CHAPTER

FUTURES MARKETS
AND CONTRACTS

LEARNING OUTCOMES

After completing this chapter, vou will be able 1o do the following:
® [dentify the institutional features that distinguish futures contracts from forwand

CONIrRCIS.
Understand the ongins of modem fulures markets,

® List the primary characteristics of futures contracts,

Explain the difference between margin in the securities markets and margin in
the futures markets.

Describe how a futures trade takes place.

® Describe bow a fueres position may be closed out prior 1o expiration.

Diefine initial margin, maintenance margin, variation margin, and settlement
price.

B Dpscribe the process of marking o market.

¥ Compute the margin balance given the previous day s balance and the new

futures price.

B Expluin price limits, limit move, limit up, limit down, and locked limat
B Describe how a fulures contract can be terminated by either a closeour at

expiration, delivery, an equivalent cash settlement, or an exchange for

phiysicals.

® Explain delivery oplions in fufures contracts,
B [Mstinguish among scalpers, day traders, and position traders.
¥ Describe the primary characteristics of the following types of fulures contracts:

Treasury bill, Eurodollar, Treasury bond, stock index, and currency.
Explain why the futures price must converge 1o the spol price al expiration.
Explain how to determine the value of a futures contract.

Explain bow forward and futures prices differ.

Describe how an arbitrage transaction is constructed to derive the fulures price.

Identify the different types of monetary and nonmonetary benefits and costs
associated with holding the underlving assel, and explain how they affect the
futures price.

Define backwardation and contange.

Discuss whether futures prices equal expected spot prices.
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® [escribe and illustrate how o price Treasury bill futures.

® Explain the concept of an implied repo rite.

® Deseribe and illustrate the difficulties in determining the price of Eurodollar
futures.

B Describe and illustrate how o price Treasury bond ftures,

B [eseribe and illusirate how o price siock index Tutures.

B [Deseribe and illustrate how to price currency fulures.

® [iscuss the role of futires markets and exchanges in financial systems and in
soiety.

INTRODUCTION

In Chapier 1, we underiook & general overview of derivative markets. In Chapier 2, we
focused on forward markets, Now we explore futeres markets in a similar fashion.
Although we shall see a clear similanty between forward and futures contracts, critical dis-
tinctions nonetheless exist berween the rwo,

In Chapier | we leamed that, like o forward contrect, @ fisfures contract is an agree-
mrewd Behween Twe peeriies in which one party, the buver, agrees 1o buy from the ather pany,
the seller, an wnderlving assel or other derivative, af a future dale ar a price agreed on
todery, Unlike a forward contract, however, a fulures conract 1= nod a prvale and cus-
tomized transaction but rather a public transaction that tekes place on an orgunized futures
exchange. In addition, a fulures contract 5 standardized—the exchange, rather than the
individual parties, sets the terms and conditions, with the exception of price. As a resuli,
fumires contracts have a secondary markes, meaning thay previously created contracts can
be traded. Also, parties to futures contracts are guarantesd against credit losses resulting
from the counterparty s inability to pay. A clearinghouse provides this guarantee via a pro-
cedure in which it converts guins and losses that accrue on a daily basis into actual cash
gains and Iosses. Futures contracts are regulated at the federal government level, as we
noted in Chapter 2, forward contracts wre essentially unregulated. Futures contracts are
ereated on organized trading facilities referred 10 as futures exchanges, whereas forward
contracts are not cregted in any specific location but rather initated between any two par-
ties who wish vo enter inle such a conifact, Finally, each futures exchange has a division
or subsidiary called a clearinghouse that performs the specific responsibilities of paying
and collecting daily gains and losses as well as guaranteging to each party the performance
of the other.

In a futures transaction, one party, the long, is the buyer and the ciber party, the short,
i= the seller. The buver agrees to buy the underlving ot a later date, the expiration, al & price
agreed on at the start of the contract. The seller agrees o sell the underdving o the buyer
al the expiration, at the price agreed on at the start of the contract. Every day. the futures
contract irades in the market and itz price changes in response o new information, Buyers
benefit from price increases, and sellers benetit trom price decreases. On the expiration
day, the contract werminates and no Turther trading takes place. Then, either the buyer 1akes
delivery of the underlying from the seller, or the two partics make an equivalent cash sei-
fement, We shall explare each of these characteristics of lutures contracts in more detail,

First, however, it is important to take a brief look at how futures markets came into being. |

T
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1.7 A Brier
History OF
Futumres MarKETS

1.2 PuBLiC
STANDARDIZED
TRAMSACTHING

Although vestiges of futures markets appear in the Japanese rice markets of the 18th cen-
tury and perhaps even carlier, the mid-1800s marked the first clear ongins of modem
futures markets, For example. in the United States in the 18405, Chicago was becoming a
meajor transportation and distribution center for agricultural commedities, s central loca-
ticm and aceess 1o the Greal Lakes gave Chicago a competitive advantage over other TS,
citics, Farmers from the Midwest would harvest their grun and take it o Chicago for sale,
Grain production, however, is seasonal, As a result, grain prices would rise sharply just
prior to the harvest but then plunge when the grain wis brought to the macket Too much
grain ot one ume and oo hittle at asother resulted in severe problems, Grain storage facil-
ities in Chicago were inadequate to sccommodate the oversupply. Some farmers even
dumped their grain in the Chicage River because prices werg 20 low that they could not
afford to take their grain to another city o sell,

Tor adidress this problem, in 1848 a group of businessmen formed an organization
later mamed the Chicago Board of Trade (CBOT) and created an arrangement called a “o-
arfive” comiract. These contracts permitted farmers 1o sell their grain before delivering it
In other words, furmers could harvest the grain and enter into a contract o deliver itoal o
miech later date ai a price already agreed on, This transaction allowed the farmer (o hold
the grain in siorape st some other location besides Chicago, On the other side of these con-
Iracts were ihe businessmen who had formed the Chicago Board of Trade.

It soon became apparent that trading in these to-armve conlracts was more imporiant
and wseful than trading in the grain itself. Soon the contracts began trading in a type of sec-
ondary market, which allowed buyers and sellers to discharge their obligations by passing
them on, for a price, o other parties, With the addition of the clearinghouse in the 1920z,
which provided a puarsntes against defwult, modern fvtures markets frmily established
their place in the financial world. It was lefi 1o other exchanges, such as today’s Chicago
Mercantile Exchanpe, the New York Mercantile Exchange, Eurex, and the London Inter-
naficnal Financial Fupures Exchange, to develop and become, along with the Chicago
Board of Trade, the global leaders in futures markeds.

We shall now explore the important features of futwres contracts in more detail,

A private transaction is not generally reporfed in the news of Io any price-reporting ser-
vice. Forward contracts are privide contracts, Just as in most legal contracts, the parties do
not prblicly report that they have engaged in a contract. In contrast, a futures transaction
15 reporied to the futures exchange, the clearinghouse, and ot least one regulatory agency,
The price is recorded and available from price reporting services and even on the Internet.'

We noted that a futures fransaction is not customized. Recall from Chapter 2 that in
a forward contract, the two parties establizsh all of the erms of the contract, including the
identity of the underlying, the expiration date, and the manner in which the contract is set-
tled {cash or actual delivery) as well as the price. The terms are customized 0 meet the
needs of both parties. Tn a futures contract, the price is the only term established by the two
parties; the exchange establishes all other terms. Mogeowver, the terms that are established
by the exchange are standardized, meaning that the exchange selects a number of choices
for wnderlyings, expiration dates, and a variety of other contraci-specific items, These
stendardized terms are well known to all parties. If a parly wishes to rade o futures con-
tract, it must agcept these terms. The only aliernative would be 1o create a simalar b cus-
tomized contract on the forward market,

! The indermution reponied o ke peneral public does nog disclose the kdentity of the puerties oo cransactings b
omly thal 3 ramsaction took place al a paticular price.
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1.3 Homoc-
ENIZATION AND
Liguipity

With respect to the underlying, for example, a given asset has a variety of specifica-
tons and grades. Consider a futures contract on LLS, Treasury bonds, There are many dif-
ferent Treasury bonds with a varety of characteristics. The futures exchange must decide
which Treasury bond or group of bonds the contract covers. One of the most actively traded
commodity futures contracts is oil, but there are many different types of cil.* To which type
of oil does the contract apply? The exchange decides ar the dme it designs the contract.

The parties to a forward contract set its expiration at whatever date they want. For g
futures contract, the exchange esiablishes a set of expiration dates, The first specification
of the expiration is the month. An exchange might establish that a given futures contract
expires only in the moaths of March, June, Seplember, and December. The second speci-
fication determines how far the expirations go out into the future. For example, in Janoary
of a given vear, there mav be expirations of March, June, September, and December. Expi-
rations might also be available for March, June, September, and December of the follow-
ing vear, and perhaps some months of the vear after that. The exchange decides which
expiration months are appropriate for trading, based on which expirations they believe
wolld be actively traded. Treasury bond futures have expirations going out oaly about a
year, Eurcdollar futures, however, have expirations that go out about 10 years,” The third
specification of the expiration is the specific day of expiration. Many, but not all, contracts
expire some time during the third week of the expiration month,

The exchange determines a number of other contract characteristics, including the
contract size. For example, one Eurodollar futures contract covers §1 million of & Eurodol-
lar time deposit. One 1.5, Treasury bond futures contract covers 5100,000 face value of
Treasury bonds, One futures contract on crude oil covers 1,000 barrels. The exchange also
decides on the price guotation unit. For example, Treasury bond futures are guoted in
points and 32nds of par of 100. Hence, you will see a price like 104 21/32, which means
10465625, With a contract size of $100,000, the actual price is 5104 656,25,

The exchange also determines what hours of the day trading takes place and at what
physical location on the exchange the contract will be traded. Many fuiures exchanges
have a trading fioor, which contains octagonal-shaped pits. A contract is assigned to a cer-
tain pit. Traders enter the pits and express their willingness to buy and sell by calling owt
andfor indicating by hand signals their bids and offers. Some exchanges have electronic
trading, which means that trading takes place on computer terminals, generally located in
companies’ offices, Some exchunges have both floor trading and electronic trading; some
have only one or the other.

By creating contracts with generally accepted terms, the exchange standardizes the insiru-
ment. In contrast, forward contracts are quite heterogeneous because they are customized,
Standardizing the instrument makes it more acceptable to a broader group of participants,
with the advantage being that the instrument can then more easily trade in a type of sec-
ondary market, Indeed, the ability to sell & previously purchased contract or purchase a
previously sold contract is cne of the important features of futures contracts, A futures con-
tract is therefore sald to have liquidity in confrast to & forward contract, which does not
generally trade after it has been created.” This ability to trede a previously opened contract

i Spene of the main types ere Ssudi Arubian light cnude, Brent crode, and West Texes imermediats cnsde.

? You may be wondering why some Eurodollar futures contracts have such long expirations, Denlers in swaps
end forwand rete agreements use Eurodoller futures to hedge their positions. Many of those over-the-coanler
cantracts heve very long expirations,

4 The netion of liquidity here is only that & market exiag for Fotures contracts, but this does not imply & high
degres of liquidsty, Thers mey be litthe trading in & given contract, and the bid=ask spread can be high, In comrast,
sone forward markets can be very liguid, sllowing forward conirects 1o be offisst, a5 described in Chapuer 2,



Futures Trading

a5

1.4 THE
CLEARINGHOUSE,
Dany SETTLEMENT,
AND PERFORMANCE
GUARANTEE

1.5 RecuLanow

allows participants in this market to offser the position before expiration, thereby obtain-
ing exposure to price movements in the underlying without the actual requirement of hold-
ing the position to expiration, We shall discuss this characteristic further when we describe
futures trading in Section 2.

Another important distinction between futures and forwards is that the fulures exchange
guarantees (o each party the performance of the other party, through a mechanism known
as the clearinghouse. This gusrantes means that if one party makes money on the transac-
tion, it does not have o worry about whether it will collect the money from the ather party
because the clearinghouse ensures it will be paid. In contrast, each party w a forward con-
tract assumes the risk that the other party will default,

An important and distinguishing feature of futures contracts 15 that the gains and
losses on each party’s position are credited and charged on a daily bazis, This procedure,
called daily settlement or marking to markel, essentnally results in paper gains and
Ipases being converied 1o cash gains and losses each day. It is also eguivalent to terminat-
ing a contract at the end of each day and reopening it the next day at that seilement price,
In some sense, a futures contract is like a strategy of opening up a forward contract, clos-
ing it one day later, opening up a new contract, closing it one day later, and continuing in
that manner until expiration. The exact manner in which the daily settlement works will be
covered in more detail later in Section 3.

In maost countries, futures contrscts are regulated at the federal governmernt level, State and
regional laws may alzo apply. In the United States, the Commaodicy Futures Trading Come-
muission regulates the futures market, In the United Kingdom, the Securities and Futures
Authority regulates both the securities and futures markets.

Federal regulation of futures markets generally anises out of a concermn o prodect the
gencral public and other futures market participants, as well as through a recognition that
futures markets affect all finencial markets and the economy. Regulations cover such mat-
fers as ensuring that prices are reported accurately and in a timely manner, that markets are
not manipulated, that professionals who offer their services 1o the public are qualified and
honest, and that disputes are resolved. In the United States, the government has delegated
some of these responsibilities to an organization called the Natonal Futures Association
(NFA). An indusiry self-regulatory body, the NFA was created with the objective of hav-
ing the industry regulate itsell and reduce the federal government's burden,

2 FUTURES TRADING

-

Im this section, we ook more closely at how futwres contracts are traded. As noded above, fu-
tures contracts rade on a futures exchanpe either ina pit or on a screen or electronic enminal.

We briefly mentioned pit trading, also known as floor-based trading, in Section 1.2
Pit trading 15 a very physical activity. Traders stand in the pit and shout out their orders in
the form of prices they are willing to pay or accept. They also use hand signals to indicate
their bids and offers.” They engage in transactions with other traders in the pits by simply
agreeing on a price and number of contracts to trade, The activity is fast, furipus, exciting,
and stressful. The average pit trader is guite young, owing to the physical demands of the
job and the toll it takes on Body and mind, In recent years, more trading has come off of
the exchange floor to electronic screens or terminals, In electronic or screen-based trading,

¥ Hand signals facilitsie trading with someone who is too far away in the pit for verbal communication
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exchange members enter their bids and offers into a computer svstem, which then displays
this informaton and allows a trader to consummate 3 trade electronically. In the Unied
States, pit trading s dominant, owing to its long history and tradition. Exchange members
who trade on the floor enjoy pit trading amd have resisted heavily the advent of electronic
trading. Monetheless, the exchanges have had to respond to market demands to offer elec-
tromic trading. In the United States, both pil trading and electronic trading are used, bt in
ather couniries, electronic trading is beginning to drive pit irading out of business.”

