Bonds

Consisting Equates
Strategy of Wiorth I Strateqy Consisting of Wiorth
Fuduciary call  Long call + o+ XN+ 0! - Provlective Long pui + Long Po + 5o
Long baond urderlying
Long call Long call Co - Symthetic Long pui + Long Pn + Sy —
call ursderlying XA+ T
Shom bond
Lanyg put Long put P = Svmhetic Long call & Short oy — 5, +
paut underlying + XA+
Long baond
Long Long S - Synihetic Long call = Long on + K
uniderlying underlying undedying homd + Short put 0+ =y
Long bond Long bond xil + ! = Synthetic bond  Long put + Long Po & S — o
underlying +
Showt call

wi can also synthesize the underlving o the bond, As complex as it might seem te do this,
i is n:-a":r quule cosy. First, we leam that :n'_ﬁ.::l'ﬂ:'ﬁ.::l.l‘}' el b g el I.r.l'p{.'.' e n'.!.'.'i:-,l"rﬂ" hond
patiring on the opion expiration day with @ foce value equal to the exercize price of the
eetiwn, Then we leamn that @ protective pur is the underlving plus @ pul. Then we leam the
basic pul—call parity equation: A Sduciary call is eguivalens to a protective pui:

ot XNl +07 =py + 5

Learn the put—call parity equation this way, because it is the easiest form o remember and
s maor minus sagns,

Mext, we decide which instrement we want (o synihesize. We use simple algebra to
isolite that instrument, with a plus sign, on one side of the eguation, moving all other
instruments to the other side. We then see whal instruments are on the other side, taking
plus signs as long positions and minus signs as shon positions. Finally, 1o check our
results, we should construct a table hke Exiubits 4-11 or 4-12, with the expiration pavodTs
of the instrument we wish to synthesize compared with the expiration payoffs of the equiv-
alent combination of instruments. We then check 1o determine that the expiraion pavofTs
are the swme.

5.5.3  An Areimesct CWPORTURNITY

In this section we examine the arbitrage strategies that will push prices to put—call parity.
Suppose that in the market, prices do not conform to put—call parity, This is a situation in

which price does not equal value. Recalling our hasic equation. o, + X510 + 100 = o+
S, we should insert values into the cquation and see if the equality holds, IF it does not,
then obwiously one side is greater than the other. We can view one side as overpriced and
the other as underpriced, which suggests an arhitrage opporiunity. To exploit this mispric-
ing, we buy the underpriced combination and sell the overpriced combination.

Consider the following example involving call options with an exercise price of $100
expiring in half a year [T = 0L5), The nsk-free rate i1s 10 percent. The call is priced at
§7.50, and the puot is priced at $4.25. The underiving price is $99,
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The left-hand side of the basic put—call parity equation is ¢ + X1 + 0™ = 7.50 +
10041, 10M™F = 7,50 + 95.35 = 102.85. The right-hand side is p, + 8, = 4,25 4+ 99 =
103,25, 50 the right-hand side 15 greater than the lefi-hand side. This means that the pro-
tective put is overpriced. Equivalently, we could view this as the fiduciary call being under-
priced, Either way will lead us to the correct strategy to exploit the mispncing.

We sell the overpriced combanation, the protective put. This means that we sell the
put and sell short the underlying. Doing so will generate a cash inflow of $103,25, We buy
the fiduciary call, paying out $102.85. This series of transactions nets a cash inflow of
£I03.25 — 102,85 = 50040, Now, let us see what happens al expiration,

The options expire with the underlving above TIE
The bond matures, paving 51K
Use the 51040 to exercise the call, receiving the underlying.
Deeliver the underlying to cover the short sale.
The put expires with no viles,
Mt effecn: Mo money in or oo
The opiions expire with the underiving below 1K
The bond matres, paying 5100,
The put expires in-the-money; use the 3100 10 buy the underlying.
Use ihe underlying to cover the short sale.
The call expires with mo vides,
Met effect: Mo money in our out,

S0 we receive $0.40 up front and do nod have o pay anything out. The position is perfectly
hedged and represents an arfbitrage profit. The combined effects of other imvestors performuing
this transaction will result in the value of the profective put going down andfor the value of the
covered call poing up until the two strategies are equivalent in valoe. Of course, it is possible
that transaction costs might consume any proefil, so small discrepancies will nod be exploited.

It is important to note that regardless of which put—call parity equation we use, we will
arrive ol the same striegy. For example, in the ahbove problem, the synthetic put (a long call,
a short position in the underlyimg, and o long bond ) 15 worth 57,50 — 399 + 395,35 = 53.85.
The actual put is worth $4.25. Thus, we would conclude that we should sell the actual put
and buy the symthetic put. To buy the synthetic put, we would buy the call, short the under-
Iving, and buy the bond—precisely the strategy we used to exploat this price discrepancy.

In all of these examples based on put—call parity, we used only Eurcpean options.
Pui—call parity using American options 1= considerably more complicated. The resulting
parily equation is a complex combination of incqualities. Thus, we cannot say that a given
combination exactly equals ancther; we can say only that one combination is more valu-
ahle than another, Exploitation of any such mispricing 1 somewhal more complicated, and
we shall not explore it here.

PRACTICE PROBLEM 3

European put and call options with an exercise price of 45 expire in 115 davs. The
underlying is priced at 48 and makes no cash payments during the life of the options,
The risk-free rate 15 4.5 percent, The put 1= selling for 3.75, and the call iz selling
fior 8.00.
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5.6  AMERICAN
Ornioms, Lowen
BouwpDs, anD
Eariy EXERCISE

A. ldentify the mispricing by comparing the proice of the actual call with the price
of the synthetic call.

B. Based on your answer in Pant A, demoenstrate s an arbitrage rransacion s
execined,

SOLUTIONS

A, Uzing put—call parity, the following formula applies:
€= ppt Sp — XAl +0)'
The time to expiration is T = 115365 = 0.3151, Substineting values into the
righi-hand side:
cp = 375 + 48 — 45010457 = 737
Hence, the synthetic call is worth 737, but the actual call is selling for 8.00 and
15, therefore, overpriced.

B. Zcll the call for .00 and buy the synthetie call for 7,37, To buy the synthetic call,
buy the put for 3.75, buy the underlying for 4800, and issue a zero-coupon bond
paying 45.00 at cxpiration. The bond will bring in 45,000 1.045)" 5! = 44,38
ipday. This transaction will bring in .00 — 7.37 = {L&63.

At expiration, the following pavoelfs will sccur:

free gain of 3,00 — 7.37 = (L63 up front.
|

As we have noted, Amencan options can be exercised carly and in this section we specify
cases in which early exercise can have value. Becauwse early exercise is never mandatory,
the right to exercise carly may be worth something but could never hurt the option holder,
Consequently, the prices of American options must be no less than the prices of European
options:

Cﬂ = O {4"1 4]
Pn:l =

Recall that we already used this result in establishing the minimum price from the lower
bounds and intrinsic value results in Section 5.2.2, Mow, however, our concern 1% under-
standing the conditions under which early exercise of an American option might occur.
Suppose woday, time 0. we are considening exercising early an in-the-money Amen-
can call. 1T we exercise, we pay X and receive an assel worth 5,5 Bul we already deter-
mined that a European call is worth at least 5, — X1 + r)' —that is, the underlying price

miinus the present value of the exercize price, which is more than 5, — X. Because we just I

S5y = 45 Sr =45
Shom call LI =&y — 45
Long put 45 ~ 5y 0 :
Underlying 5y 5q i
Band 45 —45 ]
Tiaeal LI L
Thus there will be no cash in or out al expiration. The transaction will nel a risk- | L
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5.7 THe EFFecT OF
CasH FLows o
THE LINDERLYING
ASSET

argued that the American call must be worth no less than the European call, it therefore
must also be worth at least 5, — X1 + r)'. This means that the value we could obtain by
selling it o someone else is more than the valee we could obtain by exercising it. Thus,
ihere is no reason to cxercise the call early.

Some people fail 1o see the logic behind not exercising early. Exercising a call early
simply gives the money to the call writer and throws away the right 1o decide at expiration
if you want the underlying. It is like renewing a magazine subscription before the current
subscription expires. Not only do you lose the interest on the money, you also lose the right
to decide later of you want 1o renew, Without offering an early exercise incentrve, the
American call would have a price equal to the Buropean call prce, Thus, we must look at
another cise to see the value of the early exercise option.

If the underlying makes a cash puyment, there may be reason to exercise carly. If the
underlying i a stock and pays a dividend, there may be sufficient reason to exercise just
hefore the stock goes ex-dividend, By exercising, the option holder throws away the time
vitlue but captures the dividend. We shall skip the technical details of how this decision is
made and conclude by statng thist

® When the underlving makes no cash pavnents, Cg = ca.

® When the wideriving makes cash paveents during the life of the aption, early exer
cize can be worthwhile and Cg can thas be Righer than ca.

We emphasize the word can. It is possible that the dividend is not high enough to justify
carly exercise.

For puts, there i nearly alwavs a possibility of carly exercise. Consider the mast
obvious case, an investor holding an American put on a bankrept company. The stock is
worth zero, It cannot go any lower. Thus, the put holder would exercise immedistely. As
long as there is a possibility of bankruptey, the American put will be worth more than the
Furopean put. But in fact, hankruptcy is not required for carly exercise. The stock price
must be very low, although we cannot sav exactly how low withoul resorting 1o an analy-
8% using oplion pricing models. Suffice it to say that the American pui is nearly always
wirrth mere than the Exropean puf: P = po

Both the lower bounds on puts and calls and the put-call parity relationship must be mod-
ified 1 aceount for cash flows on the underlying asset. In Chapters 2 and 2, we discussed
situations in which the underving has cash flows, Stocks pay dividends, bonds pay inter-
esl, foreign currencies pay interest, and commodities have carrying costs. As we have done
in the previous chapiers, we shall assume that these cazh flows are either known or can be
expressed as a percentage of the asset price. Moreover, as we did previously, we can
remove the present value of those cash flows from the price of the underlying and use this
adjusted underlying price in the results we have obtained above,

In the previous chapters, we specified these cash flows in the form of the accumu-
Jared walue at T of all cash Mows incurred on the underlying over the hife of the denvalive
contracl. When the underlying is a stock, we specified hese cash Nows more precisely in
the form of dividends, using the notation FV(DU0.T) as the future value, or allernatively
PY(D.0,T) as the present value, of these dividends. When the underlying was a bond, we
used the notation FV{CLO T or PV{CLD, T, where Cl stands for “coupon interest.” When
the cash flows can be specified in werms of a yield or roe, we vsed the noation & where
81 + )7 is the underlying price reduced by the present value of the cash flows. ™ Using

* e aciually weed several specifications of the dividend yield in Chagier 3, but we shall use just ooe here.
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continuous compounding, the rate can be specified as 8 so that Spe ™ 7 is the underlying

price reduced by the present value of the dividends. For our purposes in this chapter on
options, let us just write this specification as PYICEO.T), which represents the present
valee of the cash flows on the underdving over the life of the options, Therefore, we can
restate the lower bounds for European options as

o 2= Max{0,[5, — PVICENQTY] — XA + 1"}
Po = Maxf,XH1 + 0" — |5, — PYICEDT]]

and pui—call parity as
Cn + X411+ 00" = po + [S0 — PVICEOTYH

which reflects the fact that. as we spid, we simply reduce the underlying price by the pres-
ent value of its cash flows over the life of the option.

5.8 THe EFFeCT OF [t is important 1o know that interest rates and volatility exert an influence on aption prices.
ItaTeREST BATES AMND  When inrerest rares are higher call oplon prives are higher and pat oprion prices are
VOLATILITY  fower, This effect is not obwvious and straing the intuition somewhat, When investors buy
call options instead of the underlying. they are effectively buying an indirect leveraged posi-
o in the wnderving, When interest rates are higher, buving the call instead of a direct
leveraged position in the underlying is more abractive. Moreover, by using call options,
imvestars save more moeney by not payimg for the underdlying until a later date, For put
options, however, higher interest rates are disadvantageous. When interest rates are higher,
imvestars lose more inferest while waiting o sell the underlying when using puts. Thus, the
opponunity cost of waiting is higher when interest rates are higher Although these points
may nol seem completely clear, fortunately they are not cnocal, Except when the underly-
ing is a bond or interest rate, interest rates do not have a very strong effect on option prices,
Wolatiliny, bowever, haz an extremely strong effect on option prices, Higher volaril-
ity imcreases call and put option prices because i ncreases possible upside valwes and
imcreases possible downside values of the wnderiving. The wpside effect belps calls and
does not hurt puts. The downside effect does not hurt calls and helps puts. The reasens
calls are not hurt on the downside and puls are not burl on the upside s that when options
are out-of-the-money. it does nod matter if they end up more oat-of-the-money. Bul when
opgions are in-the-money, it does matter iF they end up more in-the-money

Wolatility is a critical variahle in pricing oplions. It is the only variable that affects
option prices that 15 nod directly observable either in the option contract or in the markel

It must be estimated. We shall have more to say about volatility Jater in this chapter.

5.9 OpmioN  Later in this chapter, we will study option price sensitivities in more detail. These sensi-
PRICF SENSITIVITIES  tivity measures have Greek names:
® Defia is the sensitivity of the option price (o a change in the price of the undedying,
* Cmmirna 15 & measure of how well the delia sensitivity measure will approximate the
opeien price’s response oo a change in the price of the underdving,
* Rho is the sensitivity of the option price 1o the risk-free rare,
® Thera s the rte al which the tme value decavs as the option approaches expiration,

4

Vega is the sensitivity of the option price o volatilny,
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6 DISCRETE-TIME OPTION PRICING: THE BINOMIAL MODEL

6.7 Tue One-
Perion BinosiaL
MoneL

Until now, we have looked only at some basic principles of oplion pricing. Other than
put—call parity, all we examined were rules and conditions, often suggesting limitations,
on option prices. With put—call parity, we found that we could price a put or a call based
on the prices of the combinations of instruments that make up the synthetic version of
the instrument, 17 we wanted 1o determine a call price, we had 1o have a put; if we wanted
I determineg a put price, we had to have a call. What we need o be able 1o do is price a
put or a call without the other instrument. [n this section, we introduece a simple means
of pricing an option. It may appear thal we oversimplify the situation, bul we shall
remiove the simplifying assumptions gradually, and eventually reach a more realistc
SCENAriao.

The approach we take here is called the binemial model, The word “Binomial™
refiers 1o the fact that there are only two oulcomes. In olher words, we let the underlying
price move o only one of two possible new prices. As noted, this framework oversimpli-
fies things, but the model can eventually be extended to encompass all possible pnices. In
addition, we refer to the structure of this mode] as discrete time, which means that time
mioves in distinet increments, This is mech like looking at a calendar and observing only
the months, weeks, or days. Even at its smallest interval, we know that time moves for-
ward st a rate faster than one day at a time, 10 moves inhours, mimotes, seconds, and even
fractions of seconds, and fractions of fractions of seconds. When we talk about time mov-
ing in the tnicst increments, we are talking about continuous time. We will see that the
discrele time mode]l can be extended (o become a continuous ome model. Allough we
present the continuous time model (Black-Scholes-Meron) in Section 7, we must point
ouf that the kinomial model has the advantage of allowing us to price American options.
[n addition, the binomial model is a simple model requiring a minimum of mathematics.
Thus it s worthy of study in s own nghi

W start off by having only one binomial period. This means that the underlying price
starts off ol a given level, then moves forward oo new prce, st which time the ogtion
expires. Here we need to change our nodation slightly from what we have been using pre-
viously, We let S be the current underlying price. One period later, it can move up to 57
of down 1o 5, Mote thal we are removing the time subscrpt, because i will not be pec-
essary here. We let X be the exercise price of the option and r be the one period risk-free
raie. The option is Buropean siyle.

B 1.1 THE MaiE

We start with a call option. If the underlying goes up to 57, the call option will be waorth
¢’ If the underlying goes down o 57, the option will be worth ¢ . We know that if the
oplion 15 expinng, s valee will be the ninnsic value, Thus,

¢ = Max{D5 - X)
¢ = Max{0L,5" — X)

Exhibit 4- 15 illustrates this scenario with a diagram commonly known as a hinomial tree.
Note how we indicate that the current option price, c, is unknown.
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EXHIBIT 415 One-Period Binomial Maodel

51-
[c* = Maxi(L5" — X)]

.
[¢7 = Max(05 = X}

Now let us specify how the underlying moves. Wi identify a factor, u, as the up move
on the underlying and d as the down move;

u=2_
5
.

7

s0 that u and d represent | plus the rate of retumn if the underying goes up and down,
respectively. Thus, 5 = Suand 57 = Sd. To avoid an obvious arbitrage opporiunity, we
require that™

d==1+f=u

We are now ready 1o delerminge how to price the option. We assume that we have all infor-
mation except for the current option price, In addition, we do not know in what direction
the price of the underlying will move. We start by constructing an arbitrage portfolio con-
sisting of one short call option. Let us now purchase an unspecified number of units of the
underlying, Let that number be n, Although at the moment we do not know the value of n,

we can figure it out quickly. We call this portfolio a hedge portfolio, In fact, n s sometimes
called the hedge ratio. D15 curment value is H, where

H=nS - ¢

This specification reflects the fact that we own n units of the underlying worth § and we
are short one call.** One period later, this portfolio value will go 1o either H* or H

H' =n8* —¢*

H™ =n% =¢

! This sttemen says that if the price of the underlying goes up, it must do w5 2l @ rate better than the riskfree
raie. f it goes doam, IEmusr do goos s b lewer than the risk-free rate. 1F the anderdying alaays does Beimer than
thee: pisk-fre rate, il would be possible to buy the underlying, lnascing it by boerowing # the risk-free mie, and be
assurcd of earning & greaier rewm from the underlying than the cost of bommawing. This would maks i possible
generate an unlimitad armaunt af money. If the underlying abways does worse than the msk-free rate. ane can by
tha risk-frew asseland finance i by shoning the wederlying, This would also make i possible io earm 20 unlimicsd
amours of manzy, Thus, the risky wderlyving assel cannot domianage or be dominmed by the risk-free aaser,

= Think of this apecification s a plus sign indicating msseis and a mises sigs indicating lishilities.

s
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Because we can choose the value of n, let us do so by setting H' equal 1o H™. This spec-
Hication means that regardless of which way the underlying moves, the portfolio value will
be the same. Thus, the portfolio will be hedged. We do this by setting

H™ = H™, which means that

s —ct =nS —¢
We then solve for n to oblain

¢ =¢
= —— 4-15)
"= 5v s

Because the values on the nght-hand side are known, we can easily set noaccording to this
formula, If we do so, the portfolio will be hedged. A hedged ponfolio should grow in value
an the risk-free rate.

HY = Hil + r}, or
H =Hil +r}

Weknowithst H™ = n8" —¢".H =n% — ¢, and H = nS — c. We know the values of n,
S5 8 et and ¢, as well as v We can substinute and solve either of the ahove for ¢ to obtain

c=Te T - wk (4-16)
1+r

where

_l#r-d (3-17)
u-—d

We see that the call price toduy, ©, 15 a weighted average of the nexi rwo possible call
prices, ¢ and ¢ . The weights are w and 1 — w. This weighted average is then discounted
one period at the nsk-free rae,

It might appear that wand | = = are probablities of the up and down movemenis,
Bt theev are mow. In fact, the probahilities of the up and down movements are nol regquined,
It 15 important w note, however, that « and | — o are the probabilities that would exist if
imvestors were risk neutral, Risk-neutral investors value assets by computing the expected
fubure value and discounting that value at the nsk-fres rate. Because we are discounting al
e risk-free rate, it shouwld be apparend that 7 and 1 — @« would indeed be the probabili-
ves i the investor were risk neatral. In fact, we shall refer to them as risk-neotral prob-
abilities and the process of valuing an option is often called risk-neutral valuation.™

I may be helpful e comirast sk mewtrality with risk aversion, which characierizes nearly all individeals.
Feogike whios are risk neutral value on asset, sach s an aptdan or stock, by discounting the exspected value al the
risk-free rate, Peopls whe are risk sverse discoust the expected salue at & higher rage, oac thal consists of the
risk-free mie plus & risk premivm. In the valeation of options, we are nol making Be assumplaon thal people
are risk neutral, but the fact that cptioes can b valusd by finding the expecied value, using these special
prababilitie=, and discounling al the risk-free rate areates the gepearamee Uhal mnvesiors are assamed o e risk
nediral, We emphasize the word “appearance,” becouse no such assamption is being made. The enms “risk
neulral prohahilities” and “risk newral valuation”™ are widely usad o options saluation, albough they give a
mislending impression of the assumptions underlying the process.
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B 1.2 OnE-FerRIOD Binossl, Examer

Suppose the ondertying 15 8 non-dividend-paying stock currently valued at 330, It can
either go up by 25 percent or go down by 20 percent. Thus, w = 1.25 and d = .80,

57 = Bu = 5W1.25) = 62.50
57 = Ed = SiLED) = 40

Assume that the call option has an exercise price of 50 and the risk-fres e 15 7 percent,
Thus, the option values one period later will be

¢! = Max(0,8" — X) = Max(0,62.50 — 50) = 12.50
£ = Max(05" — X) = Max(0.40 — 50) = 0

Exhibit 4-16 depicts the situation.

EXHIBIT 4-16 Ome-Perind Binomial Example

5" = %0 = 500(1.25) = 62,50
[c* = Max(0,5" - X)
= Maxi,62.50 = 500 = 12.50]

57 = 5d = 5000.80) = 40
e =Max(D.5 - X)
= Max{(,40 = 50) = 0]

First we calculae

1l+r—4d 107 — (80
— = - i = 6
w—d 12s-os "

and, hence, | — = = 04, MNow, we can directly calculate the option price:

0,64 12,500 + 0.4
P e ——— a— = T.
:, T 0l

T

Thus, the opuon should sell for £7.01.

61,3 Owe-PerioD Brooniar Araimrace COPPORTUSITY

Suppose the option is selling for 38. If the option should be selling for $7.01 and it is sell-
ing for 38, 1t 1 overpriced—a clear case of price not equaling value, Investors would
exploit this opportunity by sciling the option and buying the underlying. The number of
umitz of the underlying purchased for each option sold would be the value n:

¢ ¢ _ 12500
5 -5 6250 — 40
Thus, for every option sold, we would buy 0.556 units of the underdying, Suppose we sell

1,000 calls and buy 556 units of the undedving. Doing so would require an initial outlay of
H = 5560350 = 1,000058) = 519,800, One period later, the portfolio value will be either i

n= = (1,556
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H' = n8" — ¢’ = 556(362.500 — | HE12,50) = 522,250, or
H™ =nS% =c¢ = 55603400 — | KN0R0p = 322 240

These two values are not exactly the same, but the difference is due only to rounding the
hedge ratio, no We shall use the $22.250 valee, If we invest 319,800 and end up with
$£22.250, the return is

522,250
519,800

that is, a risk-free return of more than 12 percent in contrast 1o the actual nsk-free rate of
7 percent. Thus we could borrow 319,800 a1 7 percent 1o finance the initial net cash out-
Now, capturing & risk-free profit of (0.1237 — 0.07) = $19.800 = $1.063 (1o the nearest
dollar) without any net investment of maney, Ciler investors will recognize this oppaortu-
nity and begin selling the option, which will drive down its price. When the oplion sells
for $7.01, the initinl cutlay would be H = 55608500 — 1,000087.01) = £20,790, The pay-
offs at expiration would sill be $22,250. This transaction would generate o returm of

§22,250

£20,790
Thus, when the aption is rading ar the price given by the model, a hedge portfolio would
earw the risk-free rafe, which 1z appropnate because the porifolio would be risk free.

If the aption sells for less than $7.01, investors would buy the option and sell shor
the underlying, which would generate cash up front. At expiration, the investor would have
1o pay hack an amount less than 7 percent. All investors would perform this transaction,
generating a demand for the option that would pash its price back up w 3701

=1 =0.1237

I == 0.07

PRACTICE PROBLEM 4

Consider a one-period hinomial model in which the underlying 15 a1 65 and can go
up M percent or down 22 percent, The nsk-free rate is 8 percent.
A. Determine the price of a European call option with exercise prices of T0.

B. Assumc that the call is selling for 9 in the market, Demonsirate how o execute
an arbitrage ransaction and calculate the rale of return. Use 10,000 call ophions.

SOLUTIONS

A. First find the underlying prices in the hinomial tree. We have u = 130 and d =
| — 22 = (L78,

87 = Su = 65(1.30) = 84.50
5 =8 = 65(0.78) = 50.70

Then find the option values at cxprration:

¢ = Max({(LB4.50 — 70} = 14.50
Wi 00, 50,70 = T0) = 0

.
The risk-neutral probahility is

L.OE — (O.TH

= = (L5769
.M~ 078
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and 1 = 7 = (L4231, The call’s price today is
- (LETHO0 14,500 -+ 0.4231(0) =7

1.0E 73
B. We need the value of n for calls:
e’ —c¢ 1450 -0

= 04290

fl = =
5" — 8 E4.50 — S0.70

The call is overprced, so we should sell 10,000 call options and buy 4,290 units
of the underlying.

Sell 10,000 calls w9 +S0,000
Buy 4,290 units of the underlying at 65 —2TE RS0 |
Met cash flow — |EE.B50 I
So we invest 188,850, The value of this combination at expiration will be
If S = 84,50,
4,290(84.50) — 10,000(14.500 = 217,505
I Sy = 30,70,

4, 290050,70) — 10,000i0) = 217,503

These values differ by only a rounding ervor,
The rate of retum is

217,505
I B8, 850

Thaes, we receive a risk-free return almost twice the dsk-free rate. We could hor-
row the initial outlay of 3188850 at the risk-free rate and capture a nsk-fres
profit without any net investment of money.

| = 01517

6.2 The Two-  In the example above, the movements in the underlying were depicted over one period, and
PerioD BinomiAL  there were only two outcomes, We can extend the model and obtain more-realistic results with
MooEL  more than two outcomes. Exhibit 4-17 shows how to do so with a two-period binomial tree.

EXHIBIT 4-17 Two-Period Binomial Model

g
[c** = Max{0,5" — X)]
g*
'l
8 =5
fe=7) [¢*~or et = Max{0.5" ™ — X)]
8
i

5
[e7" =Max(0,5 "= X))
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In the first period, we let the underlving price move from S 0 8" or 87 in the man
ner we did in the one-period medel. That is, if u is the up factor and 4 is the down factor,

57 = Bu

57 =5&d
Then, with the underlying at 8™ after one period, it can either move up to 877 or down to
577 Thus,

5" =8"

57 =8"

If the underlying is at 5 afier one period, it can either move up o 5~ " ardown o 577,

5 7=58u
5 =5d

We now have three unique final outcomes instead of two. Actually, we have four final oul-
comes, but 5" 7 is the sume as 5~ 7. We can relate the three final oulcomes to the starting
price in the following manner:

5" = §'g = Sup = Su°
ST T Hor 85 Ty =5"d (or 5 u) = Sud (or Sdu}
57 =57d=5dd = §°

Mow we move Forwand o the end of the first period. Suppose we are at the point where the
underdying price is 57, Mote thet now we are back intlo the ane-period model we previ-
ously derived. There is one period to go and two outcomes. The call price is ¢ and can go
uptoc’ " or down e’ . Using what we know from the one-perind model, the call price
musl be

e (1 —metT

C
1+r

(4-18)
where again we see that the call price 15 a weighted average of the next two possible call

prices, then discounied back one period. If the underlying price 1s at 5. the call price
winld be

o~ m XE + il — wic (4-19)
I +r1

where in both cases the formula for w is sl Equation 4-17:

1 +r—d
u-—d

Mow we step back to the starting point and find that the option price 15 sull given as Equa-
tion - 16

ac’ + {1 — @~
1 #+r

Cc =
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again, using the general form that the call price is a weighted average of the next two pos-
sible call prices, discounted back 1o the present, Other than reqquiring knowledpge of the for-
mula for . the call price formula is simple and intuitive. It is an average, weighted by the
risk-neutral probahilities, of the next two outcomes, then discounted 1o the present.™
Recall that the hedge ratio, n, was given as the difference in the next two call prices
divided by the difference in the next two underlving prices. This will be true in all cases
throughout the binomial tree. Hence, we have different hedge ratios at each time point;

I'.I=L- =

87 - 5§87
i 20
o=

'-35

B2 1 Twor-Peron Bimosasar Exasarie
We coan continue with the example presented 1n Section 6.1.2 in which the underlying goes
up 25 percent or down 20 percent. Let us, however, alter the example a linde, Suppose the
undedying goes up 11.8 percent and down 10056 percent, and we extend the number of
periods to two. 5o, the up factor is 1118 and the down factor is 1 — 01056 = 08944, If
the underlying goes up for two consecutive penods, it rises by a factor of 1LITR{1.118) =
1.25 (25 percent). IF it goes down in both periods, it falls by a factor of (0,89443(0,3%944) =
(LB0 (20 percent). This specification makes the highest and lowest prices unchanged. Let
the msk-free rafe be 3,44 percent per pericd. The w becomes (10344 — 08944001, 118 =
L8944} = (La261, The underlying prices at expiration will be

87 = Su® = SO(1.11EX1.118) = 62.50

877 = Bud = SO01, 1 I8H0LB944) = 50

8 = 5d" = S00LE944N0.8944) = 40
‘When the options expire, they will be wiorth

't = Mani0 81" — 50) = MaxiD,62.50 — 507 = 12.50
¢! = Maxi0.5" " — 50) = Maxi0.50 — 500 = 0
e o= Max(0,57 " = 50} = Max(040 — 500 =0

The option values after one period are, therefore,

.o LT S B T _ 0.6261(12.50) + 0.373%(0) — 7

© 1+ 10344 31
- = T (- me T _ 0.6261(0) + 037390 _ o
I+ 10344 ’

1t Is also prssible 1o cxpress the price iday a4 8 woighted average of be three Anal oplson prices dascounted

vwar poriods, thereby skipping the inlermediate step of finding ¢* and ¢~ ; ba liitle is goined by doding 50 and
this approach is somewhar more rechmical,
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S0 the option prce today 15
e 4 (1 - meT _ D626107.57) + 0L3TIN0) _ 4

N I +r 1.0344 58
These results are summarized in Exhibig 4-18,
EXHIBIT 4-18 Two-Period Binomial Example
ST = 6a2.50
e™ = 12,50
5= 5590
ic* =757
S =350 87 (=8"=50
(o= 4-531 [-;_" 0r ¢ * = I_:I]-
5 =4472
fe” = 0.0)
ST =40
(" =M

We shall not illustrate an arbitrage opporiunily, because doing =0 requires o very
long and detailed example that goes beyond our needs. Suffice it to say that if the option
i% mispriced, ome can comstrect a hedged portfoho that will caplure a retum i excess of
the risk-frec rate.

PRACTICE PROBLEM 5

Consider a two-period binomial model in which the underlving is at 20 and can go

up 14 percent or down 11 percent each penod, The osk-free rate 15 3 percent per

period.

A, Find the value of o European call option expiring in teo periods with an exercise
price of 30,

B. Find the number of units of the underlving that would be required at each podnl
in the binosmial tree o construct a risk-free hedee wsing 10,000 calls,

SOLUTIONS

A. First find the underlying prices in the binormial tree; We have u = L4 and d =
| — 11 = [LES.

57 = Bu = MKL14) = MM

8 = 8d = IN0.89) = 26,70

85 = 50% = 30(1.147 = 31899

' = Sud = (1. 1400.89) = 3044
5§77 = 8d* = AN0EY) = 2376
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Then find the option prices an expiration;
¢t = Max(0,38.99 — 30) = 99

et = Max(0,30.44 — 300 = 0.44
¢ = Max{0,23.76 — 30) = 0

We will need the value of o

_ 1.03 — 0.89
1.14 — 0.89

T = [L56

and 1 — 7 = (44, Then step back and find the option prices at tme 1:

L+ _ DS6RIY) + 044044

e .08
_ U.ﬁ&[U.-lT]n: 04400 _ 1 5y

The price woday is

o o DSB(5.08) + 0.44(0.24) _

B
103

B. The number of units of the underlying at each point in the tres is found by first
computing the values of n.

508 — 024
" ja20-2670 O
. BO99 — 044
—_— = | i}
"7 3590 - 30.44
(dd — (0
= 659
W44 - 2376 0.065

The number of units of the underlying regquired for 10000 calls would thus be 6,453
today, 10,000 ar time | if the underlying is at 34.20, and 659 at time 1 if the under-
Iying is at 26.70.

6.3 BinvosmiaL  In Section 6.2, the option was a call. It is a simple matter to make the option a put. We

Put OpmioN  could step back through the entire example, changing all ¢'s 10 p's and using the formulas
PriciNG  for the payoll values of a put instead of a call. We should note, however, that if the same |

frmiula used for a call is used to calculate the hedge ratio, the minus sign should be

ignored as 1L would suggest being long the stock (pal) and shont the put (stock) when the

hedge ponfolio should actually be long both instruments or short both instruments. The put

moves apposite o the stock in the first place; hence, long or shor positions in both nstre-

MEnis &re appropriate. I
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b4 Binosial
IrTeresT RaTE
Oemion PrRICING

PRACTICE PROBLEM b

Repeating the data from Practice Problem 4, consider a one-period binomial model
in which the underlying is at 65 and can go wp 30 percent or down 22 percent. The
risk-free rate s & percent, Determine the price of a European put option with exer-
cise price of T

SOLUTION

First find the underlying prices in the binomial ree, We havew = 1 30 and d = | -
0.22 = (.78,

87 = Su = 651307 = 54.50
57 = 5d = 65(0.78) = 50.70
Then find the option values al expiration:
pT = Maxi,70 — B4.50) = 0
p- = Max((L70 — 50700 = 19.30
The nsk-nevtral probability is
_ .08 — 0,78
1.30 — 0L78
and | — w = 14231, The put price today is

OLATHO0) + 04230 19.30)
[ = 5
P |08 136

= 0.576%

In the examples above, the applications were appropoate for options on a siock, currency,
or commadity.” Now we take a brief look at options on bonds and interest rates. A model
for pricing these aptions must start with a model for the one-periced interest rate and the
prices of zere-coupon bonds.

W look at such a model in Exbabin 4-19, Mote that this binomial tree is the first one
we have seen with more than two time periods. Al cach poant in the tree, we zee a group
of numbers, The first number 15 the one-perod interest rate. The second set of numbers,
which are in parentheses, represents the prices of 1 Tce value zero-coupon bonds of var-
Pous maturines, At time 0, 0,.9048 15 the price of a one-period zero-coupon bond, 0.8 106 is
the price of a two-period zero-coupon bond, 0.7254 s the price of a three-perod 2ero-
coupon bond, and 0,647% is the price of a four-period zero-coupon bond. The one-period
bond price can be determined from the one-period rate—that iz, 09048 = 17,1051, sub-
Jject to some rounding off, The other prices canned be determined solely from the one-
penod rate; we would have to see a tree of the two-, three-, and four-penod mates, As we
move forward in time, we lose one bond as the one-period bond matures ®® Thus, at time
I, when the one-period rate is 13.04 percent, the two-penod bond from the previous

¥ e have also been assuming that there are i cash Nows on the usderlying
™ Technically we could shiw the band we ane losing a5 a bond with a price of $100, iis face valse, o its
prind of maturily.
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period, whose price was (L8106, is now a one-period bond whose price is 1/1.1304 =
0.8846, Although we present these poces and rales here without derivation, they were
determined using a model that prevents arbitruge opportunities in buying and selling
bonds, We do not cover the setual derivation of the model here.

EXHIBIT 4-19 Binomial Interest Rate Tree

18.70%

15.76% 19.8424)
13.04% (0.8637)

(0.5845) {7417 275

1051% {07777} ars

{0.5106) O8O Ui

. ]
{0.7254) 10.25% {0.7579)

G S Rt > B
En.ﬁni E’“‘“« {10.9263)

I:“m:n“h‘-\.\_\_\_ 591%

i 442)

Mow let us price a European option on a zero-coupon bond, First note that we need
the option to expire before the bond materes, and 1t should have a reasonable exercise
price, We shall work with the four-period zero-coupon bond. Exhibit 4-20 contains its
price and the price of o teo-period call option with an exercise price of 50080 per 51 of
prar, a5 well as the one-period interest rate. The hinomial interest rate tree in Exhibit 4-20
i5 based on the duta in Exhibat 4-19, In parentheses in Exhibat 4-20 are the prices of the
call option expiring at time 2,

EXHIBIT 4-20 Four-Period Zero-Coupon Bond and Two-Period Call Option
with Exercise Price of 0.80

16204
F
578 - 084
BM% U.E'g]w M"‘w
06810 = Liz7s

051% {0} Rg;}'ﬂﬂf 0.8751

CLEie

TS e 10285 W0 e e
e =01

(0.0264) T THSH

0.8583
00583 " pgys,

04442

L . .

First note that in bincandal term structure models, the models are usually fit such that
the risk-newiral probabilicy, ., is 0.5, Thus we do nod have to calculate 1w, as in the exam-
ples above, We must, however, do one thing quite differently, Whereas we have used a con-
stant interest rate, we must now discount at a different interest rate, the one-period rale,
given in Exhiban 4-19, depending on where we are in the iree.
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The payoff values at time 2 of the call with exercise price of (.80 are

't = Maxi0,0.7417 — 0.80) = 0
¢ = Max{(,0.7979 ~ 0.80) =0
¢ = MaxiD0.8583 — 0800 = 0,0583

These numbers appear in Exhibit 4-20 at time 2 along with the underlying bond prices and
the one-period interest rates. Stepping back 1o tme 1, we find the option prices as follows:

o+ = D50+ 050 _
11304
_ 0.5(0) + 0.5(0.0583)

= = ¥
¢ 11025 00264

Mote how we discount by the appropriate ane-penod rute, which is 10.25 percent for the
bottom owtcome at time 1 and 13,04 percent for the top outcome at time 1. Stepping back
0o timee O, the oplion price 15, therefore,

o = D5i0) + 0.5(0.0264)
1.1051

= il 19

using the one-period rate of 10,51 percent. The call option is thus worth $0.0119 when the
underlying zero-coupon bond paying 31 &l tme 4 15 currently worth 006479,

Movw let us price an option on a coupen bond. First, however, we must constrct the
trée of coupon bond prices. Exhibit 4-21 illustrates the price of a $1 face value, 11 percent
coupon bond maturing at time 4 along with @ call option expiring at time 2 with an exer-
cise price of $0.95 per £1 of par,

EXHIBIT 4-21 Four-Period 11 Percent Coupon Bond and Two-Period Call
Option with Exercise Price of 0,95

. 04351
amEs
~ N 'xh__
» rf::’:ﬁ f = e
" " ! - -
e . D9B4D

hE52) ™ = A} T
‘ = -\-\-\-\-\-\"'\-\._ 10243 .o-"""'-f 0 '-:'] H\-H-\""\-\..,
ﬂliml"l‘-\h"‘-\-\.\_\_\_\% - -_----____ (WG
D536

(T T e
180

We obtain the prices of the coupon bond from the prices of zero-coupon bonds, For exam-
phe, at ime 0, 4 four-period 11 percent coupon bond is eguivalent to a combination of zero-
coupon bonds with face value of 0.11 maturing at times 1, 2, and 3, and a #ero-coupon
bond with face value of 1.11 maturing at time 4, Thas, its price can be found by muliiply-
ing these face values by the prices of one-, two-, three-, and four-period zero-coupon bonds
respectively, the prices of which are taken from Exhibit 4-19,

O 1(05048) + OILEL06Y + 0.1 107254y 4+ 11106479 = 09877
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Al amy other point in the tree, we use the same procedure, bul of course fewer coupons
remain.”’ OF course, pricing a coupon bond by decomposing it into a combination of zero-
coupon bonds is basic fixed income material, which you have learned elsewhere in the
CFA curriculum,

Mow let us fnd the option prices. AL tme 2, the prices are

¢’ = MaxiD 09183 ~ 0.95) = 0

¢t = Max{0,09840 — 0,95} = 0.0340

c = Muax({0,1.0546 — 0.95) = 016

Stepping back w tume 1, the prices are

o DS00) + 0.50.340)
c —_— T304 (L0150
0503400 + 0.5(0.1046)
B 1.025 = fdals

Stepping back to fime O, the option price 15

o = O.5(0.0150) + 0.5(0.0629)
L1051

= (.0352

Mow let us look at options on interest rates. Recall that in Section 4. 1,4, we illostrsied
how these options work. Their payoffs are based on the difference between the interest rale and
an exercise rie, When the optron expires, the pavoff does not occur for one additional period.
Thus, we have to discount the intrinsic value at expiration by the one-period interest rate, Recall
that an interest rate cap is a set of interest rate call oplions expiring a1 varous poants n the hif
of a loan, The cap is generally set wp 10 hedpe the intere=t rue risk on a floating rate loan.