A person who enters into a futures contract establizhes either a long positon or a
short position, Similar 1o forward confracts, long positions are agreements o buy the
underlying at the expiration at a price ggreed on al the star, Short positions are agresments
i sell the underlying at a future date at a price agreed on at the start. When the position is
established, each party deposits a =mall amount of money, typically called the margin, with
the clearinghouse. Then, as briefly described in Section 1.4, the contract is marked to mar-
ket, whereby the gains are distributed 10 and the losses collected from each party. We cover
this marking-to-market process in more detail in the next section. For now, however, we
focus only on the opening and closing of the position,

A party that has opened a long position collects profits or incurs losses on a daily
basis. Al some point in e life of the contract prior o expiration, that party may wish o
re-enter the market and close out the position. This process, called offsetting, is the same
as selling a previously purchased stock or buying back a stock w close a shor position,
The holder of & long futures position simply goes back into the market and offers the ideo-
tical contract for sale. The holder of a short position goes back into the marker and offers
o by the identical contrace. [t should be noted that when a party offscis a position, it does
nob necessary do so with the same counlerpary 1o the orgimal contract, In fact, rarely
witld a contract be offset with the same counterpanty. Because of the ability to offset,
futures contracts are sad 1o be fungible, which means that any futures confract with any
eounterparty can be offset by an eguivalent futwres contract with another counterparty.
Fungibality is assured by the fact that the clearinghouse imserts iselfl m the middle of each
contract and, therefore, becomes the counterparty (o cach party.

For example, supposs in early Janwary a futures trader purchases an S&P 300 siock
index futures contract expiring in March. Throogh 15 February, the trader has incuwmed some
gains and losses from the duly settlement and decides that she wants 10 close the position
out. She then goes back into the market and offers for sale the March S&P 500 futures. Onee
she finds o buyer to take the position, she has a long aned short position in the same conira,
The clearinghouse considers that she no longer has a position in that contract and has no
remaining exposure, nor any obligation o make or take delivery at expirmion. Had she ini-
tially gone short the March futures, she might re-enter the market in February offering to buy
it. Once she finds a seller to take the opposite position, she becomes long and short the same
coqiract and is considered to have offset the contract and therefore have no net position.

3 THE CLEARINGHOUSE, MARGINS, AND PRICE LIMITS

As briefly noted in the previous section, when a trader takes a long or shorl position in &
fuiures, he must first deposit sufficient funds in a margin account. This amount of money
iz traditionally called the margin, a term derived from the stock market practice in which
an investor borrows a portion of the money required to purchase a certain amount of stock.

* For example, in France eleciromic irading was introducesd while pit rrading conlimued. Within iwo wesis, all
af the volume had migratid W elecironsc trading and pit trading was. toreninated
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Margin in the stock market 15 quite ditferent from margin in the fotures market. In
the stock market, “margin® means that a loan is made, The loan enables the investor to
reduce the amount of his own money required to purchase the securities, thereby gpenerat-
ing leverage or gearing, as it is sometimes known. I the siock goes up, the percentage gain
i the investor is amplified. If the stock goes down, however, the percentage loss 1= also
amplified. The borrowed money must eventually be repaid with interesi. The margin per-
centage equals the market value of the stock minus the market value of the debt divided by
the market value of the stock—in other words, the invesior's own equity as a percentage
of the value of the stock. For example, in the United States, regulations permit an investor
tor borrow up to 50 percent of the initial value of the stock. This percentage is called the
initial margin requirement. On any day thereafier, the equity or percentage ownership in
the account, measured as the market value of the securities minus the amount borrowed,
can be less than 50 percent bul must b2 at least a percentage known as the mainlenance
margin requirement. A typical maintenance margin requirement is 25 to 30 percent.

In the Tutres market, by contrast, the word margin is commonly used 1o descnbe
the amount of money that st be put into an account by a party opening up 2 futures posi-
o, bul the term 15 mizlesding, When o transaction 1s imtiated, a futures rsder puts up a
certain amount of money 10 meet the inditial margin requirement; however, the remain-
ing money 15 0ol bormowed. The amount of money deposited 1= more like a down payment
for the commitment to purchase the underlying at a later date. Alternatively, one can view
this deposit as a form of good futh money, collateral, or a performance bond: The maoney
helps ensure that the party fulfills his or her obligation.” Moreover, both the buyer and the
seller of a futures contract must deposil mangin.

In secorities markets, margin requircments are normally set by federal regolators, In
the United States, mamnienance margin requirements are sel by the securities exchanges
and the MASD. In futures markets, margin requirements are set by the clearinghouses. In
further contrast I margin practices n secunbes markets, fulures margins are tradionally
expressed in dollar terms and not a5 a percentage of the futures price. For ease of compar-
ison, however, we often speak of the futures margin i terms of s relanonship o the
futures price. In futures markets, the initial margin requirement is typically much bower
than the initial margin requirenent in the stock marken. In Gect, Tutures marging are usoeally
less than 10 percent of the futures price.® Futures clearinghouses set their margin reguire-
ments by siudying historical price movements. They then establish minimum margin lev-
¢ls by taking inie account normal price movemenis and the fact that saccounts are marked
to marketr daily, The clearinghouses thus collect and dishurse margin money every day.
Moreowver, they are permitied (o do so more often than daily, and on some occasions they
have used that privilege, By carefully setting margin requirements and collecting margin
money every day, clearinghouses are able to control the risk of default,

In spite of tee differences in margin practices for futures amd secunties markets, the
effect of leverage is similar for both, By putting up a small amount of money, the trader's
gains and losses are magnifed, Given the tremendously low margin requirements of
tutures markets, however, the magnitude of the leverage effect is much greater in futures
markets, We shall see how this works as we examing the process of the daily zetllement,

" In Fact, the Chicago Mercantile Exchange uses the term “performance bond” insiead of “margin™ Mast olber
exchanges wse (B fenm “rarging

* For example, the margin reguirement of the Eurndollar fubares contract ai the Chicago Mercaniile Exchange
has heen less than ane-tenth of tae percent of the l@ures price, An ewcepdion 10 1has requirement, however,

w imdivmlual stock Tutures, which im the United States bave mangin requinsmenls comparable to those of the
stock market.
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As previously noted. each day the clearinghouse conducts an activity known as the
daily settlement, also called marking to market. This practice results in the conversion of
gains and losses on paper into actual gains and losses, As margin account balances change,
holders of futures positions must maintain balances above a level called the maintenance
margin requirement. The mauntenance margin regquirement is lower than the initial mar-
gin requirement. On any day in which the amount of money in the margin account at the
end of the day falls below the muintenance margin requiremnent, the trader must deposit
sufficient funds to bring the balance hack up to the initial margin requirement. Alterna-
tively, the trader can simply close out the positdon but is responsibie for any further losses
incurred if the price changes before a closing transaction can be made.

To provide a fair mark-to-market process, the cleannghouss must designate the offi-
¢ial price for determining daily gains and losses. This price is called the settlement price
and represents an avernge of the final few trades of the day. It would appear that the clos-
ing price of the day would serve as the settlement price, but the closing price is a single
value that can potentally be biased high or low or perhaps even manipulated by an
unscrupulous trader. Hence, the clearinghouse takes an average of all trades during the
closing period (as defined by each exchange).

Exhibit 3-1 provides an example of the marking-to-market process that occurs over
o period of six trading days. We start with the assumption that the futures price is 5100
when the transaction opens, the initial margin requirement is £5, and the maintenance mar-
gin requirement is 33, In Panel A, the trader takes a long position of 10 contracts on Day
0, depositing 350 ($5 times 10 contracts) as indicated in Column 3. At the end of the day,
his ending balance is $50.% Although the trader can withdraw any funds in excess of the
initial margin requirement, we shall assume that he does not do so.'”

EXHIBIT 3-1 Mark-to-Market Example

Initial futares price = $100, Inltial margin reqoirement = 15, Maintenance margin require-
ment = 33

A. Holder of Long Positior af I Contracts

Day Beginning Funds Settlement Futures Price Gain/  Ending
{1} Balance {2} Deposited (3} Price (4} Change (5} Loss (6} Balance (7)

] ] 0 10000, CH) 50
1 S0 ] 99.20 —(L80 -8 42
2 421 1] 96,00 =320 =31 10
E] 0 Al L0100 5.00 50 100
4 100 0 103,50 2,50 25 125
5 125 ] 103.00 =0.50 -5 120
] 120 1] 104,040 1.00 L] 130

¥ Technically, we are assuming Bl e position was opened at the senlement price on Day 0. If the pasitics s
opened earlier during the day, i woald be marked to the settflement price ol the end of the day.

" Wirtually &l professional trsders ane albde oo deposit interest-earning assers, although many other socount
holders are reguaired 1o deposat cashe If the deposit eams imlenes], there is oo opportanity cost and no obvious
necessiny o withdraw the moaey 10 invest elsewhere,
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B. Holder of Short Posirton of 10 Corrracrs

Day Beginning Funds Settlement Futures Price Gain/  Ending
(1} Balance (1) Deposited (3] Price (4) Change (5) Loss (6} Balance (7)

] ] 50 10000 50
i Al 1] 99,20 —0.ED ] 58
2 54 i) 96.00 =3 CF) 20
3 S0 1] 10100 5.00 =50 40
4 40 f] 103,50 .50 =23 15
5 15 i5 103.00 =050 5 35
-] 55 0 104,40 1.0 =10 43

The ending balance on Day 0 is then carried forward 1o the beginning halance on
Day 1, On Day 1, the futures price moves down 1o 99,20, as indicated in Column 4 of Panel
A, The futures price change, Column 5, is —0.80 (99,20 — 100}, This amount is then mul-
tiplied by the number of coniracts 1o obtain the number in Column 6 of —0.80 x 10 =
—34. The ending balance, Column 7, is the beginning balance plus the gain or loss, The
ending balance on Day | of 342 iz above the maintenance margin requirement of 530, so
no funds need to be deposited on Day 2.

On Day 2 the senlement price goes down to $96, Baged on a price decrease of 53.20

per contract and 10 contracts, the loss is $32, lowering the ending balance to 10, This
amount is 520 below the maintenance margin requirement, Thus, the trader will get a mar-
l gin call the following moming and must deposit 340 to bring the balance up to the initial
| margin level of 330, Thiz deposit is shown in Column 3 on Day 3.
! Here, we must emphasize two important points. Firse, additional margin that must be
1 deposited is the amount sufficient 1o bring the ending balance up to the initial margin
it requirement, not the maintenance margin requirement.'’ This additional margin is called
i the variation margin, In additon, the amount that must be deposited the following day is
determined regurdless of the price change the following day, which might bring the end-
ing balance well above the initial margin requirement, as it doss here, or even well below
the maintenance margin requirement. Thus, another margin call could occur, Also note that
when the rader closes the position, the account is marked 1o market 1o the final price at
which the transaction occurs, not the settlement price that day.

COwer the six-day period, the rader in this example deposited 590, The account bal-
ance ot the end of the sixth day is $130—nearly a 50 percent retum over six days; not bad.
But look at Panel B, which shows the position of a holder of 10 short contracts over that
same pentod. Mote that the short gains when prices decrease and loses when prices
increase, Here the ending balance falls below the mantenance margin requirement on Day
4, and the short must deposit 335 on Day 5. At the end of Day 6, the short has deposited
EB5 and the balance iz $435, a loss of 540 or nearly 50 percent, which 15 the same 540 the
long made. Both cases illustrate the leverage effiect thar magnifies gains and losses.

When establishing a futures position, 1 15 important to know the price level that
would trigger a margin call. In this case, it does not matter how many contracts one has,
The price change would nead to fall for a long position {or dse for a short position) by the
difference between the initial and maintenance margin requirements. In this example, the

""" In the stock market, ane rost deposit anly the amount necsssary t bring the balance up 1o the maistenanoe
MATZN Fequinement,
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difference between the inifial and maintenance margin requirements 1= 35 — 53 = 52,
Thus, the price would need to fall from 5100 to 593 for a long position (or rise from % 1060
to $102 for a short position) to trigger a margin call.

As described here, when a trader receives a margin call, he is required to deposit funds
sufficient to bring the account balance back up to the initial masgin bevel. Allematively, the
trader can choose 1o simply close oul the position as soon as possible. For example, consider
the position of the long at the end of the second day when the margin balance 15 $10. This
ammounl is S20 below the maintenance level, and he is required o deposit 340 to bring the bal-
ance wp to the initdal margin level, 1 he would prefer not to deposit the additional funds, he
can close out the position as soon as possible the following day. Suppose, however, that the
price is moving quickly at the opening on Day 3, 11 the price falls from 3596 w0 395, he has lost
S10 myore, wiping oul the marzin account balance. In fact, if it f2ll any further, he would have
o negative margin scoount balance. He is still responsible for these losses, Thus, the mader
could kose more than the amount of money he has placed in the margin account. The total
amount of money he could lose is limited to the price per contract at which he bought, $100,
times the number of comtracts, 10, ar 51,000, Such a koss would cocur if the price fell io zero,
although this is not likely. This potential loss may mot seem like @ lot, but it is cerainly lange
relative 1o the initial margin requirement of $50. For the holder of the short position, there is
no upper limit on the price and the potential loss is theoretically infinite,

PRACTICE PROBLEM 1

Consider a futures contract in which the current futures price is $82. The initial mar-
gin requirement is 335, and the maintenance margin reguirement is 52, You go long
20 contracts and meet all margin calls but do not withdraw any excess margin.
Assume that on the first day, the contract is established m the seulement price, so
there i3 no mark-to-markel gain or loss on that day.

A. Complete the table below and provide an explanation of any funds deposited,
Beginning Funds Futures Price Ending
Day  Balance  Deposited  Price  Change Gainfloss  Balance

B2
B4
T8
T3
T4
B2
Bd

[= LR PURY O I e

B. Determine the price level that would tigger a margin call.

SOLUTIONS

Al
Beginning Funds Futures Price Ending
Day  Balance  Deposited  Price  Change Gainlloss  Balance

0 1] 100 42 LMD
I 10 0 84 2 40 140
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2 (B Lf] T8 —f =120 20
3 20 a0 73 =5 — 108 0
4 ] 100 79 G 120 0
3 120 0 B2 3 64 2RO
] 280 0 24 2 40 320

O Day 0, you deposit 100 because the initial margin requirement is 85 per con-
tract and you go long 20 contracts. Al the end of Day 2, the balance is down 1o
#20, which is $20 below the 340 maintenance margin requirement ($2 per con-
Iract tmes 2 contracts). You muest deposit encugh money 1o brng the balance
up i the initial margin requirement of $ 100 (35 per contract times 20 coniracis).
5o on Day 3, vou deposit 380, The price change on Day 3 causes & gainfoss of
— 51K, leaving you with a balance of 30 at the end of Day 3. On Day 4, you
must deposit S100 10 return the balance o the inital margin level,

B. A price decrease to $79 would trigger a margin call. This calculation is based on
the fact that the difference between the initial margin requirement and the main-
tenance margin requirement is 33. If the futures price stars at 382, it can fall by
53 1o 379 before it tnggers a margin call.