Exhibit 4-21 illustrates the pricing of & two-period cap with an exercize rate of 10,3
percent. This contract consists of two capletz: a one-perod call option on the one-perod

EXHIBIT 4-22 Two-Period Cap on One-Period Interest Rate with Exercise Rate
of 10.5 Percent

A, Pricing the Two-Period Capler

15.78%
(056 I
13.04%
(002533
1051 % L1.80%
{0.0138) (0L 163
10, 25%
[OLIKIS 3}
7.95%
{0,0

T For exargle, consider tse middle node o tirse 2, The coupon bend is now 2 two-pericd bond. The ane- and
two-period zera-cowpon bond prices are 0.8%45 and 0.7%79, respectively (from Exhibit 4-1%), Thus, the coupen
bomd price & 000 LILASS) = 10100,7979) = 09840 & ghown in Exhiba 4-21.
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I, Pricing the One-Feriod Capler
150445
(00225)
10.51%
(LEEENLHEY
10.25%
({0, 0CHHT Y

imterest rste with an exercise rate of 105 percent, and a two-period call option on the one-
period interest rate with an exercise rate of 1005 percent. We price the cap by pricing these
bwis component oplions,

In Panel A, we price the two-period caplet. The values at time 2 are

Max(O, 0L I5TE — 0,105
b= ~ (045
. 1.1578 (0438
oo Maxi00.1180 — 0.105) _ o
1.1180

MmO nves — 0,105
B 1.0795 =0oo

Maote especially that we discownt the payoff one period al the appropriate one-period rate,
because the pavoff does not occur until one period later. Slepping back o me 1:

o (L500.0456) + 0.5(0.0116)

= (L0253
11304 1
— _ A0O0N1E) + 050000
2T = = [).0053
- 11025
At time O, the option price 15
5 '\ 1)

- 0.5{0.0253) + 0.5(0.0053) _ 00138

11051

Panel B illustrates the same procedure for the one-penod caplet, We shall omit the details
becavse they follow precisely the pattern above, The one-period caplet price i1s 000102;
thus the cap costs 00138 + Q0102 = 0.0240,

If the option is a floor, the procedure 15 precizely the same bul the pavofls are based
on the payvoffs of a put instead of a call. Prcing a zero-cost collar, however, is consider-
ably more complex, Bemermber that a zero-cost collar is a long cap and a short floor with
the exercise rates set such that the premium on the cap equals the premium on the oo
We can arbitranily choose the exercise mate on the cap or the floor, but the exercise rate on
the other would have 1o be found by iral and error so that the premium offsets the pre-
miuwrm on the other instrument.
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PRACTICE PROBLEM 7

The diagram below i= a taoe-period binomial tree containing the one-period intenesy
rate and the prices of zero-coupon bonds, The first price is a one-period zZero-coupon
bomd, the secomd 15 a two-period zero-coupon bond, and the third 13 a three-period
pero-cowpon bomd. As we move forward, one bond matures and 15 price is removed,
The maturity of each bond is then shorer by one period.

B3R%
6,205 09210
RS
513 0.87a0
09512 5004
09030 04443
8330 4,205,
01.9589
19169 3%
19582

A. Find the price of a European put expiring in two periods with an exercise price
of 1.01 on a three-penod O percent coupon bond with 2100 face vilue.

B. Find ihe price of a European pul oplion expiring &t tinke 2 with an exercise rate
of 6 percent where the underlying is the one-period rate.

SOLLITIONS

A. First we have o ind the prce of the three-pericd $1.00 par, & percent coupson
hond at expiration of the option (L = 2). We break the coupon hond up into zero-
coupon bonds of one, two, and three periods to maturity. The face values of these
pero-coupon bonds are (L06, 006, and 1206, respectively. The bond price att =
2 is %1.06 discounted one period at the appropriate discount rate:

Bond prices at time 2

44 ouloome:  1LM0S210 = 0.9763

b= outcome:  1LO6I09443) = 10010

—— putcome:  LOGD.SA52) = 10263
Mow compute the pat option values at expiration:

++ outcome:  Max(0, 1,001 — 0.89763) = 00337

do= purleome:  MaxiD, LOT — 1.0010) = 00080

—— outcome;  Max(0, 101 = L0263 = (L0000
Mow =tep back and compale the option valees at ime 1
0500327y 4+ LS0000050) —

b outcome: 1064 (L0201
OS00000) + 0.5(0.0000) .
OUlCome: | 0429 (003

Mow siep back and compute the option valees a time

LS00, 2005 + 05000003y

L0513 = (L0116
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6.5 AMERICAN
OpTIOMS

6.6 ExTEnDING

THE Bisiosiar
MopeL

B. First compute the put option values at expiration:
we  Max(0,0.06 — 0.0858)

P 10858
oo _ Max(D.0.06 — 0.0590)

’ 1059

Pl 0,000 — 00328
= - = 3
P 1.0328 0.026

= (L{HHK)

= (), (M0

Siep back to time 2 and compute the option values:

_ DS(0.0000) + 0.5(0.0009)

1064 =0
(LS00 + 0.500,0263)
= = "'i
p 0479 0L 30

Mow step back to dme U and compute the oplion price as

p= 05000004y + 0500000 30)

1.0513 = 0.006

The binomial model is also well suited for handling Amencan-siyle options. AL any podn
in the binomial tree, we can see whether the calculated value of the option 15 exceeded by
itz value if exercised early, If that is the caze, we replace the calculated value with the exer-
cise value.*®

In the examples in this chapler, we divided an option’s life into a given number of periods.
Supposs we are pocing o ome-yveur oplion, [ we use only one binomial period, it will give
us only two prices for the underlying, and we are unlikely 10 get o very good resell, 15 we
use wio binomial periods, we will have three prices for the underlying at expiration. This
result would probably be bener but still not very good. But as we increase the number of
periods, the result should become mone securate. In fact, in the miting case, we are likely
to get a very good result. By increasing the number of periods, we are moving from dis-
crefe Lme T Continuous Lime.

Consider the [ollowing example of a one-period binomial model for a nine-month
option, The asset is priced at 52.75. It can go up by 35.41 percent or down by 26.15 per-
cent, sou = L3541 and d = 1| — L2615 = 0.7385. The risk-free rate is 4.88 peroent. A
call option hos an exercise price of 30 and expires in nine months, Using a one-period
binomial model would obtain an option price of 1000259, Exhibit 4-23 shows the resulis
we obdain if we divide the nine-month option life into an increasing number of periods of
smaller and smaller length, The manner in which we fit the hinomial iree is not arbitrary,
however, because we have 1o alter the values of u, d, and the rsk-free rate 2o that the
underlying price move is reasonable for the life of the option. How we alter u and d is
related 1o the volatility, a topic we cover in the next section. In fact, we need not concemn
ourselves with exactly how o alter any of these values, We need only 10 observe that our
hinomial option price appears to be converging o a value of around 3.62.

In the same way a sequence of rapidly taken still photographs comverges to what
appears W be g contmuous sequence of o subject’s movements, the binomial mode] con-
verges to o continuous-time model, the subject of which 15 in our next section,

* See Chapter 4 of An Introdluciion o Derivmtives omed Bisk Mamapemer, G0 edition, Dan M, Chanee (Sowmh-
Western College Publishing, 2004) For o treatment of this bopic.
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EXHIBIT 4-23 Binomial Option Prices for Different Numbers of Time Periods

Nuriber of Time Periods Option Price
1 10255
2 #4782
5 BR305
10 26983
25 5862
0 B0438
10 B6160
S0H) b L
1000 B61590
Mever: Call opiion with medertying price of 51,75, up factor of 13541, down fscior of (L7385, mik-Tree rle of 485
e amd exerciss price of 50, The wariables o, d, and r aee kered sccondingly as the sumber of ume perinds
increases

7 CONTINUOQUS-TIME OPTION PRICING:
THE BLACK-SCHOLES-MERTON MODEL

o |

ASSUMPTIONS
OF THE MODEL

When we move o a confineous-time world, we price options using the famous
Black-Scholes—Meron model. Named after its founders Fischer Black, Myron Schales,
and Robert Merton, this model resulted in the award of a Nobel Prize to Scholes and Mer-
ton in 1997.* (Fischer Black had died in 1995 and thus was not eligible for the prize,) The
misdel can be derived either as the continuwous limit of the binomial model, or through tak-
ing expectations, or through a vanety of highly complex mathematical procedures, We are

not concerned with the derivation here and instead simply present the model and its appli- |

cations. First, however, let us brefly review its undeclying assumplions,

11 The Usmiesiyes Prce Fowrones s GeoseTrIC Lol
Dirrusion PROCESS

This assumption is probably the most difficult to understand, but in simple terms, the
wnderiving price follows a logrormal probability disiribuion as it evelves through rime, A
Iognormal probability distibution is one in which the log return 15 normally distnbuted,
For example, il a stock moves Trorm 10D 1o 110, the return is 10 percent bt the log retum
is In(1.10} = 0853 or 9.53 percent. Log retumns are often called contmpously com-
pounded returns, If the log or continuously compounded return follows the familiar nor-
mal or bell-shaped distribution, the return 15 sad o be lognormally diztnbuted, The
distribution of the return itself is skewed, reaching further out to the right and truncated on
the lefi side, reflecting the limitation that an asset cannod be worth less than zero,

The lognormal distribution is a convenient and widely used assumption. 1t is almast
surcly not an exact measure in reality, but it suffices for our purposes,

™ The medel s more comenenly called the Black—Schales mosde], bug we choose to pive Meros the credit be
is due that led 1o his co-receipt of the Mobel Prize.

_!,

1
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7.2 THe BLack-
SCHOLES—MERTON
Formura

0.2 Tee Risk-Feee Rate 1s Krowwrd ann ComMSTAMT

The Black-Scholes—Meron model does not allow interest rates to be random. Generally,
we gssume that the risk-free rate is constand. This assumption becomes a problem for pric-
ing options on bonds and interest rates, and we will have to make some adjustments then.

F A3 Tee Voranumy of THE Lnoesovss Asser 15 Knonwn asn Cosstan

The volatiliry of the underlving asset, specified in the form of the standard deviation of the
log return, @5 assumed fo be known af all tmes and does not change over the life of the
option. This assumpiion is the most critical, and we take 11 up again in a later section, In
realiry, the violatility is definitely not known and must B estimated or obtained from some
other source. In sddition, volatility is generally not constant, Obviously, the stock marken
is moge volatile at some times than al others. Nonetheless, the assumption is critical for
this model, Considerable research has been comducted with the assumption relazed, b
this topic is an advanced one and does not concern us here.

Ao0.d THere AR MO Taxes Or TRAMNSACTION LOS5TS

We have made this assumption all along in pricing all tvpes of denvatives. Taxes and trans-
action costs preatly complicate our models and keep us from seeing the essential financial
principles involved in the models. It is possible o relax this assumption, but we shall not
oo 5o hiere,

S0.5  THere AR Mo CasH FLowws an THE LIsoERIyinG

We have discussed this assumption at great length in pricing futures and forwards and ear-
lier in this chapler in studying the fundamentals of option pricing. The basic form of the
Black—Scholes—Merton model makes this assumption, but it can easily be relaxed. We anll
show how o do this in Section 7.4

S8 Tre QOpTions ARE EURCPEAN

With only a few very advanced variations, the Black—Scholes—Mernon model does not
price American opiions, Users of the model must keep this in mind, or they may badly mis-
price these oplions, For pricing American options, the best approach is the binomial mode]
with a large number of time penods.

Although the mathematics underlving the Black—Scholes—Merton formula are quite conm-
plex, the formula iself is not difficult, although it may appear so at first glance. The input
variables are some of those we have already used: 5; 1= the price of the underlying, X 15
the exercise price, i is the continuously compounded risk-free rate, and T is the time to
expiration. The one other variable we need 15 the standard deviation of the log return on the
assel, We denofe this as « and refer to it as the volatility. Then, the Black—Scholes—Merton
tormulas for the poces of call and put options are -

© = SoMNid,} — Xe 7" Nidy) {4-21)
p=2Xe"T[1 = Nid)] = Soll = Nid,)]

where

_ In{Sy/X) + [ + (o r2IT
o'

d, (4-22)
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dy = d, — oWT
o = the annualized standard deviation of the continuously compoundsd return on
the s1ock

r* = the contineously compounded risk-free rate of return

Of course, we have already seen the terms “In” and "™ in previous chapters. We do,
however, iIntroduce two new and somewhal unuseal locking terms, Kid, ) and Kids), These
terms represent normal probahilities based on the values of d; and 4., We comparte the nor-
mial probabilites associated with valees of d; and d. using the second equation above and
insert these values into the formola as Nid,) and Nid;). Exhibit 4-24 presents a brief
review of the normal probability distrnibution and explains how o obtain a probability
value, Onee we know how 1o look up a number in a normal probability table, we can then
ezily calculute d; and &, look them up in the table o obtain Nid, ) and N(d-), and then
insert the values of MNid, ) and N{d,;) into the ahove formula.

EXHIBIT 4-24 The Normal Probability Distribution

The normal probabiliy diswribution, or bell-shaped curve, gives the probability that a standard
normal random vanable will be less than or equeal 10 a given valws, The grapl below shows the
normal probability distribution; note that the curve is centered around zero, The values on the
horteemtal axis run from —e=e 10 +e= If we were interested inoa valise of & of positive infimicy,
wi would have N{+«=} = |. This capression means that the probability is 1.0 that we would
obtain a value less than +ee, I we were ineresied inoa value of % of negative infinity, then
Wi —ea} = L0, This expression means that there is zero probability of o wmlee of x of kess than
negative infinity. Below, we ane imenested in the probability of a valee less than x, where x is
nat infinite, We want B{x), which is the area under the carve to the kel ol x.

=N ] %

Wi obaadn the values of Mix) by looking them up in a table. Below {5 an excerpt from a table
of vulees of x (the full table i= gi“:n % ﬁprr.ru.‘l.i:: dAl. ﬁuppm: % = 1.12. Then we fimd the

.01 0,02 0,03 .04 0.05 (0.0 Q.07 .0 0,09

i
0.5
0, )
1.0}
L1
LM

07257
(1.7 5Hib
07881
UE b
(LH413
(8643
(8240

0.7 0753 07357 07389 07422 07454 07486 07517 07540
0L.7611 (L7642 (LI6T1 LTI LTT3d (.77 Lred (. 7813 (LTHAZ
0790 0793 09T QUT9es 0.E023 08051 08078 08106 QR3]
08186  (LHZIT  QUEIZFE (EI6d [,52H9 LEFIF (R340 LE36F  (LEIEY
OB43E  ORanl 0a485  QUES0R 08531 08554 0RSTT 08500 [DUEGZ]
(LRGGS [LE, 7.1 LRTOR LET2L 05749 (LRTT {LETH] (LERID LERH)
0R860  (QURREE  QLR9OT  (QUEG2S 0,804 0962 (LRSS0 %1 R R ]
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rovw goniaining the value 1.1 and move over to the column containing (002, The sum of the
rovw walue and te column valee 15 the valve of 1. The comesponding probabalicy 13 seen as the
value 086G Thus, (112} = 08686, This means that the probability of obiaining a value
of less than 1,12 in a normal distribucion is GCRGEG,

Mo, suppaoss the value of X s neganve. Ohserve m the iigure above that the area o
the left of —x is the same as the arca o the right of +x, Therefore, i 1 is a negative number,
Mixn) i fownd as 1 M= x) Por examgde, lel & = =75 We simply look up MB—x) =
M[—(—0.75] = MIDTE = T34, Then N{—0.75) = 1| — L7734 = (L2266,

Consider the following example. The underlying price 1s 52.75 and has a volatulity
af 1.35. The continuously compounded risk-free rate is 488 percent. The option expires in
minke mronihs; therefore, T = 912 = 075, The exercise price 13 50, First we calculale the
values of d; and d.:

In{52. 755400 + (00488 + LUJS}*."EJU.?S
d; = : = (L4480
! 0.35%0.75

(L2480 — 0A5V0TS = 01458

d,

To use the nommal probability table in Appendix 4A, we must round off d; and d, to two
digits 1o the righe of the decimal, Thues we have & = 0,43 and do = (.15, From the lable,
we obtain

Mi45) = 06736
Ri.15) = 03559

Then we plug evervihing into the eguation for ¢
© = 52750.6736) = S0 UOERR TN 5206) = § 5580

The value of a put with the same terms would be
p o= S UEROTEG — 0 5506) — 527501 — 0.6736) = 4.0110

AL this point, we should note that the Black-Scholes-Merton model is extremely sensitive
i rounding errors. In particular, the process of looking up values in the normal probabil-
ity twbbe is @ magor source of ervor, A number of other ways exist to obtain N{d,) and N{d;},
such as using Microsoft Excel’s function *=normsdist{ 3. Using a mose precise methosd,
such a3 Excel, the value of the call would be 8.619. Mote that this is the value to which the
binomial option price converged i the example we showed with 1000 time periods in
Exhibit 4-23, Indeed, the Black—Scholes—Merion model is said to be the continwous limit
of the binomial model.

PRACTICE PROBLEM B

Use the Black—Scholes—Merton model to caleulate the prices of European call and
put options on an assel priced at 63,3 The exercise price is 65, the continuously
compounded msk-free mae 15 4 percent, the options expire in 110 days, and the
virlatility is 00,38, There are o cash tlows on the underlyimg.
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7.3 INPUTS TO
THE BLack—
SCHOLES=MERTON
MopeL

SOLUTIONS
The time 1o expiration will be T = 1100365 = 0L3014. Then d, and d; are

_ In(68.5/65) + (0.04 + (0,38)°12)00.3014) - 0.4135
038403014 '

dy = 04135 — 023803014 = 02049

dy

Looking up in the normal probability table, we have
NiD.41) = 0.6591
M0 20y = L5793
Plugging into the option price formula,
¢ = 6B.5(0.6591) — 65 00, 5793) = 7.95
p o= G5 TG — 05793) - 68,51 — 0.6591) = 367

Let us now take a look ot the various mputs required in the Black—Scholes-Merton model.
We need o know where to obtain the inputs and how the option price varies with thess

Inpuls,

The Black-Scholes=Meron model has five inputs: the underlving price, the exercise prce,
the risk-free rate, the ime to expiration, and the volatility. ™ As we have previously scen,
call option poces should be higher (e higher the underlying price, the longer the ume w
expiration, the higher the volatility, and the higher the risk-free rate. They should be lower
the higher the exercize price. Put option prices should be higher the higher the exercise
price and the higher the volatility. They should be lower the higher the underlying price
and the higher the fsk-free rate, As we saw, Buropean pul option prces can be either
higher or lower the longer the time to expiration. American put option prices are always
higher the Jonger the time 1o expiration, but the Black-Scholes-Menon model does not
apply 1o American options.

These relationships are general 1o any European and American oplions and do mol
require the Black-Scholes—Merton model to understand them. MNonetheless, the
Black-Scholes-Merton model provides an excellent opportunity 1o examine these nela-
tionships more closely. We can calculate and plot relationships such as those mentioned,
which are usually called the option Greeks, becauss they are often referred 1o with Greek
namies, Let us now look at each of the inputs and the various option Greeks.

FAT Tie UsperivinG Prce: Decta asn Gasisas
The price of the underlying is generally one of the easiest sources of input information,
Suffice it to say that if an investor cannot obtain the price of the underlying, then she
should not even be considering the option, The price should generally be chuimed o5 2
quote or trade price from a liguid, open market.

' Larer wir shall sid o more lapul. cash Mows on the snderlying,
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The relationship betwesn the option price and the undedying price has a special
name: It is called the option delta. In fact, the delta can be obtained approximately from
the Black—Scholes—Merton formula as the valee of Nid, ) for callz and Nid,) = 1 for paits,
More formally, the delia is defined as

Change in option price
Change in underdying price

Delta = (4-23)

The above definition for delta is exact; the use of MN(d,;) for calls and Nid;) = 1 for puls 1=
approximate. Later in this section, we shall see why Nid,) and Kid;} are approximations
and when they are good or bad approximations.

Let us consider the example we previously worked, where § = 52.75, X = 50, =
00488, T = 75, and o = 035 Using a computer 1o oblain a more precise
Black-5choles—Merton answer, we get a call option price of 86186 and a put option price
of 40717, Mid, ), the call delw, 15 0,6733, so the put delta is 006733 = 1 = =0.3267. Given
that Dielta = {Change in option pricefChange in underlying price), we should expect that

Change In option price = Delta X Change in underlying price,
Therefore, for a 31 change in the price of the underlying, we should expect

Change in call option price = Q6733(1) = 0.6733
Change in put option price = —0.32671) = —0.3267

This calculation would mean that

Approximate new call option price = 86186 + (L6733 = 92919
Approximate new pul oplion price = 40717 = (L3267 = 3.7450

To test the securacy of this approximation, we let the underlying price move up 51 1o
%3375 and re-insen these values into the Black—Scholes—Merion model. We would then
obtain

Actual new call option price = 93050
Actual new pul option price = 3, 73560

The delia approximation 15 fairly good, but not perfect.

Dielta is important as a risk measure. The delta defines the sencitivity of the option
price fo g change in the price of the underlving, Traders, especially dealers in options, use
delia to construct hedges to offset the nsk they have assumed by buying and selling
options. For example, recall from Chapter 2 that FRA dealers offer 1o take either side of
an FRA transaction. They then usually hedge the risk they have assumed by entering inio
other transactions. These same types of dealers offer 1o buy and sell options, hedging that
risk with other transactions. For example, suppose we are a dealer offering to sell the call
option we have been working with above, A customer buys 1,000 aptions for 8.619, We
now are short 1000 call options, which exposes us to considerable sk if the underlying
Eoes up, S0 we must buy a certain number of units of the underyving 1o hedge this risk, We
proviously showed that the delta is 006733, so we would buy 673 units of the underlying
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at 52.75.*" Assume for the moment that the delta tells us precisely the movement in the
option for a movement in the underlying. Then suppose the underdyving moves up 51:

Change in value of LK) long units of the underlving: 673(+51) = #0673
Change in value of 1000 short options: 10000+ 006T33) = 3673

Because we are long the underlyving and short the options, these values offset. At this point,
however, the delta has changed. I§ we recalculate i, we would find it 1o be 06953, This
wiould reqguire that we have 695 units of the underlying, so we would need to buy an addi-
tiomal 22 umits, We would bosrow the money 1o do this, In some cases, we would nesd 1o sell
off units of the underlying, in which case we would invest the money in the nsk-free asset.

W shall retumn fo the topic of delta hedging in Chapter 7, For now, however, let us
consider how changes in the underlying price will change the delta. In fact, even if the
underlying price does not change, the delta would still change as the option moves wward
exparation. Ior a call, the delta will incresse toward 1.0 a5 the underlying price moves up
and will decrease toward 0.0 as the underlying price moves down, For a put, the delia will
decrewse toward — 1.0 as the underlying price moves down and increase towards 000 as the
underlying price moves up.™* If the underlying price does not move, a call delta will move
toward 1.0 of the call is in-the-money or 0.0 if the call is out-of-the-money as the call
moves toward the expiration day, A put delta will move toward = 1.0 if the put is in-the-
money or (L0 i the put is out-of-the-money as 1t moves oward expiration,

So the delta is constantly changing, which means that delia hedging is a dynamic process.
Imi Fact, delra hedging is often referred to s dynamic hedging. In theory, the delta is changing
continuously and the hedge should be adjusted contimeously, bul contimeous adjustment is not
possible 10 reality. When the hedge is nod adjusted continuously, we are admitting the possibil-
ity of much larger moves in the price of the underlying, Let us see what happens in that case.

Using our previows example, we allow an increase in the underlying price of 510 to
562,75, Then the call price should change by 067330100 = 6.733, and the put option price
should change by —0.3267 100 = —3.267. Thus, the approximate prices would be

Approximate new call option price = 8.619 + 6,733 = 153520
Approximate new pul aption price = 40717 —~ 3,267 = (L8047

The acieal prices are obtained by recalculating the option values using the
Bluck-Scholes—Mertion model with an underlving price of 62.75. Using a computer fior

greater precision, we fnd thi these prices are

Actual pew call option price = 1630006
Actual new put option price = 1.7557

The approximations based on delta are not very accurate. In general, the lasger the move in
the underlying, the worse the approximation. This will make delia hedging less effective.
Exhibit 4-25 shows the relationship between the option price and the underlving price.
Fanel A depicts the relationship for calls and Panel B shows the comesponding relationship
for puts. Modice the curvature in the relationship between the option price and the underly-
ing price. Call option values definitely increase the greater the underlving value, and put

M This iransaction wossld requane 67 HFST T = F35 500, leas the LONKEE 619 = SL61Y received from the
sale of the aptimn, for a tokal ipvestment required of 326,581, We would probably borrow this money.

T Remember that the put delia i pegarive; hence, ies mosensent s dorm oaed — 100 o up toesard 00,
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option values definitely decrease. But the amount of change is not the same in each direc-
tion. MN{d, ) megsures the slope of this lne al @ given point, As such, it measures only the slope
fior a very small change in the underlying. When the underlying changes by more than a very
small amount, the curvature of the ling comes into play aed distons the relationship between
the option price and underlying price that is explained by the deltn. The problem here is much
like: the relationship berween o bond price and its vield. This first-order relationship between
a bond price and its yield is called the duration; therefore, duration is similar 1o delia,

EXHIBIT 4-25 The Relationship between Option Price and Underlying Price
X =50, r = 00488, T = 0.75, o = 0.35

A Calls
Call Option Price
Gl

! -

200 & .-"'Ff

ik -

i
=
E
2
S
i
i

Underlying Price
B. Puts
Put Option Price

. I

a0 |
0 \ |
m A
10 \

0 : B

z 18 M 1] i 42
Underlying Frice

el

The curvature or second-order effect 15 known in the fised income waorld as the con-
vexity, In the oplions workd, this effect is called gamma. Gamma is a numerical measure
of how sensitive the delta is to o change in the underlying—in other waords, how much the
delta changes. When gamma is large, the delta changes rapidly and cannot provide a good
approximation of how much the option moves for each unit of movement in the underly-
ing. We shall not concern ourselves with measuring and using gamma, butl we should know
a few things about the gamma and, therelore, about the behavior of the delia.

Gamma ix larger when there 3 more unceriainty about whether the oprion will
expire in- or oul-of-the-money. This means thal gamma will fend to be lorge when the
aption i5 al-the-money and close o expirgiion. ITn turn, this statement means that delta will
be a poor approximation for the option's price sensitivity when it is at-the-money and close
i the expiration day, Thus, a delia hedge will work poorly. When the gamma is large, we
may need to use a pamma-based hedge, which would require that we add a position in
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4 i =Ei ]

another option to the delta-hedge position of the underlying and the option. We shall not ¥
take up this advanced topic here.

732 Tue Exemcest PricE

The exercise price is easy to obtain. It is specified in the option contract and does not
change. Therefore, it is not worthwhile 1o speak abour what happens when the exercise
price changes, but we can talk about how the option price would differ if we choose an
option with a different exercise price. As we have previously seen, the call option price will
be lower the higher the exercise price and the put option price will be higher, This rela-
tionship 15 confirmed for our sample option in Exhibit 426,

EXHIBIT 4-26 The Relationship between Option Price and Exercise Price
§ = 52.75, 1" = 0.0488, T = 0.75, o = 0.35

A. Calls
Call Dpl.'inn Price
&0 - .
50 |
. |
Ei
-

10
| S

-] 4 40 54 Tz HE
Exercise Price

B. Pz

Z.3.3 THe Rse-Free Rater BHO

The risk-free rate is the cominuously compounded rate on the nsk-free secunty whose |
maturity corresponds 1o the oplion’s life, We have used the risk-free rate in previous chap- |
ters; sometimes we have used the discrete version and sometimes the confinuous version, |
As we hove noted, the contmuously compounded risk-free rate 12 the natural log of 1 plus
the discrete risk-free rate.

For example, suppose the discrete nisk-free rate guoted in anneal terms iz 5 percent.
Then the contineous Fate is

rF = In(l + r) = In(1.05) = 00488

) do
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Let us recall the difference in these two specifications. Suppose we want to find the pres-
ent value of 31 in six months wsing both the discrete and continuoes fsk-free rates,

|
(L+o7 (5™
&7 = OLAAN Sy = Dg‘I' 59

Present value using discrete rate = = [1.9759

Present value using continuows rale = ¢

Obviously cither specification will work, Because of how it uses the nisk-free rate in the
calculation of dy, however, the Black-Scholes-Meron model requires the continwous risk-
free rate.

The sensitivity of the option price 1o the risk-free rate i= called the rho. We shall not
concern ourselves with the calculation of tho, Techmically, the Black-Scholes=Meron
mdel assumes a constant rsk-free rate, 5o it is meaningless o alk about the risk-free rate
changing over the life of the option. We can, however, explore how the option price would
differ if the current rate were different. Exhibit 4-27 depicts this effect. Note how little
change occurs in the oplion price over a very broad range of the nsk-free rate, Indeed, the
price of o Enropean opiion o an aitel (3 rot very sensitive to the risk-free rate.?

EXHIBIT 4-27 The Relationship between Option Price and Risk-Free Rate
5=5275X=50,T=075 =035

A. Calls

Call Option Price
I? —
1 ——
)
s
0

0 4 4 -] ] 10

Risk-Free FRate (%)

B. Puks

Fut Cption Price
| P— a—
I
b TTT——
3l T e e
I
1t
0 . .

L i 4 f B n

Risk- Free Rate (%)

™ When the umderlyving bs an interest rane, however, there |5 a stroag relmionship berwesn the optbon price and
inleresl rales
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Z34 Twat 1o Expmariond: THETA

Time o expiration is an easy inpui (0 determine. An option has a definite expiration date
specified in the contract. We simply count the number of days until expiration and divide
by 365, as we have done previously with forward and futures contracts.

Obwiously, the time remaining in an oplion's life moves constantly owards zero.
Even if the underlying price is constant, the option price will still change. We noted that
American options have both an intnnsic valee and a vme valve, For European options, all
of the price can be viewed as time value. In either case, time value is a function of the
ophion’s moneyness, iis tme o expiration, and 16s volatility, The more uncertainty there is,
the greater the time value. As expiration approaches, the option price moves toward the
paved® value of the oplion at expiration, a process known as time value decay, The rate at
which the time value decays is called the option’s theta, We shall nol concern ourselves
with calculating the specific value of theta, but be aware that if the option price decreases
as bime moves forward, the theta will be negative, Exhibit 2-28 shows the tme value decay
for our sample option,

EXHIBIT 4-28 The Relationship between Option Price and Time to Expiration
5 = 5275 X =50, r = 0.0488, o = 0.35. T Starts at 0.75 and

Goes toward 0.0

A. Calls
Call Optian Price
: in
I .
| it
ﬁ | __\—\—\__\__\_\_\_\_
| T ——
I 4t H"‘H
2}
il .
.75 .55 L35 15
Time tix Expiration
E. Muts
Put Oplion Price
5
4 ——
1 T
_\_‘—\_\_\_\_\_-\_\-\-
2 B
| \
o . .
073 (.55 a5 015
Timne o Expiration

Mote that both call and put values decrease as the time to expiration decreases, Wi
previously noted that European put options do oot necessanly do this. For some cases,
Evropean pul oplions can increase n value as the time 1o expiration decreases, the case of
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a posilive theta, but that is not 5o for our put. " Most of the time, option prices are higher
the longer the time to expiration. For Enropean puts, however, some exceplions exist.

FA5 Woranury: Vioa

As we have previously noted, volatility is the standard deviation of the continuously com-
pounded retum on the stock. We have also noted that the volatility is an extremely impor-
tant variable in the valuation of an option. It is the only variable that cannot be obtained
casily and directly from another source. In addition, az we illustrate here, option prices are
extremely sensitive 1o the volatility. We ke up the subject of estimating volatility in
Section 7.5

The relationship berween option price and volatility is called the vega, which—
albeit considered an option Greek—is not actually a Greek word.™ We shall not concern
ourselves with the actual calculation of the vega, but know that the vega s positive [or both
calls and puts, meaning that il the volatility increases, both call and put prices increase.
Also, the vega is larger the closer the option is 1o being at-the-money.

In the problem we previously worked (S, = $52.75, X = §30, i* = 00488, T =
0,75), at a volatility of 035, the option price was E&619. Suppose we erroncously use a
volatility of 040, Then the call price would be 9,446, An ervor in the volatility of this mag-
mitwde would not be difficult io make, especially for a variable that is not directly obsery-
able. Yet the result is a very large error in the oplion price,

Exhibit 4-29 displays the relationship between the option price and the volatlity.
Mote that this refationship is nearly linear and that the option price varies over a very wide
range, although this near-linearity is not the case for all options.

EXHIBIT 4-29 The Relationship between Option Price and Volatility
§= 5275 X =50, r = 0.0488, T = 0.75

A Calis

Call Optaon Price

i

15 .

10 e

_——'_'_'___'_

5 T

i L. i e i N

Qi a0 D17 025 033 D41 049 057 AS
Volatility

' Positive pal thetas rend o oceor when the pa ks deep in-the-maney, the valaiility is low, the imere=i mie s
high, and the time to expiration is how.

¥ i rhal all of chese efeos (ke CGirecks™) be nemed afier Greek words, the 12rm kappa is somotimes wsed
io represent the relationship between an optioa price and s volanilny. As o mms oul, however, vega is used
far more ofien than kappa and is probably easier bo remember, given the *v" im vega and the " m salatifiny.
WVega, however, B a slar nola lemer, and o= orign & Latm,
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7.4 THe EFFecT OF
CasH FLows on
THE LINDERLYING

8. Puls

a1 o 017 025 033 041 049 057 088
Violatility

As we saw in Chapters 2 and 3, cash flows on the underlying affect the prices of forward
and funsres confracts, It should follow that they would affect the prices of options. In
studying the option boundary conditions and put—call parity earlier in this chapter, we
moted that we subtract the present value of the dividends from the underlying price and use
this adjusted price to obtain the boundary conditions or to price the options using put—call
parity. We do the same using the Black-Scholes-Merton model, Specifically, we intro-
duced the expression PV{CED,T) for the present value of the cash flows on the underlying
over the life of the option. So, we simply use 5, — PY{CEQ, T} in the Black=5Scholes—
Merton model instead of 5,

Recall that in previous chapters, we also used continuous compounding o express
the cash flows, For stocks, we usaed a continuously compounded dividend vield; for cur-
rencics, we used a continuously compounded interest rate, In the case of stocks, we let §°
represent the continuously compounded dividend rate. Then we substituted for Sqe T for
5p in the Black—Scholes—Merton formula, For a foreign currency, we let 5, represent the
exchange rate, which we discount using ', the continuously compounded foreign risk-
free rate. Let us work an example invalving a foreign currency opfion,

Let the exchange rate of U5, dollars for euros be 50,8575, The continuously com-
pounded U5, risk-free rate, which in this example is r°, is 5.10 percent. The continuously
compounded euro risk-free rate, ©, 15 4.25 percent. A call option expires in 125 days
(T = 1257365 = 0.3425) and has an exercise price of 30,90, The volauliny of the conting-
ously compounded exchange rate 15 00535,

The first thing we do iz obtain the adjusted price of the umderlving:
0,847 5~ MBIN0I - ) 1353, We then use this value as §; in the formula for d, and dy:

In(0.8353/0.90) + [0.051 + (0.055)°/210.3425) _

4= 0.055%/0.3425 —1L.7590
dy = —1.7590 — 0.055V0.3425 = —1.7912

Using the normal probability table, we find that

Nid,}) = N(—1.76) = | — 0.9608 = 0.0392
Nida) = N{—1.79) = 1 — 0.9633 = 0.0367
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7.5 THe CRITICAL
Rowe oF VoLaTILITY

In dizcounting the exercise rate (o evaluate the second term in the Black-5Scholes—Merton
expression, we use the domestic (here, ULS.) continnously compounded risk-free rate. The
call option price would thus be

¢ = L.BIS3(0.0392) — 0,90 “H UM 00 0367y = 0.0003

Therefore, this call option on an asset worth 30,8573 would cost 30,0003,

PRACTICE PROBLEM 9

Uze the Black-Scholes-Merton model adjusted for cash flows on the underlying to
calculate the price of a call option in which the underlying is priced at 225, the exer-
cise price is 200, the contineously compounded risk-free rafe is 5,23 percent, the
time b expiration 15 three years, and the volatlity is 0.15. The effect of cash flows
on the underlying s indicated below for two aliernative approaches:

A, The present value of the cash flows over the life of the option is 19.72.
B. The continucusly compounded dividend yield is 2.7 percent,

SOLUTIONS

A, Adjust the price of the underving o 5, = 225 = 19,72 = 205,28, Then insert
into the Black=Scholes—Merton formula as follows:

In(205.28/200) + [0.0525 = (0.15)2]3.0
di= ]n[ixm SRS — omie

d; = 08364 — 0.15V3.0 = 0.5766

Mi0B4) = 0.7995

N(D.58) = 0.7190

205.28(0.7995) — 200 "M i 7190) = 41.28

c
B. Adjust the price of the underlving to 8, = 225¢ """ = 207 49

_ In(207.49/200) + [0.0525 + (0.15°/2]3.0
015V 3.0

dy = 08776 — 0.15V3.0 = 06178

N(D.88) = 08106

N(D.62) = 0.7324

c = 207.49(0.8106) — 200e "M 0 7324) = 43.06

d, = (L8776

As wie have previously stressed, volatility is an exiremely important variable in the pricing
of options, In fact, wath the possible exception of the cash flows on the underlving, it is the
only variable that cannot be directly observed and easily obtained. It is, after all, the
winlatifity over the life of the option; therefore, it is not past or current volatility but rather
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the future volatihty, Differences in opinion on option prices nearly always result from dif-
ferences of opinion about volatility, Bul how does one obtain a number for the future
volatlity?

S50 HstoRical WoLanumy

The maost logical stasting place to look for an estimate of future volatility is past volatilicy.
When the underving is a publicly traded asset, we wsually can collect some data over a
recent past period and estimate the standard deviation of the continuously compounded
returm.

Exhibir 4-30 illustrates this process for a sample of 12 monthly prices of a paricu-
lar =tock., We convert these prices (o returns, convert the relums to continuously com-
pounded retums, find the variance of the series of continuously compounded returns, and
then convert the vanance 1o the standard deviation. In this example, the data are monthly
refums, 5o we must annoalize the variance by muliiplying it by [2. Then we take the
sepuare Toot o obtun the Wstoncal estimate of the annual standard deviation or volatility.

EXHIBIT 4-30  Estimating Historical Volatility

iLog Return —
Maonth Price Retumn Log Return Average)”
0 [H)
I [ie] QL0G 000 0019803 DL 23
1 e =294 12 ={.XE53 LU B S
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5 103 157303 0. 146093 (DIRETH
i 104 (L O0RTR LOIGG2 (000
7 10z (019231 —0.019418 (L0070
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I o2 —0.01%231 —00194 18 (DO TR
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The variance 15 estimuted as folbws;

’1. —
“':, I:R'l' — 'R.".]'
=
=1

v}

- =

where BY is the cominuowsly compounded retam for obscrvation § (shewn above inthe founth
oilumn and caloulabed as Ind | + R}, whenz § goes from | ke 120 amd B, is the ith retum, R ix
ihe average reium over the emlire sample, and M is the number of observations in the sample
(here, M = 120 Then

oo mivlw.:-

= (L3422

S
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Because this sampde consisis of monthly renems, o oblain the anmusal vadance, we mwst
mukiply this number by 12 {or 52 for weekly, or 250—the approximate number of trading
days in a year—ifor daily). Thus

ol = 1200034y = (Ud 106
The anrual standard deviation or volanlity s, therefore,

o = WViEI0G4 = 020126

5o the historical volatility estimate is 20026 percent.

The historical estimate of the volatility is based only on what happened in the pasi.
To get the beal estimate, we must use a lot of prices, but that means poing back [arher in
time, The farther back we go, the less current the data become, and the less reliable our
estimate of the volatility, We now look ana way of obtaining a more current estimate of the
virlatility, but one that raises questions as well as answers them.

J5u IsaPLIED ViooamuTy

In a market in which options are raded actively, we can ressonably assume that the mar-
ket price of the option is an accorate reflection of its troe wvalue. Thus, by setting the
Black-5Scholes-Merton price equal 1o the markel price, we can work backwards to infer
the wolatility, This procedure enables us to determine the volatility that option traders are
using to price the option, This volatility is called (he implied solatility.

Unfortunately, determining implied volatility is not a simple task. We cannot simply
solve the Black-Scholes-Merton equation for the volanlity, It is a complicsted function
with the volatility appearing several times, in some cases as o°. There are some mathe-
natical technigues that speed up the estimation of the implied volatility. Here, however,
wie shall Iook at only the most basic method: trial and error.

Recall the option we have been working with, The underlying price 15 52,75, the
exercise price is 5, the risk-free rte is 4,88 percent, and the time to expiration is 0,75, In
our previous examples, the volanlity was 0,35, Using these values in the Black—Scholes—
Merton model, we obtuned a call option price of 8619, Suppose we ohserve the option
selling in the market for 925, What volatlity would produce this price?

We have already calculated a price of 5,619 at a volatlity of 0.35. Because the call
price varies directly with the volatility, we know that it woald ke a volanlity greater than
(1.35 1o produce a price higher than 8.619. We do not know how much higher, so we should
just take a guess, Let us try a volatiliny of 0.40. Using the Black-Scholes—Merton formula
with a volatility of 0.40, we obtain a price of 9.446. This is too high, so we ry a lower
volatility, We keep doing thiz in the following manner:

Wolatility Black-Scholes-Meron Price
0.35 B.619
0.40 .46
039 9.280
0.28 2.114

S0 now we know that the comect volatility lies between (.38 and 0.39, closer to (.39, In
solving for the implied volatility, we must decide either how close 1o the option price we
wanl to be or how many significant digits we want in the implied volality. If we choose
four significant digits in the implied volatility, a valwe of 03882 would produce the oplion
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price of 92500, Alternatively, if we decide that we want to be within 0,01 of the option
price, we would find that the implied volatility is in the range of 38,76 to 38.88 percent.

Thus, if the option is selling for about 9,23, we say that the market 1s pricing it at a
volatility of (L3882, This number represents the markst's best estmate of the tree volagil-
ity of the option; it can be viewed as a more current source of volatility information than
the past volatlity. Unforunately, a circularity exists in the argument. If one uses the
Black-5Scholes—Merton model to determine if an option s over- or underpriced, the pro-
cedure for extracting the implied volatility assumes that the market cosrectly prices the
option. The only way 1o use the implied volatlity in idennfying mispriced options is o
interpret the implied volatility as either too high or too low, which would require an esti-
mate of true volatility, Nonetheless, the implied volatlity is a source of valuable informa-
tion on the uncerteinty in the underlying, and option traders use it routinely.