Some futures contracts impose limits on the price change that can occur from one
day to the next. Appropriately, these are called price limits, These limits are usually st as
an absolute change over the previous day. Using the example above, suppose the price
limic was 34, This would mean that each day, no transaction coubd ke place higher than
the previous settlement price plus $4 or lower than the previous settlement price minus 4.
S0 the next day's sertlement price cannat go beyond the price limit and thus no transaction
can take place beyond the limits.

If the price ai which a ransaction would be made exceeds the limits, then price
essentially freezes at one of the limits, which is called a limit move. If the price is stuck
at the upper limit, it is called limit wp; it swck an the bower L, 1t i3 calbed limit down,
If a transaction cannot take place because the price would be beyond the limits, this situa-
tion is called locked limit. By the end of the day, unless the price has moved back within
the limits, the settlement price will then be at one of the limits. The following day, the new
range of scceptable prices 15 based on the setlement price plus or minus limits, The
exchanges have different males that provide for expansion or contraction of price limits
under some crcumsiances. In addition, nod all contracts have price limils,

Finally, we note that the exchanges have the power 1o mark contracts to market when-
ever they desm it necessary, Thus, they can do so during the wading day rather than wai
until the end of the day. They sometimes do s0 when abnormally large market moves oocur

The daily semlement procedure is desigmed 1o collect losses and distribute gains in such
g manner that losses are paid before becoming large enough to impose a serious sk of
defaulr, Recall that the cleannghouse guaraniees 1o each party thar it need not worry about
collecting from the counterparty. The clearinghouse essentially positions itself in the middle
of each coniract, becoming the shont counterparty 1o the long and the long counterparty o
the short. The clearinghouse eollects funds from the parties incurring losses in this daily set-
Uement procedure and distnbutes them 1o the parties incurring gains, By doing so each day,
the clearinghouse ensures that losses cannot build up. OF course, this process offers no guar-
antee that counterparties wall ol default, Some defaults do occur, but the counterparty is



92 Chapter 3 Futures Markets and Contracts

defaulting to the clearinghouse, which has never failed to pay off the opposite party. In the
unlikely event that the clearinghouse were unable to pay. it would tum to a reserve fond or
I the exchange, or it would levy a tax on exchange members o cover losses,

4 DELIVERY AND CASH SETTLEMENT

Ag previously described, a futures trader can close out a position before expiration. If the
irader holds a long position, she can simply enter info a position o go short the same
futures contract. From the clearinghouse’s perspective, the trader holds both o long and
shorl position in the same contracl. These positions are considered to offsel and, therefore,
there is no open position in place. Most futures contracts are offset before expiration.
Those that remadn in place are subject 1w either delivery or a final cash settlement. Here we
explore this process, which determines how a futures contract terminales at expiration.
When the exchange designs a futures coniract, it specifies whether the confract will
terminate with delivery or cash settlement. If the contract terminates in delivery, the clear-
inghouse selects a counterparty, wsually the holder of the oldest long contract, to accept deliv-
ery. The bolder of the short positton then delivers the underlying to the holder of the long
position, who pays the short the necessary cash for the underlying. Suppose, for example,
that two days before expiration, a party goes long one futures contract at a price of $50. The
following day (the day before expiration), the settlement price is 552, The trader’s margin
gccount 15 then marked to market by crediting it with a gun of $2. Then suppose that the next
dizy the confract expires with the setlement price at £33, As the end of the rading day draws
near, the trader has two cholces. She can attempt to close out the positon by selling the
futures contract, The margin account would then be marked o market at the price at which
she sells. If she sells close enough to the expiration, the price she sold at would be very close
tor the final setlement price of $53. Doing 20 would add 51 o her margin account balance.
The other chodce 15 to leave the position open at the end of the trading day. Then she
wilild have to take delivery, If that occurred, she would be required 1o take possession of
the asset and pay the short the settlement price of the previous day, Doing 50 would be
equivalent to paying 352 and receiving the asset. She could then sell the asset for its price
of 353, netting a 51 gain, which 15 equivalent to the final 31 credited to her mangin account
if she had terminated the position at the settlement price of 353, as described above.'*
An alternative settlement procedure, which we descnbed in Chapter 2 on forward con-
tracis, is cash setlement. The exchange designates certain futures contracts as cash-settled
contracts. If the contract used in this example were cash settled, then the trader would not
need 1o close out the position close to the end of the expiration day. She could simply leave
the position open. When the contract expires, her margin account would be marked 1o mar-
ket for a gain on the final day of $1. Cash sertlement contracts have some advantages over
delivery contracts, particularly with respect 10 significant savings in transaction costs. '

" The reasvs she pays Lhe seltlement price of the previcus day is bécause an the previons day when her
account was maried (o markst, she esgentially creared & new fomres position at & price of $52, Thus, she
camemibed to purchase the &5sel al expiralion, just o S&y laler, al 4 price of $52. The nexl day when the
conireed expires. it is then approprisie that she boy the underlying for £52,

" Mooeiheless, cash sentlement has been somewhat controversial in the United States, I & comtract b8 designated as
cash seitlement, it implies that the huyer of the contract never intended to actually take possession of the underlying
asset Some leglslaors and regulinoes feel that this design is agalnss the spiric of the law, which views & fisures
oomiract as a commatmenl 1o bay the asset m a later date. Even though parties often offsel fubsres conlracts prior o
expiration, the possibdlity of actual delivery is still present in conomces other than those sertled by cash. Thas
comArerversy, however, i pelatively minor and as cansed no serious probdemns or debates in recent years,

— .. - - - —
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Exhibit 3-2 illustrates the equivalence of thess three forms of delivery. Note, however,
that because of the transaction costs of delivery, parties clearly prefer a closeout or cash setile-
meent over physical delivery, panicularly when the undedying asset iz a physical commuodaty.

EXHIBIT 3-2 Closeout versus Physical Delivery versus Cash Settlement
Closeni;
Sell comitract at 53
Mark to market profitloss:
a3-5=1
(1.9
Firysival Delimery:
Fay 52, receive asset worth 53
Mark to market or
Buy fwbures at S preafit floss: Cash Seftlemend:
Pay mothing 52-50=2 Receive 53 - 52 = 1
I | |
1 days before expiration 1 day before expiration Expiration
[Furtures price = 50} {settlement prin: = 52) {mettlermemt ]}rlnr =53

Contracts designated for delivery have a varety of features that can complicate
delivery. In most cases, delivery does not occur imrmediately after expiration but takes
place over several days. In sddition, many contracts permit the short to choose when deliv-
cry takes place. For many contracts, delivery can be made any business day of the month,
The delivery period usually inclodes the days following the last trading day of the month,
which is usually in the third week of the month.

In addition, the short often has other choices regarding delivery, a major one being
exactly which underlying asset is delivered, For example, a futures contract on ULS. Trea-
sury bonds trading at the Chicago Board of Trade permits the short to deliver any of a
number of U.S. Treasury bonds."® The wheat futures contract at the Chicago Board of
Trade permits delivery of any of several types of wheat. Futures contracts calling for phys-
ical delivery of commodities often permit delivery at different locations, A given come-
modity delivered 1o one location 15 not the same as that commodity delivered to another
because of the costs involved in transporting the commodity, The short holds the sole right
o make decisions about what, when, and where to deliver, and the right to make these
decisions can be extremely valuable, The right to make a decision conceming these aspects
of delivery 15 called a delivery opiion.

Some futures contracts that call for delivery require delivery of the actual asset, and
some use only & book entry, For example, in this day and age, no one physically handles
LS. Treasury bonds in the form of pieces of paper. Bonds are transferred electronically
over the Federal Reserve’s wire system, Other contracts, such as oil or wheat, do actually
involve the physical transfer of the asset. Physical delivery is more common when the
underlying iz a physical commadity, whersas book entry is more common when the under-
lying 15 a financial asset.

Fulures markel participants use one sdditional delivery procedure, which is called
exchange for physicals (EFP). In an EFP transaction, the long and short arrange an aler-
native delivery procedure. For example, the Chicago Board of Trade's wheat futures

19 We shall cover this femture in mare detall In Seetbons 6.2 and 7.2.3,
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contracts require delivery on cenain dates ot cenain locations either in Chicago or in a few
other specified locations in the Midwest. If the long and shorl agree, they could effect deliv-
ery by having the shor deliver the wheat 1w the long in, for example, Omaha, The iwo panies
woald then report to the Chicago Board of Trade that they had setiled their contract outside of
the exchange"s normal delivery procedures, which would be satisfacrory o the exchange,

5 FUTURES EXCHANGES

A futures exchange is a legal corporate entity whose shareholders are its members. The
miembers own memberships, more commonly called seats, Exchange members have the
privilege of executing transactions on the exchange. Esch member acts as cither a floor
trader or a broker. Floor traders are ivpically called Jocals; brokers are typically called
futures commission merchants (FCMs). Locals are market makers, standing ready to
buy amd sell by quoting o bid and an ask price, They are (he primary providers of liguidiny
to the market. FCMs execuie transactions for other parties off the exchange.

The locals on the exchange floor typically trade sccording 1o one of several distine
styles. The most common is called scalping. A scalper offers to buy or sell futures con-
traccis, holding the positon for only a brief period of tme, perhaps just zeconds, Scalpers
attempt o profit by buying at the bid price and selling at the higher ask price. A day trader
holds a position open somewhat longer but closes all positions at the end of the day.'® A
position trader holds positions open overnight. Day traders and position traders are quite
distinet from scalpers in that they attempt 1o profil from the antcipated direction of ihe
market; scalpers ane trying simply to buy at the bid and scll at the ask.

Recall that futures exchanges have trading either on the foor or off the Noor on elec-
tronic terminals, or in some cases, both. As previously described. floor trading in the
United States takes place in pits, which are octagonal, muli-tiered areas where floor
iraders stand and condoct transactions. Traders wear jackets of specific colors and badges
to inchicate such imformation as what type of rader (FCM or local) they are and whom they
represent.' As noted, to indicate a willingness to trade, a trader shouts and uses a set of
standard hand signals. A trade 15 consummated by two raders agreeing on a price and a
number of contracts. These iraders might not actually say anything to each other; they may
simply use a combination of hand signals andfor eye contact 1o agree on a ransaciion,
When a transaction is agreed on, the traders fill out small paper forms and turn them over
i clerks, who then see thar the transactions are entered into the system and reported,

Each trader is required to have an account at a clearing firm. The clearing firms are
the actual members of the clearnnghouse, The cleannghouse dealz only with the clearing
firms, which then deal with their individual and institutional customers.

In electromic rading, the principles remain essentially the same bur the traders do mo
stand in the pits. In fact, they do not see each other at all. They sit at computer terminals,
which enable them o see the bids and offers of other traders. Transactions are executed by
the click of & computer mouse or an entry from a keyboard.

Exhibit 3-2 lists the world's 20 leading Tutures exchanges in 2001, ranked by irad-
ing volume. Recall from Chapter | that trading volume can be a misleading measure of the

'* The term “day trader” has been around the Futwres market for a long lime bt bas recently acquired a new
meaing 1 the broader Nnancial markets. The e s mow sl o deseribe indsvidual ivveetors who rade
siocks, oficn over the Internet, during the day for a living or as a hobby. In fact, the term has even been used in
a sgmewhal pejorstive masnes, in tha day ireders are often thought of & naive invesiors speculating wildly
wilh sy they can il afTord o lese,

" Par example, an FCM or local could be trading for himself or coald represent 2 company.
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size of a futures markets; nonetheless, it is the measure primarily used. The structure of
global futures exchanges has changed conziderably n recent years. Exchanges in the
United States. primanly the Chicago Board of Trade and the Chicago Mercantile
Exchange, were clearly the world leaders in the past, Note that the volume leader now,
however, 15 Eurex, the combined German—Swiss exchange. Eorex has been so suceessfil
partly because of its decizion 1o be an all-electronic futures exchange, whereas the Chicago
exchanges are still primanly pit-trading exchanges. Note the popularity of futures rading
in Japan; four of the 20 leading exchanges are Tapaness.

EXHIBIT 3-3 The World's 20 Leading Futures Exchanges

f Yolume in 2001

! Exchange and Location {Number of Contracts)

L

H Eurex {Germany and Switzerland) 435,141,707
Chacago Mercantile Exchange (United States) 315,971 885
Chicago Board of Trade (Uniced Suates) 2006 SRH K2
London Intemational Financial Futeres and

Oyptions Exchange (United Kingdom) 161,522,775

Rodsa de Mercadorias & Futuros (Brazil) O, 174 452
Mew York Mercaniile Exclange (Unied Stapes) 85,039 984
Tokyn Commaodity Exchange {lapan} 56,538,245
London betal Exchange {United Kingdom) 56,224 495
Furis Boorse 5A (France) 42 042 BT
Swdney Fulures Exchange | Australia) 34075508
Korea Siock Exchange (Korea) 31,502,154
Simgapore Exchange {Singapoare) 060G, 546
Central Japan Commodity Exchamge (Japan} 2T 846,712
Internatsonal Petroleum BExchange (United Kingdom) 26,088 207
OM Stockholm Exchange (Sweden) 23 408, 198
Tokyo Cirnin Exchange (Japan] 22707 BOR
Mew York Board of Trade (United Stanes) 14,034,168
MEFF Eenta Varahle (Spain) 13,108,293
Tokyo Sweck Exchange (Japan) 12465433
South African Futures Exchange (South Africa) 11,568,242
Sowrre: Fubwerr fadusiey, JannaryTebruary 2000

6 TYPES OF FUTURES CONTRACTS

The different types of Tutures contracts are generally divided into two main groups: com-
modity futures and financial futures. Commodity futures cover traditional agriculiural,
metal, and petrolewm products, Financial futures include stocks, bonds, and currencies,
Exhibit 34 pives a broad overview of the most active ivpes of futures contracts trsded on
global futures exchanges, Thess contracts are those covered by the Wall Streer Journal on
the date indicated.
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EXHIBIT 3-4 Muost-Active Global Futures Contracts as Covered by the Wall Street fournal, 18 June 2002

Commaodity Futures

Financial Futures

= —

Com (CBOT)

Ciars (CBOT)

Soyheans (CHOT)

Soybean Meal (CBOT)
Sovhean Cil (CROT)

Wheat (CBOT, KCBT, MGE)

Canola (WPG)
Barley (W)
Feoder Catthe (CME)
Live Cartle (CME)
Lean Hogs (CME)
Park Bellies (CME)
Milk (CME)

Lumber {CME)

Cocoa (MYBUOT)

Coffee (WYBOT)

World Sugar (MY BOT)
Dwvmestic Sugar (WY BOT)
Cotton (MY ROT)

Crrange Juice (MYBOT)
Copper (NYMEX)
Gold (NYMEX)

Flatinum (MY MEX)
Palladiem (NYMMEX)
Silver (NYMEX)

Crude (il (NYMEX)

Mo 2 Hestmg Ol (NYMEX)
Unleaded Gasoline {(NYMEX)
Matural Geas (NYMEX)

Brent Crude 0il {IFEX)

Cizs 0l {IFEX)

Treasury Bonds (CBOT)

Treasury Motes (CBOT)

L-Year Agency Motes (CBOT)

1 Year Interest Rate Swaps (CBOT)
2-Year Agency Motes (CBOT)
5-Year Treasury Motes (CBOT)

2-Year Tressury Motes (CBOT)
Federal Funds (CBOT)
Municipal Bond Index (CBOT)
Treasury Bills (CME)

I-Month LIBOR {CME)
Euradollar (CME)

Euroyen (CME, SGX)

Shon Sterling (LIFFE)

Leng Gilt (LIFFE)

}-Month Euribor (LIFFE)

F-Month Euroswiss (LIFFE)

Canadizn Bankers Acceprance (ME)

10-Year Canadian Government Bond
(ME}

10-Year Euro Motional Bond (MATIF)

I-Month Eurbor (MATIF)

I-Year Commorwealth T-Bonds (SFE)

5-Year German Eoro Government Bond
(EUREX)

10-Year German Evwrn Governmesnt Bond
(EUREX)

2-ear German Boro Government Bond
(EUREX)

Inpanese Yen (CME)

Cansdian Dollar (CME}

British Pound (CME]

Swiss Franc (CME)

Australian Dollar (CME)

Mexican Peso (CME)

Euro (CME)

Euro-Sterling (MY BT

Eure—1.5. Dwllar (WYBOT)
Eurc—Yen (NYBOT)

Do Tomes Indusirial Avesage (CROT)

Mini Dow Jones Indusirial Average
{CROT

S&P 500 Index (CME)

Miai S&P 500 Index (CME)

S&F Midcap 400 Index (CME)

Mikkes 225 (CME)

Masdag 100 Index (CME)

Mini Masdag Index (CME)

Goldman Sachs Commodity Index
(CME)

Russell 1000 Index (CME}

Hussell 2000 Index (CME)

NYSE Composie Index (MWYBOT)

L5, Dollar Index (NYBOT)

Share Price Index (SFE)

CAC 40 Stock Index (MATIF)

Xetra Drax (EUREX)

FTSE 200 Inclex {LIFFE)

Crovw Jomes Buro Stoxs 50 Index
(EUREX)

e Jomes Stoxx 50 Index (ELUREX)

Eaxchange codier: CHBOT (Chicags Board of Tradel, TME {Chicago Mescastile Excl

o | inal Financial Futerss Exchiamge], WPG

ek LIFFE (L

Wanipeg Oram Bachange), EUREX (Burexi. NYBOT (Mew York Board of Trade), IPEX (Imemaconal Petroleum Exchenge) MATIF (March a Term:
Ineemational de France), ME (Momreal Exchange), MGE {Maanzspolls Grain Exchange), SFE (Sydney Fumires Exchange), 50X [Sisgapore Exthangs),
KCET (Kanias City Foded of Trade], NYMENX (Mew York Mercasiile Exchange)

Nere: These are not the only global fstures coniracts but are those covered in the Wil Smeer Jowmal om the date green and represent the most active con-
ke al thal time.
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6.1 SHORT-TERM
InTEREST RATE
FuTURES
CONTRACTS

Our primary focus in this book is on financial and currency futures contracts.
Within the financials group, our main interest 15 on nterest rate and bond fulures, stock
index futures, and currency futures. We may occasionally make reference to a commaod-
ity futures contract, bul that will primarily be for illustrative purposzes, In the following
subsections, we introduce the primary contracts we shall focus on. These are U5, con-
tracts, but they resemble most types of futures contracts found on exchanges throughout
the world. Full contract specifications for these and other contracts are available on the
Web sites of the futures exchanges, which are easy 1o locate with most Inlernet search
engines.

The primary short-term interest rate funires contracts are those on UK, Treasury hills and
Eurodollars on the Chicago Mercantile Exchange.

6. 1.1 Teessuey Bow FuTuees

The Treasury bill contract, launched in 1976, was the first interest rate fulures contract, It
is based on a 90-day U.5. Treasury bill, one of the most imporiant U.S. government debt
instrumients (described in Chapter 2, Section 3.2,1). The Treasury bill, or T-kill, iz a dis-
count instrument, meaning that its price cquals the face value minus a discount represent-
ing interest. The discount equals the face valoe multiplied by the quoted rate times the days
to maturity divided by 360, Thus, using the example from Chapter 2, if a2 180-day T-bill is
selling at a discount of 4 percent, its price per 31 par is 1 — Q04018053600 = (.98, An
imvestor who buys the bill and holds it to matunty would receive 51 at maturity, netting a
pain of B0.02.

The futures contract is based on a 90-day 51,000,000 U5, Treasury bill. Thus, on
any given day, the contract trades with the understanding that a 90-day T-hill will be deliv-
ered at expiration. While the contract is trading, its price 15 guoted as 100 minus the rate
quoted as a percent priced into the contract by the futures market. This value, 100 — Rate,
is known as the IMM Index; IMM stands for Intermnational Monetary Market, a division of
the Chicage Mercantile Exchange. The IMM Index is a reported and publicly available
price; however, it is not the sclual futures price, which is

100 = (Rate 100 360)

For example, suppose on a given day the mwte priced into the contract 15 6,25 percent, Then
the quoted price will be 100 — 6.25 = 93,75, The actual futures price would he

S1,000,000[1 — (LOG2S(90/IG0)] = $984,375

Recall, however, that except for the amall margin deposit, a futures transaction does not
require any cash o be paid wp front, As trading takes place, the rate fluciuates with mar-
ket interest rates and the associated MM Index price changes accordingly. The actual
futures price, as calculated above, also fluctuates according to the above formula, but inter-
estingly, that price is not very important. The same information can be capiured more eas-
ily by referencing the IMM Index than by calculating the actual price,

Suppose, for example, that a frader had his account marked to market o the above
price, 5,25 in terms of the rawe, 93,75 in terms of the MM Index, and 5984375 in terms
of the actual futures price. Now suppose the rate goes to 6,50, an increase of 0.25 ar 25
basis points. The IMM Index declines to 93,50, and the actual futures price drops to

$1,000,000(1 — 0.065(90/360)] = $983,750
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Thus, the actual futeres price decreased by 3984.375 — 593,750 = 53625, A trader who
15 long would have a loss of 3625, o trader who 15 shon would have a gain of 3625,

This 5625 gain or loss can be arrived at mose directly, however, by simply noting that
each basis poimt move is equivalent to $25.'7 This special design of the contract makes it
easy for floor traders 1o do the necessary arithmetic in their heads. For example. if floor
traders chserve the IMM Idex move from 93,75 o 93,50, they immediately know that it
has moved down 25 hasis points and that 25 basiz points times 525 per basis point is a loss
of 3625, The mimmaum tck size is one-hall basis poant or 512,50,

T-hill futures contracts have expirations of the current month, the next month, and
the next four months of March, June, Seprember, and December, Becawse of the amall trad-
ing volume, however, only the closesi expiration has much trading volume, and even that
one 15 only lightly wraded, T-bill futures expire specifically on the Monday of the week of
the third Wednesday each month and setile in cash rather than physical delivery of the
T-huil, a5 described in Section 4,

As important as Treasury bills are in ULS. financial markets, however, today this
futures comtract is barely active, The Eurodollar contract is considered much more impor-
tant because it reflects the interest rate on a dollar borrowed by a high-quality private bor-
rower. The rates om T-hills are considered too heavily infleenced by ULS. government
policies, budpet deficits, government funding plans, politics, and Federal Reserve mone-
tary policy. Although unguestionably Eurodollar rates are aifecied by those factors, mar-
ket participants consider them much less directly influenced. But in spite of this relative
inactivity, T-hill futures are useful instrumenis for ilustrating certain principles of futures
market pricing and rading. Accordingly. we shall use them on some ocecasions. For now,
however, we tum 1o the Burodollar futures contract.,

6.1.2 Eurcoolar FuTures
Recall that in Chapter 2, we devoted a good bit of effon to understanding Evrodollar for-
ward contracts, known as FRAs, These contracts pay off based on LIBOR on a given day.
The Eurcdollar futures contract of the Chicago Mercantile Exchange is based on 31 mal-
lion notienal prncipal of 90-duy Eurodollars. Specifically, the underlving 15 the rale om a
O0-day dollar-denominated time deposit issued by a bank in London. As we descnbed in
Chapter 2, this deposat is called a Eurodollar nme deposit, and the rate 15 referred to as
LIBOR (London Interbank Odfer Rate). On a given day, the futures contract trades based
on the understanding thal o expiration, the official Eurodollar rate, as compiled by the
British Bankers Association {BBA), will be the rate ai which the final setilement of the
contrsct 1s made. While the contract s trading. s price 5 guoted s 100 minus the rae
priced into the contract by futures traders. Like its counterpart in the T-bill futures market,
this walue, IHF = Rate, 15 also known as the TMM Index.

As in the T-bill futeres market, on a given day, if the rate priced into the contract is
5.25 percent, the quoted price will be 100 = 5,25 = 9495, With each contract based on
51 million notional principal of Eurodollars, the aciual futures price 1s

51,000,030 1 — 005250903600 = 3986,875
Like the T-bill contract, the actual futures price moves 325 for every basis point move In

the rate or IMM Index price

' Expressed mathematically, $1,000000H0.0001 (303601 = 325 In cther words, any move in the last digil of
the rate {a hasis point) affects the actunl futures price by £2%
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6.2  INTERMEDIATE-
AamD LoMnG-Term
INTEREST RATE
FuTures
CONTRACTS

As with all fulures contracts, the price fluciuates on a daily basis and margin
accounts are marked 0 market according to the exchange’s official settlement price. Al
expiration, the final settlement price 15 the official rate quoted on a 90-day Eurodaollar time
deposit by the BBA, That rate determings the final settlement. Eurodollar futures contracts
do not permit actual delivery of a Eurodollar time deposit; rather, they settle i cash, as
described in Section 4.

The Eurodollar futures contract is one of the most active in the world, Because its
rafe is hased on LIBOR, it is widely used by dealers in swaps, FRAsS, and interest rate
options to hedge their positions taken in dollar-denominated over-the-counter interest rate
derivatives, Such denvatives usvally use LIBOR as the underlying rale

It is important to node, however, that there is a critical distinction between the man-
ner in which the interest calculation is built into the Eurcdollar futures contract and the
manner in which interest 15 imputed on actual Eurodollar tme deposits. Recall from Chap-
ier 2 that when a bank borrows 31 million at a rate of 5 percent for 90 days, the amount it
will oowe in 90 days is

S1.000,000[1 -+ 0SS 3600] = 21,002,500

Interest on Eurodollar time deposits is computed on an add-on basis 1o the principal. As
dezcribed in this section, however, it appears that in computing the futures price, interest
is deducted from the principal so that o bank borrowing 51000000 at a rate of 5 percent
would recerve

51,000,000[1 — 0L05(90/360)) = $987,500

and would pay back 51,000,000, This procedure is referred to as discount interest and is
used in the T-bill market.

The discount interest compatation associated with BEuradollar futures is merely a
comvenience contrived by the futures exchange to facilitate quoting prices in a manner
already familiar to its raders, who were previously tading T-ball futures. This inconsis-
lency between the ways in which Eurodollar futures and Euradollar spot transactions are

The minimum tick size for BEurodollar futures is | basis point or 525, The avalable
expirations are the next teo months plus March, June, Seplember, and December, The
expirations go oul about 10 vears, a reflection of their use by over-the-counter derivatives
dealers to hedge their positions in long-term interest rate derivatives. Eurodollar futures
cxpire on the second business day on which London banks are open before the third
Wednesday of the month and terminate with a cash senlement,

In 1.5, markeiz, the primary ineresi-rate-related instruments of intermediate and long
meaturitics are LS. Treasury notes and bonds. The ULS. government issues both instro-
mientz: Treasury notes have an onginal matenty of 2 6o 10 years, and Treasury bonds have
an origingl maturity of more than 10 years. Futures contracts on these instruments are very
actively raded on the Chicago Board of Trade, For the most part, there are no real differ-
ences in the contract characieristics for Treasury note and Treasury bond futures; the
underlying bonds differ slightly, but the futures contracts are qualitatively the same, We
shall focus here on one of the most active instrumenis, the LS. Treasury bond futures
coniradl

The contract is based on the delivery of a LS. Treasury bond with any coupon but
with a maturity of &t least 15 vears. I the deliverable band 15 callable, it cannod be callable

Ay - il e i, e e e
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for at least 15 years from the delivery date.'® These specifications mean that there are
potentially a large number of deliverable bonds, which is exactly the way the Chicago
Board of Trade, the Federal Reserve, and the U.S. Treasury want it. They do not want a
potential run on a single issue that might distort prices. By having multiple deliverable
issues, however, the contract must be strectured with some fairly complicated procedures
1 adjust for the fact that the shost can deliver whatever bond he chooses from among the
eligible bonds. This choice gives the short a potentially valuable option and puts the long
at & disadvantage, Moreover, it complicates pricing the contract, becanse the identity of the
underlying bond is not clear. Although when referring to a futures contract on a 90-day
Eurodollar time deposit we are relatively clear aboul the underlying instrument, & futures
contract on a long-term Treasury bond does not allow us the same clarty,

To reduce the confusion, the exchange declares a standard or hypothetical version of the
deliverable bond. This hypothetical deliverable bond has o 6 percent coupon. When a trader
helding a shost position at expiration delivers a bond with a coupon greater (less) than & per-
cent, she receives an upward (a dowmward) adjustment to the poce paid for the bond by the
Iong. The adjustment is done by means of a device called the conversion factor. In bricf, the
conversion factor i= the price of & 5100 par bond with a coupon and maturity egqual o thoss of
the deliverable bond and a vield of & percent. Thus, if the short delivers a bond with a coupon
greater {less) than 6 percent, the conversion factor exceeds (is less than) 1.0." The amount the
long pays the sho is the fuures price at expiration multiplied by the conversion factor. Thus,
delivery of a bond with coupon greater (less) than the standand amount, & percent, results in the
short receiving an upward (3 dowmward) adjustment io the amount received. A number of other
technical considerations are also imvolved in determining the delivery price.™

The conversion factor system is designed to pat all bonds on equal footing. Ideally,
application of the conversion factor would result in the shor finding no preference for deliv-
ery of any one bond over any other. That is not the case, however, because the complex rela-
tionships between bond prices cannot be reduced to a simple linear adjustment, such as the
comversion facior method, As a result, some bonds are cheaper (o deliver than others. When
making the delivery decision, the short compares the cost of buving a given bond on the
open market with the amount she would receive upon delivery of that bond. The former will
always exceed the latier; otherwise, a clear arbitrage opporunity would be available. The
moat attractive bond for delivery would be the one in which the amount received for delie-
enng the bond 35 largest relative 1o the amount pand on the open market for the bond. The
bond that minimizes this loss is referred to as the cheapest-to-deliver bond.