All of this material on continuows-time option pricing has been focused on options
in which the underdving is an asset As we described earlier in this chapler, there are also
options on futures. Let us take a look at the pricing of options on futures, which will pave
the way for a continuous-time pricing model for options on interest rates, another case in
which the underlying 15 not an asset.

8 PRICING OPTIONS ON FORWARD AND FUTURES CONTRACTS

AND AN APPLICATION TO INTEREST RATE OPTION PRICING

Earlier in this chapter, we discussed how options on futures contracts are active, exchange-
raded options in which the underlying is a futures contract. In addition, there are over-the-
counter options in which the underdying is a forward comtract. In our treatment of these
instruments, we assume constant interest rates. As we leamned in Chapiers 2 and 3, this assump-
tion means that funeres and forward contracts will have the same prices. Buropesn options on
futures and foreand contracts will, therefore, have the same prices. American options on for-
wards will differ in price from American options on futures, and we discuss this later.

First we take a quick look at the basic rules thal we previously developed for options
on underlying assets, If the underlyving asset is & futures contract, the payoff valuss of the
options at expiration are

or = Max[0f(T) — X] {4-24)
pr = Max|0.X — (T}

where f7(T) is the price of a futures contract at T in which the contract expires at T. Thus,
frT)h is the futures price at expiration, These formulas are, of course, the same as for
options when the underlyving 12 an assel, with the futures price substtuted for the assel
price. When the oplion and the futures expire simultanecusly, the futures price at expira-
tbon, FriTh, converges o the asset price, St, making the above pavoffs precisely the sanwe
u= those of the option on the underlying asset.

The minimaum and maximum valees for options on forwards or futures are the same
s those we oblined for oplions on assets, substituling the fulures price for the assel price,
Specifically,

0 =gy = Ty
=Ly = 1T (4-25)
0= pp= XAl +07
0=P,=X

S
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8.1 Pur—CaLL

PariTY FOR
OeTiONS ON
ForwaRDS

We also established lower bounds for European options and intrinsic values for American
oplions and used these results to establish the minimum prices of these options. For

options on futures, the lower bounds ane

ca = Max{0,[fT) = X1 + 1"} (4-26)

Po = Max{0[X — f(TNAL + 1)}

where f;(T) is the price at time 0 of a futures contract expiring at T. Therefore, the price of
& European call or put on the futures is either zero or the difference between the futures
price and exercise price, as formulated above, discounted to the present. For American
options on futures, early exercise is possible, Thus, we express their lowest prices as the
intrinsic values:

Cy = Max[0W( Ty — X] (4-27)

Py = Max[0L,X — T

Because these values are greater than the lower bounds, we maintain these values as the
minimum prices of American calls.™

As we have previously pointed out, with the assumption of constant interest rates,
futures prices and forward prices are the same, We can ireat European options on futures the
same way as options on forwards. American options on futures will differ from American
options on forwards, Mow we explose how put-call parity works for options on forwards.

In an earlier section, we exarmined put=call parity, Now we fake a look at the parity
berween puts and calls on forward contracts and their underlying forward contracts. First
recall the notation: F(0,T) is the price established at dme O for a forward contract expiring
at tirme T. Let ¢ and py be the prices today of calls and puts on the forward contract. We
shall assume that the puts and calls expire when the forward contract expires. The exercise
price of the options is X. The payoff of the call is Max(0,5; — X), and the payolT of the
put is Max(D,X — 5.7 We construct a combination consisting of a long call and a long
position in a zero-coupon bond with face valoe of X — FI0,T). We construct another com-
bination consisting of a long position in a put and a long position in a forward contract.
Exhikit 431 shows the resulis,

EXHIBIT 4-31 Portfolio Combinations for Equivalent Packages of Puts, Calls,

and Forward Contracts (Put-Call Parity for Forward Contracts)
Value at Expiration
Transaction Current Value Sr=X Bp = X
Crall e Brngd

By call <y ] Sr— X
Buy bond [X — FO.TIAL + ' X — FI0T) X = K0T
Tatal oo + [X = FIOTIAL + 0F X ~ F0,T) 8 — FiOT)

B oin aher words, we caEnne dee the Eurnpean bwer hound as the bowest price of an American call or pul. a
we could with calls when the undeclving was an assel inshesd of @ Taures,

" Reall that the apton payoifs are given by the underlying price al expirstion, because the forwand conrrac
expires when the aplion expines, Therefore, the forwand price 3 expration is the underlying price at expiration.
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FPut and Forward

Buy pu Mo X -8 i

Buy forward contrc 0 5 — HOLT) 5¢ — FiLT)
Total Po X = Fi0.T) S — F0LT)

Az the exhibit demonstrates, hoth combinations produce a payoff of either X —
FI0.T or 5¢ — F0.T), whichever 13 greater. The call and bond combination 15 thus eguie-
alent to the put and foreard contract combination. Hence, to prevent an arbitrage oppor-
tunity, the initial values of these combinations must be the same. The initial value of the
call and bond combination is ¢ + [X = FOTIN + 1", The forward contract has zero
initial value, so the mitial value of the put and forward contract combination is only the
initial value of the put, pp. Therefore,

op + [X — FOTIA + ' = py (4-28)

This equation is put=call parity for options on forward coniracis,

MNote that we seem to have implied that the bond is a long position, but that might
not be the caze. The bond should have a face value of X — F(0,T). We leamned in Chapter
2 that FO,T) s determned in the market as the underlving price compounded a1 the risk-
free rate.™* Because there are a variety of options with different exercise prices, any one of
which could be chosen, it is clearly possible for X to exceed or be less than FOT). If X =
Fi, T}, we are long the bond, because the payoff of X — FI0LT) is greater than zero, mean-
ing that we get back money from the bond, If X < F(0,T), we issue the bond, because the
payoff of X — F{0.T) is less than zero, meaning that we must pay back money. Note the
special case when X = F(,T). The bond is effectively out of the picture, Then ¢ = po.

Movw recall from Chapler 2 that with discrete interest compounding and no siotage
cosis, the forward price 15 the spol price compounded ot the risk-free rate. So,

FiO.Ty = Sal1 + 1)

If we substitute this result for F(0,T) in the put-call parity equation for options on for-
wards, we obtain

Pa+ Sp = cp + XA+ 07

which is the put-call parity equation for options on the underving that we learned earlies
in this chapter. Indeed. put-call panty for optons on forwards and put=call parity for
options on the underlying asset are the same. The only difference is that in the former, the
forward contract and the bond replace the underlying. Given the equivalence of options on
the forward contract and options on the undedying, we can refer 10 put-call panty fos
options on forwards as pul—call-forward parily. The equation

eo + [X = FIOTIAL + )7 = py
expresses the relationship between the forward price and the prices of the oplions on the
underlying assel, or aliematively between the forward price and the prices of options on the
foreward contract. We can also rearrange the eguation (o isolate the forward price and obtain

Fi0,T) = (cg — pal1 + 1" + X

e mre, af coirse, assaming mo cash flows or costs on the underlying assel,
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which shows how the forward price 15 related to the put and call prices and 1o the exercise
price,

MNow observe in Exhibit £-32 how a synthetic forward contract can be created out of
CpLiang,

EXHIBIT 4-32 Forward Contract and Synthetic Forward Contract

Walue at Expiration

Transaction Current Value =X X

Forward Contracr

Long forward contrac i 5 — HOT) 5 — FDLT)

Swarheric Forwgnd Comreact

By call Cp 0 Gr— X

Sell pun —Po =M = S} 1]

Buy {or sll) band (X - BOTIANL + 0F X — Fi0.T) X — F(0,T)
Tosal o — po + [X — FOTIAL + 117 S = FOT) 57 — FT)

In the top half of the exhikbit is a foreard contract. Its peyoll ot expiration s 5¢ = Fii,T)
In the botiom half of the exhibit is a synthetic forward contract, which consists of & long
call, a short put, and a long rsk-free bond wath a fece value equal 1o the exercize price
minws the forward price. Mote that this bond can actually be short if the exercise price of
these options is lower than the forward price. The forward contract and synthenc forwand
contract have the same payoffs, 2o their initial values most be equal. The initial value of
the forward contract is zero, so the imtal value of the syothetic forward contract must be
zero, Thus,

ey = o + [X = FOTINL + 00" =10

Solving for F{0L,T}), we obdain the equation for the forward price in terms of the call, put,
and bond that was given previousiy, 50 a synthetic forward contract iz a combanation codg-
siating of a long call, a shoet put, and a zero-coupon bond with face value of X — FO,T).

Consider the following example: The options and a forward contract expire in 50
days, so T = SINIES = L1370, The risk-free rate is & percent, and the exercise price 1s D5,
The call price is 5.50, the put price is 10,50, and the forward price 15 90,72, Substiluting
in the above equation, we abiain

05 — 9072
(0GP

which is supposed o be zero, The lefi-hand side replicates a foreard contract. Thus, the
synthetic forward i= underprced. We buy 1t and sell the actual forward contract. 5o if we
by the call, sell the put, and huy the bond with face value 95 — 9WL.72 = 428, we bring
in 0. 7540, At expiration, the payoffs are as follows,

550~ 1050 + = =, T540

The options and forward expire with the underlving above 95:
The bomd matures and pays off 95 — 90,72 = 428,
Exercize the call, paying 935 and obtaining the onderlying.

Dieliver the underlying and receive 90,72 from the forward contract.
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The put expires with noe value.
Met effect: Mo money in or out,
The oprions and forwand expire with the underlving af or below 25,
The bond matures and pays off 95 — 9072 = 4.28.
Buy the underyving for 95 with the short put.
Deliver the underlying and recerve 90,72 from the forward contract.
The call expires with po value.

Met effect: Mo money inor oo

5o we take in 027540 up front and never have to pay anything oul. The pressure of other
investors doing this will cawse the call price to increase and the pat price 1o decrease wntil
the abowve equation eguals zero or 15 ai least equal to the transection costs that would be
incurred to exploit &ny discrepancy from zero,

Similarly, an option can be created from a forward contract. If a long forward contract
is equivalent 1o a long call, shost put, and zero-coupon bond with face valee of X — FiLT),
then a long call = a long forward, long put, and a zeto-coupon bond with face valoe of F{O,T)
= K. A long put is a long call, shost forward, and a bond with face value of X = Fiil, T, These
results are ohiained just by rearranging what we keamed here about forwards and options.

These resulis hold sirictly for Ewropean options; some additional considerations
exist for American options, bal we do not cover them here,

PRACTICE PROBLEM 10

Determine if a forward contract is correctly priced by using put—call-forward parity.
The option exercise price is 90, the nsk-free rate 1= 5 percent, the options and the
forward contract expire in two years, the call price is 15,25, the put price is 3,00, and
the forward price is 101,43,

SOLUTION

First note that the time o expiration is T = 2.0, There are many ways (o express
put—call—forward parity. We use the following specification:
Po = o + [X = FOTIAL + )"

The right-hand side is the synthetic put and consists of a long call, a shon forward
contract, and a bond wath face value of X — F{0.T). Substituting the values into the
right-hand side, we ohtain

po = 15.25 + (90 — 101.43)/(1.059" = 4.88

Because the actual put is selling for 3,00, it is underpriced. So we should buy the put
and sell the synthetic pur. To sell the synthetic pur we should sell the call, buy the
forward contract, and hold a bond with face value FO,T) — X. Doing 50 will gen-
erate the following cash flow up front:

Buy put: —3.0K)
Sell call:  +15.25
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8.2 Eary
EXERCISE OF
AMERICAN
OpTIONS ON
ForwarD AND
FUTURES
COMNTRACTS

8.3 TuHe Brack
MoDEL

Buy bond: —(101.43 — S0W 105" = 10,37
Tostal: +1.88
Thus the rransaction brings in 1,88 up front. The payvoffs at expiration are

By = 9 Sp = 90
Long put 90 — 5y 0
Bhort call 0 =[5y — 9
Long bond 101,43 = 90 101,43 = 90
Long forward Sp — 10143 S — L0143
Total 1] 1]

Therefore, ne money flows inor oul ol expiration,

Az we noted earlier, the holder of an American put option may want o exercise it early.
For American call options on underlving assets that make no cash payments. however,
there 15 no justification for exercising the option early. IF the underlving asset makes a cash
payment, such as a dividend on a stock or interest on a bond, it may be justifiable 1o exer-
152 the call oplion early,

For American options on futures, 1t may be wornthwhile to exercise both calls and pats
early. Even though early exercise 15 never justified for American calls on underlying assets
that make no cash pavments, early exercise can be justified for American call oplions on
futures, Deep-in-the money Amencan call oplions on futures behave almost identically to
the underlying, but the investor has money tied up in the call. If the holder exercises the
call and establishes a futures position, be eams interest on the futures margin account. A
similar argument holds for deep-in-the-money American put options on futures. The deter-
mination of the tming of early exercise 15 a specialist lopic so we do not explore it here.

If the option is on a forward contract instead of a futures contract, however, these
arguments are overshadowed by the fact that a forward contract does not pay off until expi-
ration, in conirast o the mark-to-market procedure of futures contracts. Thus, if one exer-
cised either a call or a put on a forward contract eary, doang so would anly establizh a long
of short position in a forward contract. This position would not pay any cash until expira-
o, Mo justification exizts for exercising early if one cannol generate any cash from the
exercise. Therefore, an American call on a forward contract is the same as a European call
om o forward contract, bul American calls on futeres are different from European calls on
futures and carry higher prices,

The usual model for pricing European options on futures is called the Black model, named
afler Fischer Black of Black-Scholes-Merton fame. The formula is

¢ =¢ " [TIND,) = XNids))

po=e X[ = Nid] — fTI0 = Nl

where

_ Inify(TWX) + (0™/2)T

i
i U"u-‘?
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d: = 1.1| - ﬂ'ﬁ
ATy = the futures price

and the cther terms are those we have previously used, The volatility, o, 15 the volatliny of
the continuously compounded change in the futures price.™

Although the Black model may appear to give a somewhal different formula, il can
b obtained directly from the Black—Scholes—Merton formula. Recall that the futures price
in terms of the underlying spot price would be fy(T) = Spe’ T I we substimte the righit-
hand-side for fT) in the Black formula for d,, we obtain the Black-Scholes—Merton for-
mula for d,.*" Then if we substitote the right-hand side of the above for fy(T) in the Black
formula for cp and py, we obtain the Black—5choles—Merton formula for cp and pg. These
substitutions should make sense: The prices of options on fulures equal the prices of
oplions on the asset when the options and futures expire simultanesously.

The procedure should be straightforward if you have mastered substituting the asset
price and other inputs into the Black-5choles—Merton formula Also, note that as with the
Black-Scholes-Merion formula, the formula applies only o European oplions. As we
noted in the previows section, early exercise of American options on futures is often justi-
fied, so we cannot get away with using this formula for American options on futures, We
can, however, use the formula for Amerncan options on forwards, because they are never
exercized early,

PRACTICE PROBLEM 11

The price of a forward contract is 13919, A Eoropean option on the forward con-
tract expires in 215 days. The exercise price is 125, The continuously compounded
risk-free rate is 4.25 percent, The volatility is 0.15.

A. Use the Black model to determine the price of the call option.

B. Determine the price of the undedying from the above information and use the
Black—5choles—Merton model to show that the price of an option on the under-
I¥ing 15 the same as the price of the option on the forward,

SOLUTIONS

The time to expiration is T = 215265 = (L5890,
A. First find d, and d,, then Nid,) and Nid,), and then the call price:

_Ini139.09125) + [0.15)%2)0.5890
= YT = 0.9916

d; = 09916 — L15W 0L5E90 = 08765

d,

—_—

O e wre using the made] o price oplions on forsand contracts, we wsould insert F0,T), the forward price,

inssead of the foures price. [aing soowould prodiece some confasion Because we hive never subseripsed the
farward price. arpuing that 0 docs not change. Therefore, allbough we could use the formula o price options
an forsards at time (3, how could we use the formula éo price apidons on foreards @ a Leser time, say tme L
i b0 expiralm T In thl cise, wo would have 0 e the price off a newly constrocted forward costract that
expires @ T, F,T). Of course, with constant intcrest rates, these forward prices, FiLT) and B T). would be
identical 1o ihe analogous foures posce, T Th aed £ATL S0, for case of exposstion we use the Tolures price.

= This action requines us b recognize that IS’ T = Im{5X) = T

———
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R

8.4 ArruCATION
oF THE BLack
MoDeL 1O INTEREST
Rate Ormions

N(0.99) = 0.8389
N(D.88) = 0LB10G6
¢ = g WMEHRINHN 130, 19(0.8389) = 125(0.8106)] = 15.06
B. We learned in Chapter 2 that if there are no cash flows on the underlying and the

interest 1% .;;u_u|r|P|:|und-e.d continuously, the foreward price is given by the formula
Ei0, T) = Sye" '. We can thus find the spot price as

SI} - F[D.T]!"_m-l - Iﬂgljgﬁ—“'.lldzﬂl:liﬂ-'!l:ﬂ = 135.75
Then we simply use the Black-5Scholes-Menton formula:

_ In{135.75/125) + (0.0425 + (0.15)%/2)(0.5890)
0,15V 0.5890

d; = 09916 — 0.15V0.5890 = 08763

d, = (.9916

These are the same values s in Par A, 50 M(d, ) and N(d:) will be the same.
Plugging into the formula for the call price gives

¢ = 135.75(0.8389) — 125 “MIEEENG R106) = 15.06

This price is the same as in Part A

Earlier in this chapter, we described options on interest rutes. These derivative instruments
parallz] the FEAs that we covered in Chapter 2, in that they are derivatives in which the
underlying is not & bond but rather an interest rate. Pricing options on inlerest rates is a
challenging task. We showed how this is done using binomial trees. It would be nice il the
Black-Scholes—Merton model could be easily used to price mterest rale oplions, bui the
process 15 nod so siraightforward. Pricing options on interest rates requires a sophisticited
model that prohibits arbitrage among interest-rute related instruments and their derivatives.
The Black-Scholes—Merton model is not sufficienty general o use in this manner.
Monetheless, practitioners often employ the Black model to price interest rate oplions.
Somewhat remarkably, perhaps, it is known 1o give satisfactory results. Therefore, we pro-
vide a quick overview of this practice here.

Suppose we wish 1o price a one-vear interest rate cap, consisting of three caplets.
One caplet expires in 90 days, one 180 days, and one in 270 days.*' The exercise rate is
9 percent. To use the Black model, we use the forward rate as though it were fi(T).

' A ome-year cap will Bave three individual caplets, The first eapires in 90 doys and pays off in 180 days, the
secoid explres in 130 days and pays off in 270 days, and the third expires im 270 days and pays off w3060
days, The tendency (o thimk thet a cme-vear cap using quanierly perinds should hove four caplels is incomea
because ihere is no caplet exparing rightl niew and paying ofF im 80 days, I would make no sense o crese an
oglion Bl expires immadiniely, Also, in o ose-year loan, the rate is sef at the lar and resef only thres Times,
kence, only three caplets are reguired.
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Therefore, we also reguire its volatility and the risk-free rate for the period to the option’s
expiration.*” Recalling that there are three caplets and we have to price each one individ-
ually, ket us first foces on the caplet expicing in 90 days, We first specify that T = 96365
= ), 2466, Then we need the foreard rate today for the period day 90 o day 180. Let this
rate be 9,25 percent. We shall assume its volotlity is 00,03, We then nead the continuously
compounded risk-free rate for 90 days, which we assume 1o be 2.60 percent. 5o now we
have the following input vanables:

T = 02466
folT) = 00925
o =003

X =008

= 0.096

Inserting these inpuls o the Black model produces

_ In(0.0925/0.09) + [(0.03)°/2](0.2466)
D03V 0.2466

dy = 1.8466 — 0.030,2466 = 1.8317

Ni1.85) = 0.9678

Nil.83) = 0.9664

oy = ¢ MPNILISENNN DO25(0.9678) — 0.09(0.96641] = 000248594

dy

= |.E466

(Because of the order of magnitude of the inputs, we carry the anawer out to eight decimal
places. ) But this answer 15 nid gquite what we need, The formula gives the answer under the
assumption that the option payoff occurs at the option expiration. As we know, interest rate
options pay off later than their expirations, This option expires in 90 days and pays off %0
days after that. Therefore, we need to discount this result back from day 130 to day 9
using the forward rate of 9,25 percent.** We thus have

000248504, “HISOME o 0 0242088

Another adjusiment is necessary, Because the underdving price and exercise price ame
entered as rates, the resulting answer is a rate. Moreover, the underlying rate and exercise
rate are expressed as anmual rates, 50 the answer 1% an annual rate. Interest rate option

¥ I is important 1 note here that the Black mode] requines that a1l inpits Be in continuss compounding
format. Therefore, the foreard mate and risk-free rate would need to be the contineausly compouanded anakops
1 the iscrens rares, Hecanss the underlyving i usually LIBOR, whach 1= a dascrete rate quoted om the basis of o
360-day year, some adjustmenis misl be made to conven w0 o contineous rate quoted om the hasis of o ¥5-day
vear, 'We will not address these sdjustments bere,

* Be wery carclul in this dscounting procedure. The exponent in the exponential showld Bave a time Faciar of
thex mumsher af days heowseen the oplion exparacion asd g pevoll. Becanse there are 90 days between days %0

aml 18, we nse WASHS = (L1406, This valos is nod guile the same as (ke lime until the aplon expiration,
which today is M bt which will coanl down to zera.
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prices are alwavs quoted as pericdic rates (which are prices for 1 notional principal). We
would adjust this rate by multiplying by S0/360,* The price would thus be

(L0024 2988903000 = (00060747

Finally, we should note thet this price 15 valid for a 31 notional principal option. TF the
nodional principal were $1 pullion, the option price would be

51,000, 0ED. D007 47) = 560747

We have just priced the first caplet of this cap. To price the second caplel, we need
the forward rate for the penod 180 days 1o 270 days, we would use 1807365 = 0.4932 as
the time to expiration, and we need the risk-fres rate for 180 dayvs. To price the third caplet,
we need the forward rate for the period 270 days to 360 days, we would use Z7I0W365 =
0.7397 as the time to expiration, and we need the risk-free rate for 270 days. The price of
the cap would be the sum of the prices of the three component caplets, If we were pricing
a floor, we would price the component floorlets using the Black model for puts,

Although the Black model is frequently used to price interest rate options, binomial
models, as we Wllustrated earlier, are somewhat more widely used in this area. These mod-
els are more attuned 1o deriving prices that prohibit arbitrage opportunities using any of
the diverse instruments whose prices are given by the term structure, When you use the
Black model to price interest rate options, there is some risk, perhaps minor, of having a
counierparty be able to do arbitrage against you. Yet somehow the Black model 15 used
often, and professionals seem to agree that it works remarkably well.