Al any time during the life of a Treasury bond fueres contract, traders can identify
the cheapest-to-deliver bond, Determining the amount received at delivery is straightfor-
wird; it equals the current futures price times the conversion factor for a given bond, To
determine the amount the bond would cost at expiration, one calculates the forward price
of the bond, positioned at the delivery date, OF course, this i3 just a forward compuiation;
circumstances could change by the expiration date. But this foreard calculation gives a
picture of circumstances as ey currently stand and wentifies which bond iz currently the
cheapest @0 deliver, That bond is then considered the bond most likely to be delivered.

¥ The U5, goverament ne Jonger sues callable bands bul his done &0 i e past,

1 ‘This stat=meni is troe regardless of the maturity of the deliverahle bond. Any bond with 2 coupon in excess
al s yiedd s worlh mane than s par value,

' For example, the aciual procedure for delivery of U5 Treasury honds is a three-day process stanting with
the: shomm modifying the exciange of imentbon o make delivery. Delivery acneally oocurs several days later. In

addition, as is the custom in UL5. bond markets, the quoted price does nof include the sccrued interest.
Accordingly, an adjustment musi ke made.
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6.3 Srock InDex
FuTugres
CONTRACTS

Recall that one problem with this futures contract is that the identity of the underiving
bond 15 unclear, Traders wradinonally treat the cheapest to deliver as the bond that umder-
lizs the contract. As fime passes and interest rates change, however, the cheapest-to-deliver
bond can change., Thus, the bod vnderlyimg the futures contract can change. adding an
element of uncertainty to the pricing and trading of this contract.

With this complexity associated with the LS, Treasury bond futures contrasct, one
might suspect that it is less actively traded. In fact, the opposite is true: Complexity cre-
ates extracrdinary opportunites for gain for those who understand what 1= going on and
can identify the cheapest bond to deliver.

The Chicago Bowrd of Trade’s U5, Treasury bond futures contract covers 5 100,000
par value of U5, Treasury bonds. The expiration months are March, June, September, and
December, They expire on the seventh business doy preceding the last business day of the
maonth and call for actual delivery, through the Federal Reserve’s wire svstem, of the Trea-
sury bond. Prices are quoded in points and 32nds, meamng that you wall see proces like 98
18732, which equals 98.5623. For a contract covering 5 100,000 par value, for example, the
price i3 398.562.50. The mindmurm ek siee 1z 1032, which 1s 33125

In addition o the futures contract on the long-term government bond, there are also
very similar funeres contracts an intermediale-lenm govemment bonds. The Chicago Board
of Trade's contracts on 2-, 5-, and 10-year Treasury notes are very actively traded and are
almost identical to 115 long-term bond contract, except for the exact specification of the
underlying instrument. Intermediate and long-tesm government bonds are importan
INAIrUments in every countrys financial markets. They give the best indication of the long-
term defauli-free interest rate and are often viewed as a benchmark bomd for various com-
parisons in financial markets.”" Accordingly, futures contracts on such bonds play an
important role in & country's financial markets and are almost always among the mos
actively traded contracts in futures markets around the world.

If the underlying instrument is not widely available and not actively raded, the via-
hiliry of & funires contract on it becomes questionable, The reduction szen in ULS. povern-
ment debt in the late 1990s has led o a redection in the supply of intermediate and
long-term government bonds, and some concem has ansen over this fact. In the United
States, some efforts have been made to promote the long-term debs of Fannie Mae and
Freddie Mac as substinte benchmark bonds.™ It remains to be seen whether such efforts
will be necessary and, if so, whether they will succeed.

One of the most successful types of futures contracts of all time is the class of futures on
stock indices, Probably the maost successful has been the Chicago Mercantile Exchange’s
contract on the Standard and Poor's 500 Stock Index. Called the S&P 500 Stock Index
fumires, this contract premiered in 1982 and has benefited from the widespresd acceptance
of the S&F 500 Index as a stock market benchmark. The contract is quoted in terms of a

' Far example, the defanlt risk of a corporaie bond is often measured & che difference herwesn the corporrie
kand wield amd tee yield on a Tressury bond or note of comparable maturity. Fived rates on inlerest rale swaps
are usmlly quoted 2= a spread over the raie ona Treasury bond or nole of comparahle mauity,

= Fanme Mar |5 the Federal National Mortgage Association, and Freddie Mec is the Federal Home Loan
Maorigage Corporation. These instibotions were formerly ULS, govermment sgencies that issmed debe 1o raise
funds to buy and sell mongages and mongage-backed secorings, These institulions are oow publicly traded
corporalions buol are consklered 1o have extremely low default risk becemse of their critical imponance in L5,
marigage markets, [ is helieved that an implicic Pederl government guaraniee & associmed wiil their et
Momerhebeas, it sotms unlikely the the debt of these institulions could lake over that of the ULS. government as
# benchmark. The Chicage Board of Trade bas offered futures contracts oa the bonds of chese ceganizarions,
bur the comirpces have not rraded actvely
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6.4 CurremCy
FuTurEes
CONTRACTS

price on the same order of magnitude as the S&P 500 itself. For example, if the 5&F 500
Imadex 15 a0 1183, a vwo-modnth fuiures contract might be quated at a price of, say, 1187 We
shall explain how to determine a stock index futures price in Section 7.3,

The contract implicitly containg a muliiplier, which is (appropriately) multiplied by
the quoted futures price o produce the actual futures price. The multipher for the S&P 500
fuwtures is 5250, Thus, when you hear of a futures price of 1187, the actal price is
1187($250) = 296,750

S&P 300 furures expirations are March, June, September, and December and go out
about two years, although trading is active only in the nearest o to three expirations.
With occasional exceptions, the contracts expire on the Thursday preceding the third Fri-
dav of the month. Given the impracticality of delivering a portfolio of the 500 stocks in the
index combined according o their relative weights in the index, the contract is strectured
to provide for cash setilement at expiration.

The S&P 500 is not the only active stock index futures contract. In fact, the Chicago
Mercantile Exchange has a smaller version of the S&P 500 contract, called the Mini S&P
500, which has a multiplier of 50 and trades only electronically, Ocher widely traded con-
tracts in the United States are on the Dow Jones Industrials, the S&P Midcap 400, and the
Masdag 100, Virally every developed country has a stock index futires contract hased on
the leading equities of that country. Well-known stock index futures contracts around the
wiorld include the United Kingdom's FTSE 1M {pronounced “Footsie 1007}, Japan’s
Mikkei 225, France's CAC 40, and Germany’s DA X 300,

In Chapter 2 we described foreard contracts on foreign currencies. There are also futures
confracts on foreign currencies. Although the forward market for foreign currencies is
much more widely used, the futures market is still quite active. In fact, currency futures
were the first funeres contracts not based on physical commodities. Thus, they are some-
times referred to as the first financial futures contracts, and their initial success paved the
way for the later introduction of inferest rate and stock index futures,

Compared with foreard contracts on cumencies, currency futures contracts are much
smaller in size. In the United States, these contracts trade an the Chicago Mercantile
Exchange with a small amount of trading at the New York Board of Trade. In addition thene
is some wading on exchanges oulside the Unifed States, The characteristics we describe
below refer to the Chicago Mercantile Exchange's contracl.

In the United States, the primary currencies on which trading occurs are the euro,
Canadian dollar, Swiss franc, Japanese yen, British pound, Mexican peso, and Australian
dollar, Each comiract has a designated size and a quotation unit, For example, the curo coan-
tract covers €123,000 and 15 quoted in dollars per euro. A futures price such as S0L8555 15
stated in dollars and converts W g contract price of

125,000 S0.8535) = 510693750

The Japanese ven futures price is structured somewhar differently. Because of the
large number of yen per dollar, the contract covers ¥12,500,000 and 15 quoted without two
zeroes that ordinarily precede the price, For example, a price might be stated as 08205,
but this actually represents a price of 0UO0E205, which converts to a contract price of

12,500 0000 0L00R205) = $102,562.50
Alternatively, a gquoted price of 08205 can be viewed as 14008205 = ¥121.88 per dollar.

Currency futures contracts expire in the moaths of March, June, September, and
Diecember. The specific expiration 15 the second business day before the third Wednesday
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of the month, Currency futures contracts call for actual delivery, through ook entry, of the
underlying curmency.

We have briefly examined the different types of futures contracts of interest o us, OF
course there are a variety of similar instruments trading on futures exchanges around the
world, The purpose of this book, however, 15 not 1o provide institutional details, which can
be obtained at the Web sites of the world’s futures exchanges, but rather to enhance your
understanding of the important principles neceszary 1o functon in the world of denvatives,

Lintil now we have made reference to prices of futures contracts. Accordingly, let us
move forward and exumine the prncing of futures contracts.

+
|

7 PRICING AND VALUATION OF FUTURES CONTRACTS

In Chapter 2, we devoted considerable efforn to understanding the pricing and valuation of
forward contracts. We Mirsi discussed the nodion of what it means 1o price a forward con-
tract in contrast i what it means to value a forward contract. Recall that pricing means to
assign a fixed price or rate al which the underdying will be bought by the long and sold by
the short at expiration. In assigning a forward price, we set the price such that the value of
the contract 15 sero al the starl. A sero-value contract means that the present value of the
payments promised by each party to the other is the same, a result in keeping with the fact
that neither party pays the other any money al the start. The value of the contract (o the
long is the present value of the payments promised by the short @0 the long minws the pres-
ent value of the payments promized by the long to the short. Although the value is zero at
the start, during the life of the contract, the value will fluctuate as market condifions
change; the onginal foreand contract price, however, stavs the same,

In Chapter 2, we presenied numerous examples of how to apply the concept of pric-
ing and valuation wihen dealing with forward contracts on stocks, bomds, currencies, and
interest rates. To illwstrate the concepts of pricing and valuation, we started with a genenic
forward comtract, Accordingly, we do 5o here in the futures chapter. We assume no trans-
action costs.

7.1 GeENErIC  As we did with forward contracts, we start by illustrating the time frame within which we
PRICING AND  are working:
VaLuaTioN OF A
Futures ConTraCT

l

il t=1 [ T
(boday} [expiralion

Today is time 0. The expiration date of the futures contract 1z time T. Timesz 1 = [ and 1
are arbatrary tmes between today and the expiration and are the points at which the con-
tract will he marked to market. Thus, we can think of the three periods depicted above, O
tt = 1,0 — 1toi, and t to T, as three distinct trading days with times t — 1, t, and T heing
the end of each of the three days.

The price of the underlying asset in the spot market is denoted as 5; at time 0, 5,
atfime t — 1, 5, at time 1, and St at time T, We denote the Tutures contract price at time 0
a5 i Th This netation indicates that 50T 15 the price of a futures contract at time 0 that
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expires at time T. Unlike forward contract prices, however, futures prices fluctuate in an
open and competitive market. The marking-io-market process results in each futures con-
tract being terminated every day and reinitiated. Thus, we not only have a futures price set
at time 0 but we also have a new one at tme 1 = 1, at dme 1, and af tme T, In other words,

faT) = price of a futures contract at time O that expires at time T
fi— (T} = price of a futures contract at tfime © — | that expires at time T
f(Ty = price of a futures contract at time t that expires at time T

f#(T) = price of a futures contract at time T that expires at tme T

Mote, however, that (T and LT} are also the prices of contracts newly established at
times t — 1 and t for delivery at time T. Futures contracts are homogeneous and fungible,
Any contract for delivery of the underlying at T 15 equivalent to any other contract, regard-
less of when the contracts were created. ™

The value of the futures contract is denoled as v,(T). This notation indicates that
vl 1) 15 the value at time O of a futures contract expiring at time T. We are alzo interesied
in the values of the contract prior 1o expiration, such as at time t, denoted as v, (T}, as well
as the value of the contract at expiration, denoted as vo(T).**

A 0T Tue Futures Prace AT ExPIRATION

Mow suppose we are af me T. The spol price is 8¢ and the futures price is f{T). To avoid
an arbitrage opportunity, the fitures price Ml coRverge o the spol price ol expiralion:

£4T) = Sy (3-1)

Consider what would happen iff this were not the case. If fr(T) < S¢, a rader could bay
the furures coniract, ket it immediately expire, pay (4T to take delivery of the underlying,
and receive an asset worth Sy, The trader would have paid f30T) and received an asset
wiith 5S¢, which iz greater, at no sk, If (4{T) > S+, the trader would go short the futures,
buy the asset for ¢, make delivery, and receive f(T) for the asset, for which he paid a
lesser amount, Only if f(T) = S does this arbitrage opporunity go away. Thus, the
futures price must egual the spot price at expiration.

Another way o understand thiz point is 1o recall that by definition, a futures contract
calls for the delivery of an asset at expiration at a price determined when the transaction is
initiated. I expiration is right now, a futures irimsaction is egquivalent o a spot ransaction,
50 the futures price must equal the spot price.