PRACTICE PROBLEM 12

Use the Black model 1o price an imterest rate pul that expires in 280 days, The for-
ward rate is currently 6.8 percent, the 280-day continuously compounded nsk-free
rale is 6,25 percent. the exercize rate 15 7 percent, and the volatility is 0.02, The option
15 based on a 180-day underlying rate, and the nottonal principal is 310 million.

SOLUTION

The tme o expiration is T = 2850365 = 0L.7671. Calculate the value of d,. d;, and
Midy), Midz), and py using the Black model:

_ In(0.068M.07) + [(0.02)772]0.7671
002VILT6TL

dy = — L6461 = 0.02VOTETI = — 6636
N(—1.65) = 1 — N(L65) = 1 — 0.9505 = 0.0495
Mi=166) = 1 = NiLbG) = | — 09515 = (L0483

d, = 1.6461

pp = ¢ COEEOISTIG 0701 — 0.0485) — 0.068(1 — 0.0495)] = 000187873

4t is customary in the inlerest mle opioms market o e 360 in the denominseer (0 mske this adjpesiment,
even thoagh we have used 368 in other places

—_—————
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This formula assumes the option payoll 15 made o expiration. For an interest rae

option, that assumption is false. This is a 130-day rate, 5o the payof is made 180

dayz later. Therefore, we discoumt the payof over 180 days using the foreard rate:
g POSBUEEESE G O01RTRTH) = 000181677

Interest rale option prices must reflect the fact that the re wsed in the formula is
gquoted as an annual rate, 5o, we must molaply by 180360 because the iransaction

is based on a 180-day rate:
DOOIBI6TTBOFA60) = 000090839
Then we multiply by the notional principal:

510,000 DN DLOO0A0E39) = 59 (84

9 THE ROLE OF OPTIONS MARKETS

As we did with futures markets, we conclude the chapter by looking at the important role
options markets play in the financial system, Recall from Chapter 1 that we looked at ihe
purposes of derivative markets, We noted that denvative markets provide price discovery
and risk management, make the markets for the underlying assets more efficient, and per-
il trading af low transaction costs. These fealures are also associated with options mar-
kets. Yer, options offer further advantages that some other dervatives do not offer,

For example, foreard and futures contracts have bidirectional payoffs, They have the
potential for a substantial gain in one direction and a substantial loss in the other direction.
The advantage of taking such a position lies in the fact that one need pay no cash up fron.
[n contrast, options offer the feature that, if one is willing w pay cash up front, one can
liman the Loss in @ given direction. In other words, options have unidirectional payoffs. This
feature can be atiractive (o the holder of an option. To the writer, options offer the oppor-
ity 1o be paid cash up froml for o willingness 1o assume the risk of the unidirectional
payoff. An option writer can assume the risk of potentially a large loss onmatched by the
potental for a larpe gain, In fecl, the potential gain 15 small. But for this risk, the option
wriler receives money up front.

Oiptions alse offer excellent devices for managing the risk of various exposures. An
obvious one is the protective put, which we saw earlier and which can protect a positen
apgainst loss by paving off when the value of the underlying is down. We shall see this and
other such applications in Chapter 7.

Recall that futures contracts offer price discovery, the revelation of the prices af
which investors will contract today for transactions o take place later. Oprions, on the
other hand, provide volatlity discovery, Through the implied volatility, investors can
determine the market's assessment of how volatile it believes the underlying asset is, This
valuable information can be difficult o obtain from any other source.

Futures offer advantages over forwards, in tha futares are standardized, tend o be
actively traded in a secondary market, and are protected by the exchange's clearinghouse
against credic risk. Although some options, such as inferest rate options, are available only
it over-the-counter fomms, many oplions exist in both over-the-counter and exchange-lisied
forms. Hence, one can often customize an option if necessary or trade it on an exchange.
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In Chaprer 2, we covered forward contracts; in Chapter 3, we covered futures con-
tracts; and in this chapter we coversd option contracts. We have one more major class of
derivative instruments, swaps, which we now tum to in Chapter 5. We shall retum o
options in Chapter 7, where we explore option trading strategies.

KEY POINTS

* (ptions are rights o buy or sell an undedying at a fized price, the exercise price, for
w period of tme, The right w buy is a call; the right to sell is a put. Options have a
definite expiration date. Using the option to buy or sell is the action of exercising it
The buver or holder of an option pays a price (o the seller or writer for the right 1o
buy (a call) or sell (a put) the wnderlying instrument. The writer of an option has the
comesponding potential obligation to sell or buy the underlving,

* Furopean options can be exercised only at expiration: American options can be exer-
cised at any time prior to expiration. Moneyness refers o the charactenistic that an
option hos positive imnnsc valoe. The payoff is the value of the option at expiration.
An option's intrinsic value is the value that can be captured if the option is exercised.
Time value is the component of an option’s price that reflects the uncertainty of what
will happen in the fwure 1o the price of the underlying.

* Options can be waded as standardized instruments on an options exchange, where
they are protected from default on the part of the writer. or as customized instruments
on the over-the-counter market, where they are subject 1o the possibility of the writer
defaulting. Because the buyer pays a price at the start and does not have to do any-
thing else, the buyer cannot default.

* The underlying instruments for options are individual stocks, stock indices, bonds,
interest rates, currencies, futures, commosdities, and even such random factors as the
weather, In addition, & class of options called real options is associated with the flex-
ibility in capital imvestment projects.

* Like FRAs, which are forward contracts in which the underyving 15 an interest rale,
interest rate options are options in which the underlying 12 an interest rate, However,
FEAs are commitments (o make one mterest payment amd receive another, whereas
interest rate options are rights o make one interest payment and receive another.

* Oiption payoffs, which are the valees of options when they expire, are determined by
the greater of zero or the difference between underlying price and exercise price. if a
call, or the greater of zero or the difference betwesn exercise price and underlying
price, if & put. For interest rate oplions, the exercise price is a specified rate and the
underlying price is a variable interest rate.

*# Interest rafe options exist in the form of caps, which are call options on inleresi rates,
and floors, which are put oplions on inlerest rates. Caps consist of a series of call
options, called caplets, on an underlying rate, with cach option expiring at o different
time, Floors consist of a series of put options, called floorlets, on an underlyving rate,
with each option expiring at a different time.

* The minimum value of European and American calls and puts 1= zero. The maxinim
vilue of European and Amernican calls is the underiving price. The maximum value
of a European put is the present value of the exercise price. The maximum value of
an American put is the exercise prce.
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® The lower bound of a European call is established by constructing a portfolio con-
sisting of a long call and risk-free bond and a short position 1o the underlying asset.
This combination prodeces a non-negative value at expiration, so its current value
must be non-negative, For this situation to occur, the call price has wo be worth ot least
the underlying price minus the present value of the exercise price. The lower hound
of a European put is established by constructing a pontfolio consisting of a long put,
a long position in the underlying, and the issuance of a zero-coupon bond. This com-
bination produces a non-negative value at expiration so ils current value must be non-
negative. For this to occur, the put price has to be at least as much as the present value
of the exercise price minus the underlying price, For both calls and puts, if this lower
bound 1% negative, we mvoke the rule that an option price can ke no lower than zero,

® The lowest price of a European call is referred 1o as the lower bound, The lowest price
of an American call is also the lower bound of a European call. The lowest price of a
European put is also referred o as the lower bound, The lowest price of an American
put, however, 15 115 intnnsic valee,

® Buying a call with a given exercise price and selling an otherwise identical call with
# higher exercise price creates a combination that always pays off with a non-
negative value, Therefore, it current value must be non-negative. For this to ocour, the
call with the lower exercise price must be worth at least as much as the other call. A
similar argument holds for puts, excepd thit one would buy the put with the higher
exercise price. This line of reasoning shows that the put with the higher exercise price
musi be worth at least as much as the one with the lower exercise price.

® A longer-term European or American call must be worth an least as much as a corre-
sponding shorer-term European or American ¢all. A longer-term American pud must
be worth at least as much as a shorter-term American put. A longer-term European
put, however, can be worth mose or less than o shorer-term European put.

® A fiduciary call, consisting of a BEuropean call and a zero-coupon bomd, produces the
same payoff as a profective pul, consisting of the underyving and a European put
Therefore, their current values must be the same, For this equivalence 1o occur, the
call price plus bond price must equal the underlying price plus put price. This refa-
tionship is called put—call parity and can be used 1o identify combinations of instru-
ments that synthesize another instrument by rearmanging the equation to isolaie the
instrument you arc irying to create. Long positions are indicated by positive signs,
and shoft positions are indicated by negative signs. One can create a synthetic call,
a synthetic put, a synthetic underlying, and a svnibetic bomd, a= well as syntheti
shaort positions in these instruments for the purpose of exploiting mispricing in these
instruments.

® Pur-callparity violations exist when one side of the equation does not equal the other.
An arbitrageur buys the lower-priced side and sells the higher-priced side, thereby
earning the difference in price, and the positions ofTset at expiration. The combined
actions of many arbatrageurs performing this set of ransactions would increase the
demand and price for the underpriced instruments amd decrease the demond and price
for the overpriced instruments, until the put-call parity relationship is upheld.

* American oplion prices must always be no less than those of otherwise egquivalent
European options. American call options, however, are never exercised early unless
there is o cash flow on the undertying, so they can sell for the same as their European
counterpans in the absence of such a cash flow, American put options nearly always
have o possibility of early exercise, so they ordinarily sell for more than their Buro-
pean counterparts.
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® (Cash flows on the underlving affect an option’s boundary conditions and put—call
pariry by lowering the underlving price by the present value of the cash flows over
the life of the option.

* A higher interest rate increases a call option's price and decreases a put option's price.

® In a onc-period binomial model, the underlying asset can move up o one of two
prices, A portfolio consisting of a long position in the underlving and a shon position
in & call option can be made nsk-fres and, therefore, must retumn the risk-free mute.
Under this condition, the option price can be obtained by inferring it from a formula
that wses the other mpat values, The option price 15 a weighted average of the two
option prices at expiration, discounted back one period at the risk-free rate.

® If an option is trading for a price higher than that given in the binomial model, one
can sell the option and buy a specitic number of wnits of the underlying, as given by
the model. This combination is risk free but will eam a return higher than the risk-
free rate, 17 the option 15 wading Tor a prce lower than the price given in the binomial
model, a short position in a specitic number of units of the underlying and a long
position in the option will create a risk-free loan that cosis less than the risk-free rale

¢ Inatwo-pernod binomial model, the underlying can move to one of two prices in each
of two periods; thus three underlying prices are possible at the option expiration. To
price an option, start ol the expiration and work backward, following the procedure
in the one-period model in which an option price at any given point in time is a
weighted average of the next two possible prices discounted at the nsk-fres rae,

* To calculate the price of an option on a zero-coupon bond or 8 coupon bond, one must
first constrict a binamial tree of the price of the bosd over the life of the option. To
caleulate the price of an oplion on an interest rate, one should use a binomial tree of
inferest rates. Then the option price is found by staming at the option expiration,
determining the payofl and seccessively working backwards by computing the oplion
price as the weighted avernpe of the next two option prices discounted back one
peried, For the case of options on bonds or injerest rates, a different discount rate is
used at different parts of the wree.

* For an option of a given expiration, a greater pricing accuracy is obtained by divid-
ing the option’s life into a greater number of time periods o a binomial tree, As more

time penods are added, the discrete-time binomial price converges to a stable value
as though the option is being modeled in a contineous-time world,

® The sssumpiions under which the Black—5choles—Merion model is derived staie that
the underlying asset follows a geometric lognormal diffesion process, the risk-free
rate is known and constant, the volatility of the underlying asset is known and con-
stant, there are no taxes or ransaction costs, there are no cash flows on the underly-

ing, and the options are European.

® To calculate the value of an option using the Black—Scholes—Merion model, enter the
underlying price, exercise price, risk-free rate, volatility, and time o expiration into
o formula. The formula will require vou (o look up two normal probabilities, obained
from cither a table or preferably a computer routine.

* The change in the option price for a change in the price of the underlying is called
the delta. The change in the option price for a change in the risk-free rate is called the
rhen, The change i the option price for a change in the tme to expiration is called the
theta. The change in the option price for a change in the volatility is called the vega.

* The delia 1z defined az the change in the option price divided by the change in the
underlying price. The option price change can be approximated by the delta times the
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change in the underdving price. To construct a delia-hedged position, a short (long)
position in each option is matched with a long (short) position in delia wnits of the
undertying, Changes in the underving price will generate offsetting changes in the
value of the option position, provided the changes in the underlying price are small
and cccur over a short tme period, A delia-hedged position should be adjusted as the
delia changes and time passes.

If changes in the price of the underlying are large or the delta hedge s nol adjested
over a longer time period, the hedge may not be effective. This effect is due to the
instability of the delta and is called the gamma effect. If the gomma effect 15 large,
option price changes will not be very close o the changes as approximated by the
delta times the underlying price change.

Cush flows on the underlying are accommaodated in option pricing models by reduc-
ing the price of the underiving by the present vislue of the cash Mows over the life of
the option,

Volatility can be estimated by calculating the standard deviation of the continuously
compounded retums from a zample of recent data for the underlying. This is called
the historical volatility. An alternative measure, called the implied volatility, can be
obtained by setting the Black—Scholes=Merton mode] price equal oo the market price
and inferring the volatility. The implied volatility is o measure of the volatility the
market is using to price the oplion.

The pavoffs of a call on a forward contract and an appropriately chosen zero-cowpon
bond are equivalent to the payoffs of & put on the forward coniract and the forward
contract, Thus, their current values must be the same. For this equality (o occur, the
call price plus the bomd price must equal the pul price. The approprisle PErO=-Coupon
bond is one with a face value equal to the exercise price minus the forward price. This
relationship 15 called put—call—forward (or futwres) panty.

There is no justification for exercising American options on forward contracts early,
50 they are eguivalent 1o European options on foreards. American options on futures,
hoth calls and puts, can sometimes be exercised early, zo they are different from
European options on futures and carry a higher price.

The Black model can be usad w price European options on forwards or futures by
entering the forward price, exercise price, risk-free rate, time to expiration, and volatil-
ity into o formola thar 940l also require the determination of two pormal probabilines,

The Black model can be used 1o price European options on interest rates by entering
the forward interest rate into the maodel for the forward or futures price and the exer-
cise rate for the exercise price.

Options are wseful in financial markets because they provide a way to limit losses (o
the premium paid while permitting potentially large gains, They can be used for
hedging purposes, espectally in the case of puts, which can be used o limit the loss
on a long position in an asset. Options also provide information on the volatility of
the underlying asset. Options can be standardized and exchange-iraded or customized
in the over-the-counter market.
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APPEMDNX 4A Cumulative Probabilities for a Standard Mormal Distribution
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PROBLEMS

. AL

Caleulate the payvoff at expiration for a call option on the S&PF 100 sock index
in which the underlving price iz 57932 at expiration, the mulaplier is 100, and
the exercise poice 15

i. 450

il 650

Calculate the payoff at expiration for a put option on the S&P 10 in which the
underlying is at 579,32 a expiration, the multipher 1z 100, and the exercise price is
i, 450

il G50

. Calculate the payoff at expiration for a call option on a bond in which the under-

Iving is at 3095 per 51 par wl expication, he contract 13 on $100,000 face value
homnds, and the exercise price is

i BES

ii. %115

o Calculate the pavol at expiration for a put option on a bond in which the under-

Iving is at $0.95 per $1 par at expiration. the contract is on $100,000 face value
bonds, and the exercise price is

i. $0.85

ii. %1.15

» Calculate the payoff at expiration for a call option on an interest rate in which the

underlying iz a 180-duy interest rale al 6,53 percent at expiration, the potional
principal is 310 million, and the exercise price is

i. 5 percent
il. & percent

« Caleulate the payofl al expiration for a put oplion on an interest rate in which the

underlying is & 180-day interest rate at 653 percent at expiration, the notional prin-
cipal 15 310 mallion, and the exercize price is

i. 5 percent

il B percent

. Calculate the payofT at expiration for a call option on the British pound in which

the underlying i1z at 51438 at expiration, the options are on 125,000 British
pounds, and the exercise price is

i. 31.35

ii. $1.55

. Calculate the payoll at expiration for & put option on the Brtsh pound where the

underlying is at $1.438 at expiration, the options are on 125,000 British pounds,
and the exercizs price 1%

i. 81.35

il. §1.55

. Caleulate the payoff at expiration for a call option oa a futures contract in which

the underlying is at 1 136,76 at expiration, the options are on a futures contract for
31,000, and the exercise pnce 15

i. 1130
il. 1140
Calculate the payoff at expiration for a put option on 2 futures contract in which
the underdying 1= at 113675 at expiration, the oplions are on a Tutures contract for
51000, and the excrcise price is

i 1130

ii. 1140
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6. Consider a stock index option that expires in 75 days. The stock index is currently at

124089 and makes no cash payments during the life of the option, Assume that the
stock index has a muliiplier of 1. The risk-free rate is 3 percent.
A. Calculate the lowest and highest possible prices for European-siyle call options on
the above stock index with exercise prices of
i 1225
ii. 1255
B. Calculate the lowest and highest possible prices for European-style put options on
the above siock index with exercise prices of
i. 1225
ii. 1235

« A. Consider Amencan-style call and put options on a boad, The options expire in &0

days. The bond is currently at $1.05 per ¥1 par and makes no cash payvments dur-
ing the life of the option, The risk-free rate iz 5.5 percent, Assume that the con-
tract is on 1 face value bonds. Calculate the lowest and highest possible prices
for the calls and puts with exercise prices of
i, 50.95
i. 51.10
B. Consider European style call and put options on a bond, The options expire in 60
days. The bond is currently at $1.05 per 51 par and makes no cash pavments dur-
ing the life of the option, The fsk-free rate is 5.5 percent. Assume that the contract
is on 31 face value bonds. Calculate the lowest and highest possible prices for the
calls and putz with exercise prices of
i #0.95
ii. 110
You are provided with the following information on put and call options on a stock:
Call price, c; = 3664
Pur price, py = $2.75
Exercise price, X = £30
Days o option expiration = 219
Current stock price, 5; = $33.19
Put—call parity shows the equivalence of a calllbond portfolio (fiduciary call) and a
putfudedving portfolio (protective put). Illustrale pot=call parity assuming siock
prices at expiration (S¢) of 520 and of 340. Assume that the risk-frec rate, r, is
4 percent.

- Consider the following information on put and call options on a stock:

Call price, o = $4.50
Put price, pg = $6.80
Exercise price, X = $70
Days to option expiration = 139
Current stock price, 55 = 367,32
Risk-froe rate, r = 3 percent
A. Use put—call parity to calculate prices of the following:
i. Synthetic call option
ii. Synthetic put option
iii. Synthetic bond
iv. Synthetic underlying stock
B. For each of the symbhetic insiruments in Part A, identify any mispricing by com-
parng the actual price with the synthetic price.
C. Based on the mispricing in Part B, illustrate an arbitrage transaction using a syn-
thetic call.
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11.

1L

D. Based on the mispricing in Part B, illustrate an arbitrage transaction using a syn-
thetic put.

A siock currently trades st a price of 5100, The stock price can go up 10 percent or

down 13 percent, The risk-free rate is 6.5 percent.

A, Use a one-period binomial meodel o caleulate the price of a call option with an
exercize price of F90.

B. Suppose the call price is currently 517.50. Show how to execule an arbilrage trans-
action that will earn more than the risk-free rate. Use 100 call opdions.

C. Buppose the call price is currently 514, Show how to execute an arbitrage (ransse-
tign that replicates a loan that will earn less than the risk-free rate. Use 100 call
options.

Suppose a stock currently trades at a price of 5150, The stock price can go up 33 per-

cent of down 15 percent, The nsk-free rate 1= 4.5 percent,

A. Use a one-period binomial model to calculate the price of a put option with exer-
cise price of 5150,

B. Suppose the put price is currently $14. Show how to execate an arbitrage transac-
tign that will earn more than the fsk-free rate, Use 10,000 pul oplions,

C. Suppose the put price is currently $11. Show how to execute an arbitrage transac-
tion thar will earmn more than the nsk-lree rate, Use 10000 put oplions.

Consider a iwo-period binomial model in which a stock corrently trades at a price of
563, The siock prce can go up 20 percent or down 17 percent each pertod. The risk-
frec rate is 5 percent.

A, Caleulate the price of a call oplion expiring in two periods with an exercise price
of B60.

B. Based on vour answer in Pa A, calculate the number of units of the underlying
stock that would be needed at cach point in the binomial tree o construct a risk-
free hedge, Use 10,000 calls,

C. Calculate the price of a call option expiring in two periods with an exercise price
of $70.

D). Based on your answer in Part C, calculate the number of units of the underlying
siock thar would be needed at each point in the binomial tree o construct a risk-
free hedpe, Use 10,000 calls.

13, Consider a two-period binomial model in which a stock currently trades at a price of

14.

%65. The stock price can go up 20 percent or down 17 percent each period. The risk-

free rate 12 5 percent.

A. Calculate the price of a put option expiring in two periods with exercise price
of $6l.

B. Based on your answer in Part A, calcalate the number of unitz of the underlying
siock that would be needed at each point in the Binomial tree in order (o construct
a nisk-free hedge. Use 10,000 puts.

C. Calculate the price of a pul oplion expiring in iwo periods with an exercise price
of $70.

. Based on your answer in Pan C, calculate the number of units of the underlyving
stock that would be needed at each point in the binomial tree in order (o construct
a risk-free hedge, Use 10000 puts,

The three-period bnomial interest rate tree provided Below gives one-period interest

rates and prices of zero-coupon bonds, Starting a1 ¢ = O, you are provided with the

onc-pericd interest rate and prices of zerp-coupon bonds with mamrities of one

period, two periods, three periods, and four perads. ALt = 1, you are provided with
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15.

16.

the one-perind interest rate and prices of zero-coupon bonds with maturities of one
period, two periods, and three perods, AL = 2, you are provided with the one-perod
interest rate and prices of zero-coupon bonds with maturities of one period and bao
periods. At = 3, you are provided with the one-period interest rate and prices of
zero-coupon bonds with maturity of one period.

13,000
1 1A% (5550
9,82% 08977
(L9 ]0a 08063
i, 255% (L2057 9.T%
0412 (L7565 &.16% 0w114
(1B (15246
[LBDEG .62 % 08553 6,52%
L7450 LR L 0.93HE
0. &Rz 0%
(LE266 04523
(1444 A%
05669

A, Calculate the value of a Buropean call option on a four-period sero-coupon bond.
The call option expires in two pericds and has an exercise price of .83,

B, Calculate the value of 4 Buropean call option on a four-penod 8 percent coupon
bond with a 1.0 face value. The call option expires in two periods and has an exer-
cise price of 0,95,

C. Calculate the value of a European put option on a four-pericd zero-coupon bond.
The call option expires in two periods and has an exercise price of .85,

D. Calculate the value of a European put option on a four-period 3 percent coupon
beoind with & 1.0 face value, The put option expires in two periods and has an exer-
cise price of 1.

Azsuime that the evolution of one-period spot rates 15 sl the same as in Problem 14,

that is, the same three-period hinomial interest rate tree stll applies.

A, Caleulate the price of a two-penod cap with an exercise mte of 8 percent. The
underlying is the one-period rate.

B. Calculare the price of a two-period foor with an exercise rte of 9 percent, The
underlying is the one-peried rate.

Call and pur options on an assel are available with an exercise prce of 330, The

opiions expire in 75 days, and the volatility is (.40, The continuously compounded

risk-free rate is 3.5 percent, and there are no cash flows on the underlying. The pre-
cise Black—Scholes—berton values of these options at different underlving prices are
as follows,

Asset Price Call Price Put Price

%28 [.1144 300004
529 [.7T538 25388
£33 42270 1.0120
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17.

18,

19.

A, From the Black—Scholes—Merton model, obtain the approximate values of the call
delta and put delta if the underdying asset price is 528,

B. Uszing the call delta and put delia obtained in Part A and the call and put prices
given in the problem for the asset price of 528, caleulate the approximate new call
and put prices for a

i. %1 increase in the price of the underlying asset
il %5 incresse in the price of the underlying asset

C. Based on a comparison of your answers in Part B with the actual call and put
prices given in the problem, what can you say about the approximations hased on
delta?

Consider an asset that trades at 5100 today. Call and put options on this asset are avail-
able with an exercise price of 2100, The oplions expire in 275 days, and the volaulity
is (.45, The continuwously compounded risk-free rate is 3 percent.

A, Calculate the walue of European call and put options using the Black—5choles—
Merton model, Assume that the present value of cash Nows on the underlying assel
over the life of the options is $4.25.

B. Calculate the value of European call and put options using the Black—5choles—
Meron model. Assume that the continuously compounded dividend vield s

1.5 percent.

Consider the following information on put and call options on an assel:
Call price, ¢y = $3.50
Put price, pp = $9
Exercise price, X = 350
Forward price, FI0,T} = 343
Dravs to option expiration = 175
Rizk-free rate, r = 4 percent
A, Use put—call-forward parity to calculate prices of the following:
i. Synthetic call option
il. Synthetic put oplion
ili. Synthetic forward contract
B. For cach of the synthetic instruments in Part A, identify any mispricing by com-
paring the actual price with the synthetic price.
C. Based on the muspricing i Part B, illustrale how w eam a risk-free profic using a
symthetic call.
D. Based on the mispricing in Part B, illustrate how to eamn a risk-free profit using a
synthetic put.

A forward contrect is priced at 145, European options on the forward contract have
an exercise price of 150 and expire in 65 days, The continuously compounded risk-
free rafe is 3.73 percent, and volatility is (L33,

A. Calculate the price of a call option on the forward contract using the Black
madel.,

B. Calculate the price of the underlying asset. Calculate the price of a call option on
the underlving asset uwsing the Black—5choles—Merton model. Compare your
answer here with the answer in Part A,

C. Calculate the price of & put option on the forward contract using the Black model.

D, Mow calculate the price of a put option on the underlving asset using the

Black—Scholes—berton model, Compare your answer here with the answer in Pant C,
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0. A. An inferest rate call option based on a H-day underlying rate has an exercize rafe
of 7.5 percent and expires in 130 days. The forward rate is 7.25 percent, and the
volatility is (.04, The continwously compounded risk-free rate is 5 percent. Cal-
culate the price of the interest rute call option using the Black model.

B. An interest rate put option hased on a 90-day underlying rate has an exercise rale
of 7.5 percent and expires in 130 days. The foreard rate is 7.25 percent, and the
volatility is 0004, The continuously compounded risk-free rae is 5 percent. Calcu-
late the price of the interest rate put option wsing the Black model.
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SOLUTIONS

"

1. A 8 = 579.32
i. Call payoff, X = 450 Max(0,579.32 — 450) % 100 = $12,932
ii. Call payoff, X = 650: Max(0,579.32 — 650) » 100 = 0
B, S5y = 57932
i. Put payoff, X = 450 Max(0,450 — 579.32) » 100 = 0
ii. Put payoefl, X = 650 Maxi{0,650 — 579.32) = 100 = 37 068

2. A. S; = §0.95
i. Call payoff, X = 0.85: Max(0,0.95 — (L85) % 100,000 = 10,000
ii. Call payoff, X = 1.15: Max(0,0.95 — 1.15) * 100,000 = $0
B. 5¢ = 3095
i. Put payoff, X = 0,85 Max(0,0.85 — 0.95) = 100,000 = $0
ii. Put payoff, X = 1.15: Max(0,1.15 — 0.95) > 100,000 = $20,000

3. AL 54 = 00653
i. Call payoff, X = 0.05: Max(0,0.0653 — 0.05) > {180/360) % 10,000,000 =
76,500
ii. Call payoff, X = 0.08: Max(00.0653 — 0.08) % (180/360) * 10,000,000 = 0
B. 5¢ = 00053
i. Put payoff, X = 0.05: Max{0,0.05 — 0.0653) % (180V360) 3 10,000,000 = 0
i, Put payoff, X = 0.08: Max(0,0.08 — 0.0653) 3 (180/60) % 10,000,000 =
75,500

4. A, 8; = 81438
i. Call payoff, X = 1.35: Maxi0,1.438 — 1.35) = 125,000 = £11,000
i, Call payoff, X = 1.55: Maxi0,1.438 — 1.55) > 125,000 = $0
B. 5 = 51438
i. Put payoff, ¥ = 135 Max(0,1.35 — L438) = 125,000 = $0
. Put payoff, X = 1.55: Maxi0,1.55 — 1.438) x 125,000 = 514,000
5. A 5; = 113676
i, Call payofl, X = 1130 Max(0.1136.76 — 1130) % 1,000 = 56,760
il. Call payoff, X = 1140: Max(0,1136.76 — 1140) % 1,000 = 0
B. 5; = 1136.76
i Put payoll, X = 1130: Max(0,1130 — 1136.76) * 1,000 = 0
il. Put payoff, X = 1140: Max(0,1140 — 1136.76) = 1,000 = $3 240

6. A, 5, = 124089, T = 750365 = (LHI55, X = 1225 or 1255, call options

i X =1225

Maximum value for the call; ¢y = 55 = 124089

Lower bound for the call: o, = Max[0,1240.89 — 12254 1.03)"*) = 23.31
i, X = 1255

Maximum valuee for the call: ¢, = S = 1240,80

Lower bound for the call: o, = Max[0,1240.89 — 1255/41.05"™] =0

B. S; = 124089, T = 75/365 = 0.2055, X = 1225 or 1255, put options

i X o= 1225

Muximum value for the put: p, = 1225/1.03)" ™ = 1217.58

Lower bound for the put: pg = Max[0,1225/0(1,03)" ™% — 1240.89] = 0
ii. X = 1255

Maximum value for the put: py = 12554 1,03 = 124740

Lower bound for the put: pg = Max|[0,1255/41.03)"*% — 1240.89) = 6.51

7. Al 5p = 104, T = 60365 = 0.1644, X = 095 or 1.10, American-style oprions
i. X = 3095
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Maximum value for the call: Oy = 5, = $1.05
Lower bound for the call: Cp = Max[0,1.05 — 0.9541.055)" ') = s0.11
Maximum value for the put: Py = X = 30.95
i Lower bound for the put: Py = Max(0,0L85 — 1.05) = 50
' i, X = 51.10
Maximum value for the call: T = 5, = 3105
Lower bound for the call: Cp = Max[0,1.05 = 1L10W 10551544 = 30
Maximum value for the put: Pq = X = $1.10
Lower bound for the put: Py = Max{0, 110 = 1.05) = 5005
B. 5, = 105, T = 6365 = (L1644, X = (.95 or 1.10, European-style options
. X = 50.95
Maximuom valuee lor the call: o = 55 = 3105
Lower bound for the call: ¢ = Max[0,1.05 — 0,951 1.055)™"%4] = 50,11
Maximum value for the put: py = 0.9501.055)™" = 50,94
Lower bound for the put: p, = Max[(L0.95/41.055)™ %4 — 1.05) = 0
il. X = %110
Maximum value for the call: ¢y = 5 = 5105
Lower bound for the call: ¢ = Max[0,1.05 = 1104 1.055)™'%%) = $0
Maximum value for the put: p, = 1100105515 = £1.09
Lower bound for the put: p = Max[0, 1106 1.055" "™ — 1,05) = $0.04

8. We can illustrate put—call parity by showing that for the fiduciary call and the protec-
tive put, the current values and values ol exparstion are the same.,
Call price, o, = 56.64
Pul price, p, = 52.75
Exercise price, X = 330
Risk-free rate, r = 4 parcent
Time to expiration = 2197365 = 0.6
Current stock price, 5, = 533,19
Bond price, X/(1 + )" = 3061 + 0.04)™" = 5203

Value at Expiration

Transaclion Current Value S5y = 20 5y = 40
Frduciary call

Buy call .6 0 40 — 30 = 10
Buy bond 29,30 30 30

Toual 35.04 30 40
FProrective pur

Buy pur 275 = 20=10 0

Buy stock EX R 200 Al

Total 15094 30 40

The valwes in the table above show thar the cirrent values and valves al exprration for the

fiduciary call and the protective put are the same. That is, cq + X401 + )" = py + S5
9, Call price, ¢y = 3,50

Put price, py = 36,810

Exercise price, X = $70

Risk-free rate, r = 5 percent

PTG 2 e S
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Time to expiration = 139365 = 03808

Current stock price, 5, = $67.32

Bond price = X1 + " = 7041 + 0,05 = $68.71

A. Synthetic call = py + Sy — XA1 + )T = 6.8 + 67.32 — 68.71 = 55.41
Synthetic put = ¢, + XA1 + 17 = 8 = 4.5 + 6871 — 67.32 = $5.89
Synthetic bond = py + Sy — cp = 6.8 + 67.32 — 4.5 = $69.62
Synthetic underlying = ¢p + XA1 4 1)7 = po = 4.5 + 68.71 — 6.8 = $66.41

B. Instrument Actual Price Synthetic Price MispricingProfit
Call 4.50 5.41 .91
Put 6.80 5.89 0.91
Bond 68,71 69,62 091
Stock 6732 G4 .91

Thus, the mispricing is the same regardiess of the instrument used 1o look ar it
C. The actual call 1s cheaper than the synthetic call. Therefore, an arbitrage transac-
tion where you buy the call {underpriced) and 22l the symihetic call (overpriced)
will yield a risk-free profit of £5.41 — $4.50 = $0.91.
As shown below, at expiration no cash will be received or paid out,

Value at Expiration

Transaction Sp = 70 =0
Buy call 0 S — 70
Sell synchetic call
Short put ={T0 = S7) 0
Short stock =&y =87
Long bond 70 70
Tintal 0 L

[, The actual pul is more expensive than the synthetic pul. Therefore, an arbitrage
iransaction in which vou buy the synthetic put (underpriced) and sell the put {over-
priced) will yield a risk-free profit of $6.80 — $5.89 = 30.91. As shown below, at
expiration no cash will be received or paid out,

Value at Expiration

Transaction 5 = 7D r =70
Sell pui =70 — S¢) 0
Buy somthetic put
Long call 0 S, — 70
Long bond 70 70
Shaort stock =St —5t
Total 0 0
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10, Current stock price, 5 = 5100
Up move, u = 1.1
Dioan move, d = 0LBS
Exercise price, X = 590
Risk-free rate, r = 6,5 percent
A, Stock prices one pertod from now are

8" = 8%u = I0K1.1) = 5110
§ =5 = 100{0.85) = $85
Call option values at expiration one period from now are
¢ = Max(0,110 = 90) = $20
¢~ = Max(0,85 — 20} = 30
The rsk-neutral protabiliny is
1.065 — 0.85
1.1 — 0.85
The call price twoday is

_ D86(20) + 0.14(0) _
= 1063 16.15

B. If the current call price s 217.50, it 15 overpriced. Therefore, we should szl the
call and buy the underlying stock, The hedge ratio 15

_ -0 _
m=Tio—gs 08

=086and | —w =014

For every option sold we should purchase 0.8 shares of stock, I we =211 100 calls
we should buy 80 shares of stock.

Sell 100 calls ar 17.50 = 1,750
Buy B shares at 1000 = =35,
Met cash flow = —6,250

Al expiration the value of this combination will be
S0{110) — 100(20) = $6,800 if 5 = 110

S0(85) — 1000) = $6,800 if Sy = BS
We invested 56,250 for a payoff of 26,80, The rate of return is (68000, 2500 —
I = (L0EE, This rate is higher than the risk-free rate of 0063,

C. 1N the current call price is 314, it is underpriced, Therefore, we should buy the call

and sell the underlving stock, The hedee ratio 1=

p=—2=0 _

110 — &5

For every option purchased we should sell 0.8 shares of stock. If we bay 100 calls
we should zell 80 shares of stock,

0.8

Buy 100 calls at 14 = — 1,400
Sell 80 shares at 100 = §,000
Net cash flow = 500

Thus, we generate 36,600 up froni.
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Al expiration the value of this combination will be
100(20) — BOC1I0) = —5$6,800 if 5S¢ = 110
IOHNO) — BO(85) = —$6,800 if 5. = 85

We generated 36,600 up front and pay back 3680, The rate of relum is
06 BHE600) — 1 = (0303, This bormowing rate is lower than the risk-free rate
of 0065,

1. Current stock price, 8 = $150
Up move, o = 1,33
Down move, d = (L85
Excrcise price, X = 5150
Rizk-free rate, r = 4.3 percent
A, Stock prices one period from now ane

8" = 8u = 1501.33) = £199.5
§ = 5d = 150j0.B5) = $127.5
Put option values at expiration one period from now are
p' o= Muax(0,150 = 199.5) = 30
p- = Max{(,150 — 127.5) = §22.5
The nsk-neutral probability is

045 — (.85
1.33 — LE5

The put price today is

_ D.4063(0) + 0.5937(22.50)
1.045

B. If the current put price is $14, it is overpriced. In order to create a hedge portfolio,
we should sell the put and short the underlying stock. The hedge ratio is

N pr-p __0-225
5t -5 199.5 — 1275

For every option sold, we should sell 0.3125 shares of stock., If we sell 10,000 puts,
we should sell 3,125 shares of stock,

Sell 100000 puts at 14 = 140,000
Bell 3,125 shares at 1530 = 468,750
Met cash Mow = 8,750

Thus, we generate 5608, 750 up front,
At expiration, the value of this combination will be

=3125(199.5) — 10,000(0) = —$623437 if 57 = $199.5
=3 1251275y = 10,0N2L5) = —5623.437 if 57 = 5127.5
We generated $608,750 up front and pay back $623,437. The rate of return is

623437
08, TS0

This bosrowing rate is lower than the risk-Tree rate of 00045,

= 04063, and | = 7 = 0L5937

" = |2.78

= ~(L3]125

1 = 00241
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C. If the current put price is $11. it is underpriced. In order to create a hedge portfo-

lio, we should buy the put and buy the underlying stock. The hedge ratio is
p—p __0-225
5 -5 1995 — 127.5
For every option purchased we should buy 0.3125 shares of stock. [T we buy
10,0000 puts we should buy 3,125 shares of stock,

= —(L.3125

n=

Buy I0JM0 puts at 11 = = 110,000
Buy 3,125 shares at 150 = — 468,750
Met cash flow = —57TH, 750

That is, we invest $578, 750,
At expiration, the value of this combination will be
B 12501995y -+ 10,00000) = S623457 1 S = $199.5
FA2H0027.5) + 10,022.5) = 3623 43T if S = 3127.5
A3T

We invested $578,750 for a payoiT of $623,437. The rate of retum is iﬁm -
00772, This rate is higher than the risk-free rate of 0043, '

|_=

12, Current stock price, § = $65
Up maowve, u = 1.20
Down move, & = (L83
Risk-free rate, r = 3 percent
A, Exercise price, X = 360
Stock prices in the banomial tree one and two penods from now are

8% = Su =65(1.20) = $78
57 = 5d = 65(0.83) = $53.95
§°7 = 8o’ = 65(1.200(1.20) = $93,60
§"7 = Sed = 65(1.2000.83) = $64.74
5§77 = Sd%= 65(0.83)(0.83) = 44,78
Call option values al exparation two periods from now are
et = Maxi093.60 = 60) = $33.6
¢ = Max(0,64.74 — 60) = 54.74
¢ = Max{D 44,78 — &0 = &0
The risk-neutral probability is

.05 — 083
= T () S0, a0 - g5 = (L4054
1.20 — (.83 (3946, and 1 = = "

Mow [ind the option prices at tme 1

oo - D596(336) + 04054(4.74) _ o0 o
1.05
- _ 0.5946(474) + 040540) _ o, o

.05
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h—_—

The call price today is

_ 0.5946(20.86) + 0.4054(2.68)
1.u5

c = 51285

B. The hedge ratios at each point in the binomial tree are caleulsied as follows:
Al the current stock price of 363,

et = ¢ _ 20.86 - 268

5 =8 J8—sigs 078

i I

Therefore, today at time 0, the rsk-free hedge would consist of a short position in
10,000 calls and a long position in 7,559 shares of the underying stock.