' Ag an analogy from the bood maskets, consider a @ percent coupan bond, ariginglly issued with 10 vears
remaining. Three years lnier, that bond |8 & % percent seven-vear band, Comsider a neady mived 9 peecent
codipon Bond wilh seven years maturily and the same issoer. As long as the coupon dates are the same and all
other erms are the same, these twn bonds are fungible and are perfect subsibtunes for esch other,

*his Empatast al this poinl fo make some comments abowl notation. First, moie thet in Chapter 2 we use 2n
wppercase Fand ¥ for foreard contracts; here we use kowercase  and v for fiutures comtracts, Also, we follow
the pattern of uging subscripts 1o indicale a price or value al & pafticular paint in Gme. The argoments in
pareniheses refer 1o characieristics of 2 contract. Thas, in Chapeer 2 we described the price of a forsand
contract 45 F{0,T) meaning the price of a forward costract indliated s time O and expiring al time T. This price
e ot (s tesile during the life of the contracl. A fstures comtract, however, reprices on a daily basis, lis
caiginal time of mitistion does not mateer—it is relnltised every day, Hence, fubenes prices are indicated by
nanation sech &8 ) and LT, e follow a similar patiemn Ffor value, using V(0. T V(0T and ¥¢(0.T) for
forwards and vo(T1, %(T], and v{T) For fubores.
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.2 Vartuanows of A FuTures

Let us consider how to determing the value of a fumures contract. We already agreed that
becanse no money changes hands, the value of a forward contract at the initiation date is
ero. For the same reason, the value of a ficures conrracr ar the initlarion dare (s zero, Thus,

Yol I) =10 3-2)

Mow let us determine the value of the contract during its life, Suppose we are at the
end of the second day, al tme 1 In our diagram above, this point would be essentially at
trme t, but perhaps just an instant before it 5o leg ws call it time ©—, An instant later, we
call the time point 1<+, In both cases, the futures price 15 £{T). The contract was previously
marked to market at the end of day t — 1 to a price of f,_,(T). An instant later when the
futures account is marked 1o markes, the trader wall recerve a gain of £ — §_(T). We
can reasonably ignore the present value difference of receiving this money an instant later,
Let us now state more formally that the value of a futures contract is

Vil T} = FAT1 = £, (T} an instant before the account is marked o marker  (3-3)

Vi) = 0 as soon as the aoeount (5 marked 1o marker

Suppose, however, that the trader is at a time j durng the second trading day, between
T = 1 and 1, The accemulated gain or loss since the account was last marked o market is
FiTh — £~ (Th If the trader closes the position out, he would receive or be charged this
amount at the end of the day. 5o the value at ime j would be f;(T) — f,_,(T) discounted
back from the end of the day at time t until time j—that is, a fraction of a day, It is fairly
rouling o ignore this intraday interest. Thus, in peneral we sav that the value of a fitures
contract before it has been marked to market i the gain or loss accumulaled since the
account was last marked o marker,

5o to recap, the value of a fuures contract is the accumulated gaim or loss since the
last mark o markel, The holder of o futures contract has a claim or liability on this amount,
Once that claim is captured or the liability paid through the mark-1o-market process, the
contract is repriced o its curment market price and the claim or lisbility goes back to a value
of zero. Using these resolts. determining the value of a futures contract a1 expiration is easy,
An instant before expiration, it 15 simply the accumulated profit since the last mark to mar-
ket. At expiration, the value goes back to zero. With respect to the value of the fulures, expi-
ration is no different from any other day. Exhibit 3-5 summarizes the principles of valuation.

EXHIBIT 3-5 The Value of a Futures Contract Before and After
Marking to Market

vi-(T) = §,(T) — (T}

viT) = §{T) = £, (T} Vil T) = 1..(T) = £ (T

;ﬂm = () 'ﬁ-:liﬂ / fH{T) =5
l | | |
t T

o t=1 j
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In Chapter 2, we devoted considerable effort toward understanding how forward
comtracts are valued. When holding positions in forward contracts, we are forced (o assign
values to instruments that do not trade in an open market with widely disseminated prices.
Thus, it is important that we understand how forward contracts are valued, When dealing
with futures contracts, the process is considerably simplified. Becanse futures contracts are
generally quite actively traded, there is a market with reliable prices that provides all of the
information we need. For futures contracts, we see that the value is simply the observable
price change since the last mark 1o market,

Z.1.3  ForwesrD ann Futures Prices

For all financial instruments, it is impontant to be able to determine whether the price avail-
ahle in the market is an appropriate one. Hence, we engage in the process of “pricing” the
financial instrument. A magor obpective of this chapter 1= to determine the appropriate price
of a futures confract. Given the similanity between futures and foreard prices, however, we
can benefit from siudving forward contract pricing, which was covered in Chapler 2. Bui
first, we must look at the similanities and differences between forward and futures contracts,

Recall that futures contracis settle daily and are essentially free of defanlt rizk, Forward
contracts setlle only at expirstion and are subject to default nsk. Yet both types of contracls
allow the pamy to purchase or sell the underlying asset at a price agreed on in advance. Tt
seems intuitive that futures prices and forward prices would be relatively close o each other.

The issues invalved in demonstrating the relationship between futures and forward
prices are relatively technical and heyond the scope of this book. We can, however, ake a
brief and fairly nontechnical look at the guestion. First let uz ignore the credit rsk issue,
We shall assume that the forward contract participants are prime credit nsks. We focus
oatly on the technical distinction caused by the daily marking 1o market,

The day before expiration, both the futures contract and the forward contract have one
day o go. At expiration, they will both settle. These contracts are therefore the zame. AL any
other tme prior o expiation, futures and forward prices can be the same or dilferent If
interest rabes are constant or at least known, any effect of the addition or subtraction of funds
from the marking-to-rmarkel process can be shown o be neatral, IT interest rates are posi
tively correlated with futures prices, traders with long positions will prefer futures over for-
wards, because they will generate gains when interest rates are going up. and traders can
imvest those gains for higher returms, Also, iraders wall incur losses when interes) rales are
going down and can bormow to cover those losses at lower rates. Because traders holding
long positions prefer the marking 1o marker of futures over forwards when futures prices are
positively correlated with interest rates, futures will carry higher prices than forwards. Con-
versely, when futures prices are negatively correlated with interest rates, traders will prefer
ot bo mark to market, so forward contracts will carmy higher prices.

Because interest rates and fixed-income security prices move in opposite directions,
interest rate futures are good examples of cazes in which forward and futures prices should
be inversely related, Alternatively, when inflation 1= high, mterest rates are high and
invesiors oftentimes put their money in such assets as gold. Thus, gold futures prices and
interest rates would tend 1o be positively correlated. It would be difficult 1o idenufy a =1-
uwation in which futures prices are not correlated with inferest rates, Zero cormelation is rare
in the financial world, but we can say that when the comelation is low or close 1o zero, the
difference between foreard and futures prices would be very small.

Al this introductory level of treatment, we shall make the simplifving assumplion
that futures prices and forward prices are the same. We do o by ignoring the effects of
marking a futures contract to market. In practice, some significant issues anise related to
the marking-to-markel process, but they detract from car abality 1o understandd the impor-
tant concepts in pricing and trading futures and forwards.
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Therefore, based on the equivalence we are sssuming berecen futures and forwands,
wie can assume that the vales of a fulures contract al expiration, before marking 1o market, is

3 vidT) = fHT) = fdT) = Sy = fuT)

with the spol price substiteted for the futures price at T, given what we know about their
CONMVETECnoE,

A4 Priomc FuTUres CONTRACTS

Mow let vz proceed to the pncing of futures contracts, As we did with forward contracts,
| we consider the case of a generic underlying asset priced at %100, A futures coniract calls
' for delivery of the underlving assel in oo year at a price of 2108, Let us see if 5108 is the
i appropriate price for this futures contract.

Suppose we buy the assel for 3100 and sell the fulures contract. We hold the posi-
tion until expiration. For right now, we assume no costs are involved in holding the asset.
We do, howewver, lose interest an the 2100 ted up in the asset for one vear, We assume that
this opportunity cost is at the risk-free interest rate of 5 percent.

Eecall that no money changes hands o the stan of a futures contract, Moseover, we
can reasonably ignore the rather small margin deposit that would be required. In addition,
margin deposils can generally be mel by putling up interest-eaming securities, so there is
really no opponiunity cost. As discussed in the previows section, we also will assume away

the dly settlement procedure; in other words, the value of the futures contract paid oot al
||I cupiration is the final futures price minus the orginal futures price. Because the final
futures prce converges o the spol poce, the final pavoul is the spot price manes the onig-
inal fulures price.

S0 at the contract expiration, we are shor the Tutures and must deliver the assel,
which we own. We do 20 and receive the original futures price for it. So we receive 3108
for an assel purchased a vear ago an 31000 AL a 5 percent interast rale, we lose anly 35 in
interest, 5o our return in excess of the opportunity cost is 3 percent risk free. This risk-free
return in excess of the nsk-free rate is clearly atractive and would induce traders o buy
the asset and sell the futures. This arbitrage activity would drive the futures price down
until it reaches 3103

It the futures price falls below 5105, say to 3102, the opposite arbitrage would oocur.
The arbitrageur would buy the futures, but either we would nesd 1o be able 10 borrow the
asset and sell it short, or investors who own the asset would have to be willing to sell it and
buy the futures, They would recerve the isset price of 3100 and invest it st 5 percent inter-
est. Then at expiration, those investors would get the asser back upon taking delivery, pay-
ing F102. This transaction would net a clear and nizsk-free profit of 53, consisting of interest
of 55 minus a 32 loss from selling the asset at 3100 and buying it back at S102. Again,
through the buying of the futeres and shorting of the asset, the forces of arbitrage would
cause prices to realign to 3105,

Some difficulties occur with selling shon certaim assetz. Although the fimancial mar-
kets make short selling relatively casy, some commodities are not easy 10 sell shor. In such
a case, 115 stll possible for arbitrage 10 ocour. I investors who already own the assel sell
it and buy the futwres, they can reap similar gaing ot no risk. Because our interest is in
financial instruments, we shall ippore these commodity market 1zsees and asswme thal
short selling can be easily exccuted =

* Beep in mind that there are soee resirictions on the short s2lling of financial instraments, such as uptick
rules aml mangin requarements. but we will s comcermn ourselves with s impediments hene.
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If the market price is nod equal to the price given by the modsl, 1t is important to mote
that regardless of the asset price at expiration, the above arbitrage guarantees a risk-free
profit, That profit is known at the time the parties enter the transaction, Exhibit 3-6 sum-
marizes and illustrates this point.,

EXHIBIT 3-6 The Risk-Free Nature of Long and Short Futures Arbitrage

Asset is priced &t 5100, futures is priced at f{T) and expires in one year. [njeses) rate over
the Life of the fulures is 5 parcent,

Long Asset, Short Futures Short Asset, Long Futures
Time Arbitrage Arbitrage
Tosday Buy asset at 5100 Sell short asset for S100
(time 0 Sall futures at (T Buy futures for f(T)
Expiration Agsel price is S Assed price is 51
(time T} Furueres price converges o Futures price converges fo
e price as5el price
Deliver asset Tuke delivery of asset
Profit on asset after accounting Profit on assei afier accounting
for the 5 percent (35) interest for the 5 percent (35) interest
lo# from 5104 tied up in the carmed on the $100 received
imvestment in the asser: from the shart sale of the
Sp= 1Kk =135 paset: 100 + 5 — By
Frofit on futures: (T} = S¢ Profit om fulures: 5¢ = T
Todal profit; f(T) — 100 — 5§ Todal profit: 100 + 5 — fiT)

Conclusion: The assel price at expiration has no effect on the profit captored ar expiration
for sither ransaciion. The profit is known woday, To eliminate arbitrage, the futures price
teday, To0T), must equal 100 + 5 = 3105,

The transactions we have described are identical (o those using forward contracts, We did
note with forward contracts, however, that one can enter intoe an off-market forward contract,
having one party pay cash to another to settle any difference resulting from the contract not
irading &t its arbitrage-free value up front. In the futures market, this type of amangement is
not permitted; all contracts are entered into without any cash payvments up front.

So i general, through the forces of arbitrage, we say that the furires price iz the spors
price compounded ar the visk-free rare:

falT) = 5ol + 1)

It is important, however, to write this result in a form we are more likely to use. In the
above form, we specify r as the inlerest rate over the life of the futures contract. In finan-
cinl markets, however, interest rates are nearly always specified as annual rates, Therefore,
to compound the assel price over the life of the futures, we let r equal an annual rate and
specity the life of the futures as T years. Then the futures price is found as

folT) = Spil + 1)" (3-4)

The futures price is the spot price compounded over the life of the conrracr, T vears, af the
anrial Fisk-freg rare, & From this point on, we shall use thiz more general specification.

P T

e
(e el
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As an example, consider a futures contract that has a life of 182 days; the annual
inferest rate 1% 5 percent, Then T = 1827385 and r = 0.05. If the spot price is 3100, the
futures price would then be

f(T) = Sgil + 0)'
£ 182/365) = 1007 1.05 8764
= 10246

If the futures is selling for more than $102.46, an arbitrageur can buy the asset for 5100
and sell the futures for whatever its price is, hold the asset (losing interest on 5100 at an
annual rate of 5 percent) and deliver it w0 receive the futures price. The overall strategy will
net & return in excess of 3 percent a year &t no risk, IF the futures is selling for less than
S102.46, the arbitrageur can bormow the assed, 520l 1t shost, and buy the futures. She will
earm interest on the funds obtained from the short sale and take delivery of the asset at the
futures expiration, paying the onginal futures prce. The overall transaction results in
receiving $100 up front and paving back an amount less than the 5 percent risk-free rate,
making the ransaction like a loan that is paid back at less than the rsk-free rate. If one
could create such a loan, one could vse it to raise funds and invest the funds at the rsk-
free rafe o earn unlimited gains.

A 15 Paicinc Futures ComMmRacTs WHEN Triee Are STooace CosTs

Except for opportunity costs, we have until now ignored any costs associated with holding
the asset. In many asset markets, there are significant costs, other than the opportunity cost,
i holding an assel. These costs are referred 10 a3 storage costs or carrying cosis and are
generally a function of the physical characteristics of the underlying asset. Some assets are
easy o store; some are difficult, Por example, assume the underlying is oil, which has sig-
nificant storage costs but a very long storage life,”® One would not expect 1o incur costs
associaied with a decrease in quality of the oil, Significant nsks do exist, however, such as
spillage, fire, or explosion. Some assets on which futures are based are ar risk for damage.
For example, cattle and pigs can become ill and die during storage. Grains are subject to
pest damage and fire. All of these factors have the potential o produce significant storage
costs, and prodection such as insurance leads o higher storage costs for these assets. On
the other hand, financial assets have virtually no storage costs. Of course, all assers have
one significant storage cost, which is the opportunity cost of money tied up in the asset,
but this effect is covered in the present value caleulation,

It is reasonable to assume that the storuge costs on an asset are a function of the
quantity of the asset to be stored and the length of time in storage, Let us specily this cost
with the variable FW(S5C0,T), which denotes the value at time T (expiration) of the stor-
ige costs {(excluding oppontunity costs) associated with holding the asset over the period 0
to T. By specifying these cosis as of tme T. we are sccumulating the costs and com-
poundding the interest thercon until the end of the MEETP&EM. We can reasonably
assume that when storage is initiated, these costs are known.