Al a stock price of 378,

s_ett—ctT 336 -—474

= e

§'T — 5 936 - 6474

Now the risk-free hedpe would consist of a short position in 10,000 calls and a
long position in 10,000 shares of the underlying stock,

At a stock price of $53.93,

m |

n =r.:‘_—-|:"-= 474 — 0
8 -8 64,74 — 4478

= (.2375

Mow the risk-free hedpe would consist of a short position in 10,000 calls and a
long position in 2,375 shares of the underlying siock.

C. Exercise price, X = 570
Stock prices in the binomial trec one and two periods from now are

87 = 5u = 65(1.20) = 5§78
5 = 5d = 65(0.83) = 553.95
5% = 8u? = 65(1.20)(1.20) = 593.6
Y7 = Sud = 65(1.20)(0.83) = $64.74
§ = 5d" = 65(0.83)(0.83) = $44.78
Call option values at expiration two periods from mow are
't = Max(D93.6 — 70) = $23.6
¢ = Max(Dp4. 74 — T0) = $0
C = Maxi{D44.78 — 70H = 30
The nsk-neutral probability 15

- 105 - 083
1.20 ~ 0.83

Now find the option prices at time 1:

= (L5946, and 1 — o = 0.4054

. 0.5946(23.6) + 0.4054(0)
© T 1,08

= }13.36
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I ﬁ%[ﬂ]lzjﬂ.mq@_ _ 0

The call price today 15

_0.5046(13.36) + D.4054(0)
= 1.05

D. The hedge ratios a1 each point in the binomial tree are calculated as follows,

— §¥7.57

At the current stock price of $65,
et —c” _ 1336-10
§T -8 78 -5395

Therefore, today at time 0, the risk-free hedge would consist of a shont position in
10,000 calls and & long position in 5,555 shares of the underlying stock.

= [1.5555

n:

At a stock price of $78,

T e M- el |
§*T =8TT 936 - 6474

Mow, the risk-free hedge would consist of a short position o 10,060 calls and a

long position in 8,177 shares of the underlying stock.

At a stock price of 33395,

e 0—n
n e —

il = (LEITY

ST o5 Gh74-4aT8 0

Zero shares of the underlying stock are needed for the short position in calls,

13. Current siock price, 5, = 365
Up move, u = 1.20
Do move, d = (LE3
Risk-free rate, r = 5 percent
A, Exercise price, X = 360

Stock prices in the binomial tree one and two periods from now are
87 = Su = 65(1.20) = 378
5~ = Sd= A5(0.683) = $53.95
Y = Su® = 65(1.20)(1.20) = $93.6
Y7 = Sud = 65(1,2000.83) = $64.74
57 = 84° = 65(0.83H0.83) = $44.78
Put option values at expiration two perods from now are
p'" = Max(0,60 = 93.6) = 30
p' = Max(0,60 — 64.74) = 30
p- = Max(060 — 44.78) = 515.22
The risk-neutral probability 1=

o 105 — 083
.20 — 0.R3

= (L5946 and 1 — 7 = 0.4054
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Mow find the option prices at time 1:
pt = 0.504600) + 0,4054(0) - &0

1.05
p = D346(0) +].1£1'.54u5=1{15.:2] ~ $5.88
The put price oday is
p = 2:3938(0) TI&WE"EE} = 5227

. Unlike the hedge portfolio for calls, which has the opposite positions in the rwo

instrurnents {calls and underlying stock), the hedge portfolio for puts has the same
positions in the two instruments, Therefore, the current value of the hedge portfo-
lio for puts 15
H=ns+p
The possible values of the hedge portfolio one period Liter ane
H" =n8" +p'
H =n5" +p
Setting H™ equal to H™ and solving forn,
— +
n= _F'+_I"_
5 -5
Mote that the above formula is the same as that for the hedge portfolio for calls,
except that the p™ and p~ have switched positions in the numerator. Similarly, the
hedge ratios for the next time point are

. E-r-rE-H-
n _q-l--l-_s-l-—

Al the current stock price of 565,

— +
_p —p _ 588-0 _

"T85 78-5395 02445
Therefore, today at time 0, the risk-free hedge would consist of a long position in
IR puts aned a long position in 2,445 shares of the undetlying stock.
At o stock price of 578,
N _ Ff - P'I-'I' _ ﬂ - |:| _ ﬂ

"t -58"" 035 - 6474
Zero shares of the underlying stock are needed for the long position in puis,
Al a stock price of 353,95,

C_p Rt 1520 o
N T
Mow the risk-free hedge swould consist of a long position in 10,000 puts and a long
position in 7,625 shares of the underlying stock.

n
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C. Exercize price, X = 570

Stock prices in the hinomial tree, one and two penods from now are
5% = Su = 65(1.20) = §78
57 = 8d = 65(0.83) = $53.95
57" = S0’ = 65(1.2001.20) = $93.6
577 = Bud = 65(1.200(0.83) = 564,74
5 = &d" = 65(D.EIN0.E3) = $44.78

Put option values at expiration two periods from now are
pr T = Max(0,70 — 93.6) = 30
Pl = Max{D,70 — 64.74) = 5526
P = Max(0,70 — 44.78) = $25.22

The risk-neutral probability is

o = 105 — 0.83
1.200 = 0.83

Mow find the option prices at time 1:

= (L5946, and | = & = 0.4054

. (U5946(0) + 0.4054(5.26)
P 1.05

_ DSUG(5.26) + 0.4054(25.22)
L

The put price today is

. 0.5946(2.03) + 0.4054(12.72)
p= 1,05

= $2.03

= $12.72

= $6.06

. The hedge ratios at each point in the binomial tree are calculated as follows:

Al the current stock price of 365,

P —pt _ 1272203 _
M= gt — 5 T8 -s3gs S

Therefore. today at time 0. the risk-free hedge would consist of a long position in
000D pets and a long position in 4,445 shores of the underlying stock.
At stock price 57H,

ot = prT=ptt 5260

877 —-8"" 036 - 6474

Therefore, wday at time 0, the risk-free hedge would consist of a long position in
10, puts and a long position in 1,823 shares of the undedving stock.
At stock price $53.95,
__p T =p'n _ 2512536 _

87T -8 6474 - 4478

= (I.1823

Mow, the risk-free hedge would consist of a long position in 10,000 puts and a long
position in 10,000 shares of the underlyving stock.
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14. A, Because the underlving is a four-period bond, redraw the interest rale tree o
include only the four-year maturity bond prices,

13.00%
(LERSD
11.40%
0, 8063
QEIE 9725
(. 7565 nand
6.25% £.165%
07450 08553
6.62% 651%
& 266 DalRE
S01%
(0, %74
R Fa
09669

Because the call expires in two periods, first we must caloulate the payolT values
of the call af expiration in two pericds using the bond prices at time 2 in the shove
Lrese,

e’ = Max(0,0.8062 — 0.85) =0
¢t = Maxi(L0.8553 — 0.85) = (L0053
¢ = Max{D0.9074 — 0L.85) = 00574
The rizk-neutral probability is
#=05and] - 7 =035
Mow find the option prices at fime 1:
ot = 0.5(0) + 0.5(0.0053) _

109482 0.0024
_ _ 0.5(0.0053) + 0.5(0.0574)
[ D662 = (054

The call price today is
. — D5(0.0024) + 0.5(0.0294)
10625

B. Because the bond expires in two periods, first we have to calculate the prices of
the 8 percent coupon bond with $1 face value st t = 2. Attt = 2, the bond is a two-
period bond. Consider the wop node af t = 2, The one-and tero-period zero-coupon
bond prices are (L8977 and 0.8063, respectively. Therefore, the coupon bond price
at the top node att = 2 s

05426 = OLOS{0LEITT) + 1ORB0R0G63)
Similarly, the coupon bond prices at the middle and bottom nodes &t © = 2 are
0.9977 = QL0RM0.9246) + 1.0B(0,8553)

= 00150
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L0562 = DUOH0COS23) 4 1080907 4)
Mow compute the option prices. At time 2, the prices ane
7 = Maxi00,9426 - 095) =0
e" T = Max(0,0.9977 = 0.95) = 0.0477
¢ = Muax(0,1.0562 — 0.95) = 0,1062
The risk-neutral probability is
m=05and | = 7w =105
Now find the option prices a1 time 1:

_ 05(0) + 0500477 o
10982 0.021

_ _ DS(0.0477) + 0.5(0.1062) _
c T = 0.0722

The call price wday js

o = D5(0.0217) + 0.5(0.0722)
1.0625

- First calculate the payoff values of the put at expiration in two periods.
P = Max{0,0.85 — 0.8063) = 00437

pT = Max(0.0.85 — 0.8553) =0

p - = Max(D0.E5 = 09074 =10

= 00442

The risk-neutral prohability is
m=05and | —w =05
Mow find the option prices at time 1:
p* = 050000437 + 05000

L0822 = 0oiss
- _ D5(0) + 0.500) _
P 10662 t
The put price today is
b= 0.5(0.0199) + 0.5(0) _ 0.0094

L.OG25

« The prices af time 2 of the 8 percent coupon bond with $1 face value are the same
as in Part B,

The payoff values of the put at expiration in two periods at t = 2 are
p'" = Max(0,] — 0.9426) = 0,0574
p = Max{0,1 — 0.9977) = 00023
p- = Maxi,] — 1.0562) =0
The risk-nentral probability is
m=05and ]l —w =105
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15. A,

Mow find the option prices at time 1:

v _ D5(0.0574) + 0.50.0023)
p= DO 00aT2
_ 0.5(0.0023) + 0.5(0) _
P= 1.0662 0.0011
The put price today 15
p= 0.5(0.0272) + 0.5(0.0011) _ 0.0133

10625

The two-period cap with an exercise rale of B percent consists of two caplets, a
one-pericd call on the one-pericd interest rate with an cxercise rate of 8 percent,
and & two-period call on the ane-period interest rate with an exercize rate of 8 per-
cent. Price these capleis separately and sum them to obiain the price of the cap.

Pricing the wo-period caplet
The option values at expiration af ¢ = 2 are

et = Max(00 114 — 0081114 = 00305
' = Max{0,0.0816 — 0,0B¥1.0816 = 0.0015
T = Max{000501 — 00810501 =0

The risk-neutral probability is
7=05ad | — % =05

Mow find the option prices at time 1
ot = 0.3(0.0305) + 0.5(0.0015)

L = 0.0146
_ 0.5(0.0015) + 0.5(0) _
- o 0.0007

The price of the two-peniod caplel today is
o= 0.5(0,0146) + 0.50.0007)

= (L0072
1.0625
Pricing the one-period coplet
The option valees at cxpiration at ¢ = | are

¢ = Maxi0,0.0982 — 0.08V1.0982 = 0.0166
¢ o= Maxi0,0.0662 — 00810662 =0
The price of the one-period caplet today is

_ D5(0.0166) + 0.5(0)
1.0625

The price of the two-period cap = 0.0072 + 0LOOTS = 0.0150

= .0078

« The two-penod floor with an exercise rate of 9 percent consists of two Moorets, a

one-period put on the one-period interest rate with an exercise rate of 9 percent,
and & two-pertod pul on the one-penod interest rate with an exercize rate of 9 per-
cent. Price these floorlets separately and sum them to obiain the price of the floor.
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16, A,

e o

Fricing the hwo-period floorlet
The option values at expiration at 1 = 2 are

prT = Max(00.08 — (L114W1.114 = D
p" = Max(0,0.09 — D.O816)1.0816 = DLOOTE
p = Ma(0,0.08 — 0050110501 = (L03ED
The risk-neuiral probabilicy is
wm=05and] — v =035
Mow find the option prices al ime 1:

. _ 0.5(0) + 0.5(0.0078) _
P 1.0982 0.0036
_ 0.5(0.0078) + 0.50.0380) _

1.0662
The price of the teo-period floorlet today 15

p = 05(0.0036) + 0.50.0215)

= (LO11E
1.0625

FPricing the one-period floorler
The option values at expiration at § = | are

p' = Maxi0,0.08 — D.09E2)1.0982 = 0
p o= Max(0,0,08 = 0.0662)/1.0662 = 0.0223
The price of the one-period floorler woday is
_ D500 + 0.5(0.0223)
1.0625
The price of the two-period floor = 00118 + 00105 = 0.0223

The value of M(d,) is the approximate value of delta for calls and MNid,} —1 is the
approximate value of delta for puts, So, first calculate the valee of d,. The time o
expiration is T = T5/365 = (L2055,

_ In(28/30) + [0.035 + (0.40/12)0.2055) _ _

= (L0105

d 0407 0.2055 0.2
Usimg the normal probability table,
Ni{—025) = 1 — N{0.25) = | — (,5987 = 0.4013 = MNid,}

Therefore, the approximate value of delta for calls is 0.4013 amd the approximate
vilue of delta for puts is 04013 — 1 = — 05987,

« Change in option price = Delia X Change in underlying asset price

Call delta = (L4013

Put delta = =0.5987

i. Fora 31 change in the price of the underlying:
Change in call price = 0,4013(1) = $0.4013
Change in put price = —0,5987(1) = —30.5987
Approximate new call price = 13144 + 04013 = §1.TI57
Approximate new put price = 30004 — 05987 = £2 5007
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il. For a 35 change in the price of the underlying:

Change in call price = 040035 = £2.0065

Change in put price = —0.5987(5) = —3$2.9935

Approximate new call price = 13144 + 2.0065 = $3.320%

Approximate new put price = 30004 = 2 9935 = 501059

. For a 31 change in the price of the underlying, the approximate new call price of

$1.7157 1= different from but not too far off the actual call price of $1.7538, Sim-
ilarly, the approximate new put price of 32,5007 is different from but ool 1o far
off the actual put price of $2.3388, Therefore, the delia approximation is good ba

not perfect.

For a 55 change in the price of the underlying, the approximate new call price
of 333204 is fairly far off the actual call price of 34,2270, Similarly, the approxi-
mate new put price of 5001059 is quite far off the actual put price of $1.0120

Therefore, the delta approximation 13 not particularly good.
The above comparisons indicate thay the approximations based on delta are
waorse for larger moves in the underlying price.

17. A. First calcolate the values of d; and d;. The time to expiration is T = 275365 =
00,7534, Adjust the price of the asset 5, = 5100 — $4.25 = 395.75

_ In(95.75/100) + [0.03 + (0.45)°2)0.7534)
0.45%0.7534

dy = 0.1420 — 0.45VD.7534 = —0.2486
Using the normal probability table,

Mil14) = 0.5557 = Nid,)

Ni=0.25) = | = N(0.25) = | = 0.5987 = 0.4013 = Nid)
The value of the call option is

c = 95.75(0.5557) — 100 "M 0 4013) = 13,975
The value of the put option is
p = 100”0 — 0.4013) - 95.75(1 — 0.5557) = 15.990

B. First caleulate the values of d, and d;. The time 1o expiration is T = 275365 =
01,7534, Adjust the price of the asset 5, = 10015074 = g 87626

_ In{98.876/100) + [0.03 + (DASYR2]0.7534) _ o 2o4s
0.45%0.7534 '

dy = 0.22423 — 0.45VD.7534 = =0, 1664
Using the normal probability table,
N(0.22) = 0.5871 = Nid,)
N{=0L17) = 1 — N{L.17) = 1 — 0.5675 = 0.4325 = N{da)
The value of the call option is
€ = DEETE(0.5871) — 100w~ "THOTIEYD 4305) = $15.767
The value of the put option 15
p = 100e MO~ 0.4325) — 98.8T6(1 — 0.5871) = $14.656

= {1420

dy

d,
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18. Call price, cp = 53.50
Put price, pg = 59
Exercise price, X = 150
Forward price, F{0,T) = $43
Driy=s to option expiration = 175
Risk-free rate, r = 4 percent
Time to expiration = 1757365 = (0.4795
Bond price = [X — ROTINI + 17 = (50 — 450 1+.04)"7 = $4.91
A. Synthetic call = Long forward + pa — [X = FIOTINI + 0" =0+ 9 = 49] =

4.09

Synthetic put = ¢, + Shon forward + [X = FOTIAL + 0" = 35 + 0 4

4.91 = §41

Synthetic forward = ¢, = py + [X = FOTIAL + 07 =38 =04 409 = —059

B. Instrument Actual Price Synthetic Price Mispricing/Profit

Call 3,50 4.09 (L59
Pur 4 E.41 (.55
Forward L .59 0,59

C. The actual call is cheaper than the synthetic call, Therefore, an arbitrage transac-
tion in which you buy the actual call (underpriced) and sell the synthetic call (over-
priced) will yield a risk-free profit up front of $4.09 — 53,50 = 30.59. The initial
up-front cash is penerwted as follows:

Transaction

By call =3.5
Sell synshenc call
Short forward 0
Short pur 9
Long bond —4.%1
Teaal .59

Mg shown below, al expiration no cash will be received or paid out,

Yalue at Expiration

Transaction Sr = R0 St = 50
By call 0 Sp — 50
Sell swithetic call
Short forwand —{&%p — 45) ={5¢ — 45)
Short put —(50 — 5q) L]
Long bond 5 =45 5 — 45
Tital 0 L1

D). The actual put is more cxpensive than the synthetic put. Therefore, an arhitrage
transaction in which you buy the synthetic put {underpriced) and =1l the actual pat
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(overpriced) will vield a nsk-free profit of 39 — 3841 = 3059 The mitial up-
froat cash is generated as follows:

Transaction
Sell pui 9
Huy synthetic put
Long call =35
Shont forward 1]
Long bond =491
Total 0.59

As shown below, ar expiration no cash will be received or paid out

Value at Expiration

Transaction S5r = 50 Sp = 50
Sell put —{50 — Sy) 0
Buy synthetic pur
Long call 0 S = 50
Short forward —(Sr — 45) —(Sy — 45)
Long bond 50— 45 S0 — 45
Todal Ll ]

19, A. First calculate the values of d; and d,. The time to expiration, T = 657365 = (L1781

_ In{145/150) + [{0.03)°72)0.1781) _
0,33%0,1781

d: = 01738 — 033 (L1TEL = —02313]

d, —0.1738

Using the normal probability tawble,
Mi=017T =1 = Ni(.17) = 1 = 0.5675 = 04325 = Nid,)
Ni=03ly = 1 = N3} = 1 = 06217 = 03783 = Nidy)
The value of the call option is
g = ¢ WIETHRTEIN 1 45(0.4325) — 15000.1783)] = 5.928

B. With no cash Mlows on the underlying and continuously compounded interest, the
price of the underlying asset can be calculated as

SD = [45¢ QEETEI I TR = iq'd'.{:ﬁ
Mow wse the Black-Scholes-Menon model:

_ In{144.03/150) + [0.0375 + (0.33°2)0.1781) _
di = 0.33v0.1781 0.1740

dy = <0174 = 0.33VOLITEL = 03133
Uzsing the normal probahility table,
Ni(—0.171 =1 — Ni0.1T) = 1 — 0.5675 = 0.4325 = Nid,)

. h— . e — - — ——

S
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Ni—031) = 1 — Ni0.31) = 1 — 06217 = 03783 = Nidy)
The value of the call option iz
¢ = 144.030.4325) — 150~ MFTHOITRING 3TRT) = 5926

Consistent with the equivalence of options on the underlying and options on the
forward contract, this value 15 the same as the value of the call option on the for-
ward contract in Part A (the slight difference comes from rounding).

C. The values for N{d, )} and MN{d.) are the same as in Part A, Putting these values into
the formula for the put option in the Black model produces

p = e FOETOITENO SO0] — 0.3783) = 145(1 = 0.4325)) = 10894

Dy The valwes for M(d, ) and N{d;) are the same as in Part B. Puiting these values inio
the formula for the put option in the Black=Scholes=Meron model produces

p = 150" 0ETERITENG 0 3783) ~ 1440301 —~ 0.4325) = 10.897

Consistent with the equivalence of options on the underlying and options on the
forward contract, this value 15 the same as the value of the put option on the for-
ward coniract in Part C (the slight difference comes from rounding).

20, A, Calculate the values of dy and da. The time 1o exparation 15 T = 1800365 = (L4932,
_ In{0.0725/0.075) + [(0.04)°/2](0.4932) _

d — 11928
! 0.04%/0.4932
dy = —1.1928 — 0.04% 04932 = —1.2209

Using the normal probability table,
Ni—1L19) = 1 — N{L.19) = | — 0.8E30 =0.1170 = N{d,)
Mi=122y =1 — N{1.22) = 1 — (L8888 = L1112 = Nid,)

The value of the call option 1s
¢ = o PSRN0 0T2500.1170) = 0L075(0.1112)] = 0.00013903

This value is computed based on the assumption that the option payolf 15 made st
expiration. For the 90-day interest rate option, however, the payment is made 90
days after expiration. 5o, discount back 90 days:

000013903 ITHE0N = 1 00013657
Comvert to perodic rate bused on o 90-day rate and using the customary 360-day vear.
00001 365T(HNI60) = 000003414

B. The values of N{d, ) and MN{d.)» are the same as in Par A, Plug these values into the
Black model for the pat option.

p = "IN 07501 — 0.00112) — 0072501 = 0.11700] = 000257813
Mow discount back 90 days:

0LON25 TR 3~ MOTIHIGES) < ) 0253245
Convert to periodic rate hased on 90-day rate:

0.00253245(900360) = 000063311