Revisiting the example we used previously, we would buy the asser ar 5, sell a
futures contract at fy(T), siore the assel and sccumulate costs of FV(SC,0,T), and deliver
the nsset at expiration to receive the futures price. The total payof is f(T) = FVISC0.T).

b Fer ll, il has been siored by nabare for millions of years,

¥ There may be reason 1o suggest thil sA0rage costs have an element af uncerainty n them, complicating the
analysis.
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This amount 15 risk free. To avedd an arbitrage opporiunity, its present value should equal
the initial owtlay, 5q, required to establish the position. Thus,

[fAT) — FYISCOTHNI + 1)’ = 8,
Solving for the futures price gives
) = 841 + 0 + FY(SC.0.T) {3-5)

This result says that the fitures price equals the spar price compounded over the life of the
Sutwres contract at the risk-free rove, plus the future value of the storage costs over the life
of the condract. In the previows example with no storage costs, we saw that the fulures poce
wis the spot price compounded at the risk-free rate. With storage costs, we must add the
future value of the storage costs. The logic behind this adjustment should make sense,
The futres price should be higher by enough to cover the storage costs when a trader buys
the asset and sells a futures to create a risk-free position.*®

Consider the following example, The spot price of the asset is 550, the interest rate
is 6.25 percent, the future value of the storage costs 1s 5135, and the futures expires in 15
months, Then T = 15/12 = 1,25, The futures price would, therefore, be

Ty = 51 + 0" + FViSC,0,T)
f1.25) = 50(1.0625)" = + 1.35
= 55.29

If the futures is selling for more than $55.29, the arbatrageur would buy the assel and sell
the furures, holding the position unil expiration, at which time he would deliver the asset
and collect the futures price, earmning a return that covers the 6.25 percent cost of the money
and the storage costs of 31,35, I the futures is selling for less than 355,29, the arbitrageur
would sell short the asset and by the futures, reinvesting the proceeds from the shor sale
al 6,25 percent and saving the siorage costs. The net effect would be to gencrate a cash
inflow today plus the storage cost savings and a cash cutflow al expiraton thal would
replicate a loan with a rate less than the risk-free rate. Only if the futures sells for exactly
£55.29 do these arbitrage opporiunities go away.

L6 Prioms Fortores Comrracts Witk Trere Art Cas Fuonws
O THE UNDERIYISG ASSET

In cach case we have considered so far, the underfving asset did not generate any positive
cash fows o the holder, For some assets, there will indeed be positive cash flows o the
holder. Recall that in Chapter 2, we examined the pricing and valoation of forward con-
tracts on stocks and bonds and were forced (o recognize that stocks pay dividends, bonds
pay interest, and these cash flows affect the forward price. A similar concept applies here
amd does 50 in @ symmetric manner to what we described in the previous section in which
the assel incurs a cash cost. As we saw in that section, a cash cost incurred from holding
the assel increases the futures prce, Thius, we might expect that cash gencrated from hold-
ing the asset would result in a lower futures price and, as we shall se= in this section, that

** W did nit cover assexs that are storable & significant cost when we stodied forward coniracts because such
SONIrReTs are less widely used for these assets. Noneibeless, the formaaln given hers would apply for forwand
ooniracs as well, given oor assumpiion of no credit risk on forwand conlracls.
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1% indeed the case. But in the next section, we shall also see that it is even possible for an
assel to generate nonmonetary benefits that must also be ken into account when pricing
l a futures contract on il.

| Let us start by assuming that over the life of the futures contract, the assel generates
positive cash flows of FVICED T, Tt s mo comncidence that this notation is similar to the
l one we used in the previous section for the storage costs of the underlying asset over the

life of the futures. Cash inflows and storage costs are just different sides of the same coin.
We must remember, however, that FV{CEQ, T} represents a positive flow in this case. Now
let us revisit our example.

We would buy the asset at Sy, sell a futures contract at f(T), store the asset and gen-
erate positive cash fows of FY{CFEO.T), and deliver the asset at expiration, receiving the
futures price. The total payoff is f5(T) + FY{CFE0, T This amount is risk free and known
at the start, T avoid an arbitrage opportunity, is present value should equal the initial out-
lay, 5q, required o establish the position. Thus,

[fdT) + FVICEQT)NI + ' = S

Solving for the futures price gives

fT) = 541 + 1" — FV{CFO.T) (3-6)

In the previous example that included storage costs, we saw that the futures price was the
spod price compounded at the nsk-fres rate plus the future valoe of the storage costs. With
positive cash flows, we must subtract the future value of these cash Nows. The logic behimd
this adjusiment should make sense. The [utures price should be reduced by enough to
account for the positive cash flows when a trader buys the asset and sells a futures 1o cre-
ate a risk-free positon. Ciberaase, the trader would receive risk-free cash flows from the
asset and the equivalent amount from the sale of the asset at the futures prnce. Reduction
of the futures price by thiz amount avoids overcompensating the trader.

As noted, these cash flows can be in the form of dividends from a stock or coupon
interest from a bond. When we specifically examine the pricing of bond and stock futures,
we shall make this specification a little more precise and work an example.

Z AT Pricmc Futures CosmracTs WiHes THERE 15 & Comviraruct YD

Mow consider the possibility that the asset might generate nonmonetiry benefits thal must
also be taken info account, The noton of nonmonetary benefits that could affect futures
prices might sound strange, but upon reflection, it makes perfect sense, For example, a
house is a common and normally desirable investment made by individuals and families.
The house generates no monetary benefits and incurs significant costs, As well as being a
possible monetary investment il prices nse, the house generates some nonmoneiary bene-
fits in the form of serving as a place to live. These benefits are quite substantial; many peo-
ple consider owning a residence preferable 1o renting, and people often sell their homes for
monetary gains far less than any reasonable retum on a risky asset. Clearly the notion of a
nofmonetary benefit 1o owning an assel is one most people are familiar with.

In a futures contract on an asset with a nonmonetary gain, that gain must be taken
into account, Suppose, for the purpose of understanding the effect of nonmonetary bene-
fits on & fubures contract, we create a hypothetical futures contract on a house, An indi-
vidual purchases a house and sells a futures contract on it. We shall keep the arguments as
simple as possible by ignoring the operating or carrying costs, What should be the futures
price? If the futures is priced at the spot price plus the nsk-free rate, as in the original case,
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the homeowner receives a guaranteed sale price, giving a return of the risk-free rate and
the use of the home. This 15 clearly a good deal. Homeowners would be eager o s2l)
futures coniracts, leading 1o a decrease in the price of the futures. Thus, any nonmaonetary
benefits ought to be factored into the futeres price and logically would lead to a lower
futures price.

Of course, in the real world of standardized futures contracis, there are no futures
contracts on houses. Nonetheless, there are futures contracts on assets that have nonmon-
ctary benefits, Assets that are often in short supply, particularly thase with zeasonal and
highly risky production processes, are commonly viewed as having such benefits. The non-
monetary benefits of these nssets are referred 1o as the convenlence yield. Formally, a con-
venience yield is the nonmonetary return offered by an asset when in short supply. When
an asset 15 1 short supply, its price tends o be high, Holders of the asset eam an implicit
incremental return from having the asset on band. This retum enables them, as commer-
cial enterprises, w avord the cost and inconvenience of not having their primary product or
respurce input on hand, Becawse shortages are generally temporary, the spot price can be
higher than the futures price, even when the asset incurs storage costs, If a trader buys the
asset, sells a futnres contract, and stores the asset, the return s risk free and will be suffi-
cient o cover the storage costs and the opporienity cost of money, but it will be reduced
by an amount reflecting the benefits of holding the asset during a period of shortage or any
other nonmonetary benefits.

Mow, let the notation FVICE,0,T) represent the future value of the costs of stomge
minus the benefits:

FWICB,0,T) = Costs of storage = Nonmonetary benefits (Convenience yield)

where all terms are expressed in terms of their future value at ime T and are considered
to be known at time 0. If the costs exceed the benefits, FV{CB,0.T) is a positive number. =
We refer to FV(CB0,T) as the cost of carry.™ The general futures pricing formula is

£4T) = Syil + 1)7 + FV(CB,0.T) (3-7)

The [wiures price 15 the spod price compounded at the rnisk-free rate plus the cost of carry.
This mode] is often called the cost-of-carry model.

Consider an asset priced at £75; the risk-free interest rate is 5,15 percent, the net of
the storage costs, interest, and convenience yield is $3.20, and the futures expires in nine
manths, Thus, T = %12 = 0,75, Then the futures price should be

fT) = Sl + 0" + FVICB,0,T)
[0 75) = TS{L.0515)" + 3.20
= 81.08

As we have always done, we assume that this price will prevail in the marketplace. If it
does not, the forces of arbitrage will drive the market price 1o the model price, If the fulures

= In caher words, FY(CB0,T) has e he positve 1o refer io it 25 o “oost”
*! In some cases, such as in nvemtory storage, il i customany Lo incbode the opportunity cosl in the definilbon
af cost of camy; but we kesp it separate i thas pexi.
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price exceeds $81.08, the arbitrageur can buy the asset and sell the futures to earn a risk-
free return in excess of the nsk-free rate. If the futures price is less than $81.08, the arbi-
trageur can either sell the asset shor or sell it if he already owns it, and then also buy the
futures, creating a risk-free position equivalent to a loan that will cost less than the nsk-
free rate. The gains from both of these transactions will have accounted for any nonmon-
gtary benefits. This arbitrage activity will force the market price to converge to the model
price,

| The above eguation is the most general form of the futures pricing formula we shall
encounter. Exhibit 3-7 reviews and illusirates how we obtained this formula and provides
another example.

EXHIBIT 3-7 Pricing a Fulures Contract

| _— . N
i By asset a1 So Dliver asset
; Sell fishures Hold asser and Receive &(T)
% comiract at fo(TH INCLT COSLE REL e Coses met of benefis:
| Outlay: af benefits FWCH.0.T) |
1 ’ Payoff: fy(T) = FV(CB.0,T) |
: T

The tremeaction is rigk-free and ghould be equivelent o investing So dodlars in @ risk-
free asset thot pays f(T) = FW{CH0,T) ot time T. Therefore, the payoff at T must be
the fwture valwe of the infitial cutloy invested ot the rigk-free rute. Por this relationship
i hold, the fisheres price must be given ns

I = 8l + 17 + FVICB.0.T)

Exsmple: An asect is sclling for $225. A fulures contruct expires in 150 days (T =
18072468 = 0,411} The rigk-free mte is 7.5 percent, and the nel cost of curry is 335,75,
The fwures price will be

(T = G041 1) = 225010754 + 85,78 = 5237 54

i Some variations of this general formula are occesionally seen. Sometimes the oppor-

!;1 unity cost of interest is converted (o dollars and imbedded in the cost of carry. Then we
say that f(T) = Sy + FV{CB,0,T); the futures price is the spot price plus the cost of carry.
This is a perfectly appropriate way to express the formula if the interest is imbedded in the
cost of carry, but we shall not do so in this book.

Another variation of this formula is to specify the cost of carry in terms of & rate,
such as y. Then we heve f(T) = Sy(1 + r1"(1 + y)T, Again, this variation is certainly
appropriate but is not the version we shall use.”’

Mote that when we get into the specifics of pricing certain types of futures contrects,
we must fine-tune the formulas & little more. First, however, we explore some general char-
goterizations of the relationship between futures and spot prices.

M Y another variation of (ks formula 38 to use (1 + r + ¥)7 as a8 approximation for (1 + 871 + 7. We
do mot, however, consider this expression an soceptable way to compute the futures price as it is sn
approximation of a formula then §s sirple encagh wo wse withour spproximating.
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FRACTICE PROBLEM 2

Consider an asset priced at 3530, The rizk-Tree interest rafe is B percent, and a fujures
contract on the asset expires in 45 davs. Answer the following, with questions A, B,

C.
A

and [¥ independent of the others.

Find the appropriate futures price if the underlying asset has no storage cosis,
cash flows, or convenience yield.

Find the appropriate futres price if the future valoe of storage costs on the
underlying asset at the fulures expiration equals $2.25,

Find the appropriate futures price if the future value of positive cash flows on
the underlying aszer equals S0L75,

. Find the appropriate futures price if the future value of the net overall cost of

carry on the underlying assel eguals $3.55,

Using Part [¥ above, illustrate how an arbitrage transaction could be executed if
the futures contract is rading at 360,

Using Part A above, determine the value of a long futures contract an instant
before marking to market if the previous settlement price was 549,

SOLUTIONS

A.

First determine that T = 457365 = 0.1233, Then the fulures price is
Ful0.1233) = $50(1.08)" "5 = 550,48

- Storage costs must be covered in the fulures price, so we add them:

f,(0.1233) = $3001.08)" ' + §2.25 = $52.73

. A positive cash flow, such as interest or dividends on the underlying, reduces the

futures price:
f(01233) = $5001.08)™' — §0.75 = $49.73

« The net overall cost of carry must be covered in the futures price, so we add it

f00.1233) = $5001.08)™ "% + §3.55 = $54.03

Follow these steps:

* Scll the futures at S60.

* Buy the asset at 3540,

* Because the asset price compounded at the interest rate is 550048, the mterest
forgone 15 S0.48, So the asset prce 15 effectively 350,438 by the time of the
futures expiration.

® [ncur costs of $3.55.

* At expiration, deliver the asset and receive 560, The net investment in the asset
is $50.48 + £3.55 = 354.03. If the asset is sold for 360, the net gain is $5.97.

. I the last settlement price was 34900 and the price 15 now 550,48 (our answer

in Part A}, the value of a long futures contract equals the difference between
these prices: $50.48 — 3000 = 5] 48,

= [ S——
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A1 BACKWARDATION AND CONTAMGD

Because the cost of carry, FVY{CHE0,T), can be gither positive or negative, the futures price
can be greater or less than the spot price, Because the costs plus the interest tend to excesd
the benefits, it is more common for the futures price to exceed the spot price, a situation
called comtange. In contrast, when the benefits exceed the costs plus the interest, the
futures price will be less than the spot price, called backwardation. Thess terms are not
particulardy imporant in understanding the necessary concepis, but they are 50 commonly
used that they are worthwhile to remember.

0.9 Fururss Prices aMp ExvecTen SPoT PRICES

An imporant concept when examining fulures prices is the relationship between fulures
prices and expected spod prices. In order to fully understand the issue, let us first consider
the relatonship between spol prices and expected spol prices. Consider an asset with o
risk, but which incurs camrying costs, At time 0, the holder of the asset purchases it with
the cerainly that she will cover her opporiunily cost and carrying cost. Oiherwize, she
wintld mot purchase the asset. Thus, the spot price at time 0 is the present value of the todal
of the spot price al time T less costs minus benefits;

_ 51~ FVICB.O.T)
i1+n"

__ S _ FVICBOT)
i1+n’ (1 +n"

Sa

Because FV{CB.0,T) is the future value of the carrving cost, FV(CB,O,TW(1 + 1) is the
present value of the carrving cosi. So on the ong hand, we can say that the spat price is the
future spot price minus the future value of the carrying cost, all discounted to the present
Ot the other hand, we can also say that the spol price 15 the discounted value of the funre
spod price minus the present value of the carmying cost.

If, bowever, the Tuture price of the azsel is uncertain, as it nearly always is, we muesl
make some adjustments. For one, we do not know at dme O what S¢ will be. We must form
an expectation, which we will denote as Eg(S+4), But if we simply replace 5S¢ above with
Epi51) we would nod be acting rationally. We would be paying a price today and expect-
ing compensation only at the nsk-free rate along with coverage of our carrying cosi.
Indeed, one of the most important and infuitive clements of all we know about finance is
that risky assels requeire a risk premiom, Let vz dencte this sk premium with the symbol,
bl 570 It represents a discount off of the expected value that is imbedded in the current
price, Sy Specifically, the current price 15 now given as

_ EgiSy) — FVICB,0,T) — dy(Sg)

S'lil I;I. + r]-T

where we see that the fsk premium lowers the current spat price, Intuitively, investors pay
less for risky assets, all other things eqgual.

Llntil now, we have worked anly with the spatl proce, but nothing we have said so far
violates the rule of no arhitrage. Hence, our futures pricing formula, f,(T) = 51 + " +
FW(CB, 0T, sull applies, IT we remrangge the futures pricing formula for FY(CB,0,T), sub-
stitute this result inio the formula for Sg, and solve for the futures price, f(T), we obtain
[Ty = EgiS¢) — (S50 This equation says that the futures prce equals the expected
future spot price minus the risk premium,

An imporiant conclusion o draw from this foermala is that the futures price does nol
cqual the expectation of the future spot price. The futures price would be hiased on the
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7.2 ProiNG
InTEREST RATE
Furtugres

high side. If one felt that the futures price were an unbiased predictor of the future spot
price, ff{T) = Eg(31), one could expect on average to be able to predict the future spot
price of oil by looking at the futures price of oil. But that is not likely to be the case,

The intuition behind this result is easy o see, We start with the assumption that all
units of the asset must be beld by someone. Holders of the aszer incur the fsk of its fure
selling price. If a holder of the asset wishes to transfer that risk by selling a futures contract,
she must offer a futures contract for sale. But of the futures contract 15 offered ar a price
equal to the expected spot price, the buyer of the futures contract takes on the risk but
expects to earn only & price equal to the price puid for the futures, Thus, the futures trades
incurs the risk without an expected gain in the form of a risk premium, On the opposite side
of the ¢oin, the holder of the asset would have a nsk-free positon with an expected gain in
excess of the risk-free rate. Clearly, the holder of the asset would not be able to do such a
transaction. Thus, she must lower the price 10 a level sufficient o compensate the fulures
trader for the risk he 15 taking on. This process will lead to a futures price that equals the
expected spot price minus the risk premium, & shown in the above equation, In effect, the
risk premium transfers from the holder of the asset to the buyer of the futures contract.

In all fairness, however, we muost acknowledge that this view is not without itz oppo-
nents. Some consider the fotures price an unbiased predictor of the future spot price. In
such a case, the futures price would tend 1o overshoot and undershoot the future spol price
but on average would be equal to it. For such a situation to exist would require the unres-
sonable assumption that there 15 no risk o that investors are risk neutral, meaning that they
are indifferent to risk. There is, however, one other situation in which the risk premium
could disappear or even lum negative. Suppose holders of the asset who want 1o hedge
their holdings could find other parties who need to purchase the asset and who would like
o hedge by going long. In that case, it should be possible for the two parties (o consum-
mate a futures transaction with the futures price equal to the expected spot price. In fact,
if the parties going long exerted greater pressure than the parties going short, it might even
be possible for the futures price to exceed the expected spot price.

When futures prices are lower than expected spot prices, the sitvaton is called mos-
matl backwardation. When futures prices are higher than expected spot prices, it is called
normal contango. Note the contrast with the terms backwardation and contango, which
we encountered in Section 7.1.8. Backwardation means that the futures price is lower than
the spot price; contango means that the futures price exceeds the spot price. Normal back-
wardation means that the futures price is lower than the expected spot price; normal con-
tango means that the futures price exceeds the expecied spot price,

Generally speaking, we should favor the notion that futures prices are biased pre-
dictors of fulre spot prices because of the transferal of the risk premdum from holders of
the asset o buyvers of futures. Intuitively, this is the more likely case, but the other inter-
pretations are possible, Forunately, for our parposes, it is nod crifical 1o resolve the issue,
but we do need to be aware of it

We shall examine the pricing of three classes of interest rate futures contracts: Treasury
bill futures, Eurodollar futures, and Treasury bond futures, In Section 6.1, we described
the characteristics of these instruments and contracts. Now we look at their pricing, keep-
ing in mind that we established the general foundations for pocing—the cost-of-corry model—
in the previous section. Recall that in the cost-of-carry model, we buy the underlying asset, sell
a futures contract, store the asset {which incurs costs and could generate benefits), and deliver
the asset at expiration. To prevent arhitrage, the futwres price is found in general as

Futures price = Spot price of underlying asset * Compounding factor
+ Costs net of monetary and nonmonetary benefis
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When the underlying is a financial instrument, there will be no nonmonectary benefits and
oo cosis ofher than the opporiunity cost,

2.1 Pricing T-Buy Futumes
Consider the following time line of our problem:

0 h h+m
(today) (expiration) (marity of
underlying T-bill}

Tinwe O iz iday, and time b is the expiration day of the futures contract. The T-ball under-
lying the contract is an m-day T-bill. Thus, when the futures expires, the T-hill is required
1 have m days 1o go before maturity, 5o from our perspective today, the undedving T-hill
is an (h + m}-day T-bill.™ As in Chapter 2 for FRAs, h and m represent a particular num-
ber of days. In accordance with common practice, m is tradittonally 90, We now introduce
s0Mmie necessary notation. First, where necessary, we use a simple expression, r, for the risk-
free interest rate, But when pricing Treasury bill futures, we need a more flexible notation,
Here we need the rates for T-bills maturing on day h and on day h + m. In addition,
because interest rates can change from day O o day b, we need notation that distinguishes
rutes for different maturities and rates at different points in time.™

To find the spot price of the underlying asset, we need the discount rate on an (h < m)-
day T-bill. Suppose we have

rifh), fh + m) = Discount rates in effect on day 0 of h-day and (h + mi}-day T-hills

As described in Section 6, these are discount rates and convert to prices by the following
formula: Bo(j) = 1 — riij)(j/360), where in this case j will either be h or h + m. Thus, the
prices of h- and ¢h + m)-day spot T-bills on day O (assuming $1 face amounts) are

Both) = 1 — rﬂu;m(%_]

b+ m
Boih =1 —=¢dh + r——
gih + m) ath = m 3 )

In other words, the b= or (h + mj-day discount rate is multiplied by the number of days in
the life of the T-bill over 360 and subtracted from the face value of §1.
Mow let ws turn to the futures market, 'We define

ra(h) = implied discount rate on day () of futures contract expiring on day h,
where the deliverable instrument is an m-day T-kill

fpil) = price on day O of futures conlract expiring on day h

" I is comman practice in the T-bill futares marks! to rofer 10 the usderlying as an m-day T-bill, bul at Gme 0,
the underlying miss) be &n (h + mj-day T-kill in arder for it 1o be an m-day T-hill at time h.
* When we assume thai the Isieress rmes are the seme for all maturities and casmol change over time, which

15 comaidensd accoptable when working with stock index and cusmency futures, we can ase the simpler nolation
of 1 far the rate,
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The relationship between i (h) and f(h) is
' m
fathy = 1 = t‘f[h][_ﬁuj

It is imporant © node that e futures price, not the implied discount rate, is the more
important variable, Like any price, the futures price 13 determined in a market of buyers
andd sellers. Any rate is simply a way of ransforming a price into a number that can be
compared with rates on various other fixed-income instruments.™ Do not think that a
futures contract pays an inferes! rale. I8 is mose appropriate 1o think of such a rafe imbed-
ded in a futures price as an implied rafe, hence our use of the term implied discount rale,
Although knowing this rate does not tell us any more than knowing the futures price,
traders often refer to the futures contrsct i terms of the rate rather than the price,

Finally, let us note that at expiration, the futures price is the price of the underlying
T-bill

fuih)

Byl + m)

|n:#h+|m(;hj

where By(h + m) is the price on day h of the T-bill maturing on day b + m, and ril(h +
m} is the discount rate on day h on the T-bill maturing on day h + m.

We mow derive the futures price by constructing a nsk-free porifolio that permils no
arbifrage profits to be eamed. This transaction 1s referred o as a cash-and-carry strategy,
because the trader buys the asset in the cash (spod) marker and carries (holds) it

O day 0, we buy the (h + m)-day T-bill, investing By(h + m). We simullaneously
sell @ fures contract at the price fy(h). On day h, we are required 1o deliver an m-day
T-hill. The bill we purchased, which onginally had h — m days o matnty, mow has m
digys 1o maturity. We therefore deliver that bl and receive the original futures price. We can
view this transaction as having paid By(h + m) on day 0 and receiving filh). Because th{h)
is known on day 0, this ransaction is risk free, It should thus eamn the same retumn per dol-
lar invested as would a T-hill purchased on day O that matures on day b The retom per dol-
lar invested from the arbitrage wansaction would be f(hVBg(h + m), and the return per
dollar invested in an h-day T-ball would be 1/8q(h). " Consequently, we s¢i Lhese values
egqual;

i) 1
Both + m}  Bgihl
Solving for the futures price, we oldain

Byth + m}

folh) = =" )

T funther reindosce the noiban thet an interest rate |s jusa o ransformation of a price, consider  2ero-
coupon bond selling ab 855 and wing 360 days &8 & year. The price can be trassformed into a rale i the
manner of 1095 — 1 = 00526 ar 3.3 percerd. But using the conveniion af ke Treasury bill market, the rane
is expressed &8 a discount rge. Then 085 = | — Rabe = (360030608 and the rate wolld be (W05 or 5 pencent, A
jprice can be converted into a rale im o nember of other ways, such as by assuming dafferent compound periods.
The: price of any fsse 15 devermined in a markes-chearing process. The e i pest 2 means of mansforming the
price so thal inlerest mle nstnements and their derivalives can be discussed in & more comparable manner.

1 Faor example, if g one-year §1 face value T-hill is s=lling for 3050, che revarm per dollar invesied is $150,90 =
LINNL.
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In words, the futures price is the rato of the longer-term bill price o the shorter-term bill
price, This price is, in fact, the same as the forward price from the term strechere, In fact,
as we noted above, futures prices and forward prices will be equal under the assumptions
we have made so far and will follow theoughow his book,

Recall that we previously demonstrated that the futures price should equal the spat
price plus the cost of carry, Yet the above formula looks nothing like this result, In fact,
however, it is consistent with the cost-of-carry formula. First, the above formula can be
written as

1
Bylh)

fplh) = Byih + m][

As noted above, the expression 1/Bglh) can be identified as the retum per dollar invested
over h days, which simplifies 1o [1 + rgth}]"™", which is essentially a compound interest
fwcior for b days st the rate ryth). Note that b is the number of dayvs, assuming 365 in a year.
For the period ending at day h, the above formula becomes

folh) = Bylh + mi[1 + rgih))™* (3-8)

and the futures price is seen to equal the spot price of the underlying compounded at the
interest rate, which simply reflects the opporiunity cost of the money tied vp for b days.

Mote that what we have been doing is deriving the appropriate price for a futures
comtracl. In o market with no arbatrage opporumities, the actual futures price would be this
theoretical price. Let us suppose for a moment, however, that the actual fulures price is
sommething else, say fy(h)®. The spog price is, of course, Bgh < m). Using these two num-
bers, we can infer the implied rate of retumn from a transaction involving the purchase of
the T-ball andd sale of the futures, We have

fo(h)* = Byih + mif1 + rgh)* )™

where rplh)* is the implied rate of return, Solving for rg(h)* we oblain

* |3

This rate of return, rh)*, has a special name, the implicd repo rate. & is the rate of retum
from a cash-and-carry transaction that is implied by the fulures price relotive 1o the spot
price. Traders who engage in such transactions ofien ohtain the funds to do 5o in the repur-
chase agreement {repo) market, The implied repo rate wells the trader what rate of retum w
expect from the strategy. If the financing rate available in the repo market is less than the
implicd repo rate, the sirategy 15 worthwhile and would generate an arbiirage profit, 17 the
trader could lend n the repo market at greater than the implied repo rate, the appropriate
strategy would be o reverse the ransaction—selling the T-hill shom and buying the
futures—turning the stralegy into a source of financing that would cost less than the rate
at which the funds could be lent in the repo market,’®

The implied repo rate is the rate of return implied by the strategy of buying the asset
and selling the futures, As noted above, the futures price is often expressed in terms of an
implied discount rate. Remember that the buyer of a futures contract is committing to bay

** The concepls of a cish-asd-carry strategy and the implisd repo rate are applicable o any (g of fubsres
cantract, bt we cover them omly wilh respect o T-hill fustures, ‘
)
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# T-ball ar the price fth). In the convention of pricing a T-bill by subtracting a discount rate
from par valoe, the implied discount rate would be

e =1 - 1 (22) (3-10

We can also determine this implied discount rate from the discount rates on the h- and
{h + m)-day T-bills as follows:""

Ay = {1 - l_ﬂﬁm](h;ﬂm] [\%j

el

Mow let us look at an example. We are interested in pricing a futures contract expir-
ing i 30 davs, A 30-day T-kill has a discount rate of 6 percent, and a 120-day T-bill has a
discount rate of 6.6 percent. Withh = 30 and h + m = 120, we have

ohy = 530 = 0,06
f5lh + m) = rf(120) = 0.066
The prices of these T-bills will, therefore, be

h
Byh) = 1 rﬂ[h](a m)

C 1 el 300N
By(30) = 1 n.m( P au)] 0.9950
h +
Bo(h + m) = 1 — tfh + m](—m’“:l
_ (120 _
Byi120) = | u.ﬂﬁ-a[_ ; m} 0.9780

Uzing the formula we derved, we have the price of a futures expiring in 30 days as

folhy = et )

By(h)
_ By(120) _ 0.9780 _
W30V = Ban) T osesn o

The discount rate implied by the futures price would be

I

i) = 11—ty 222

" 60
dr = = —— =.
Faf30) = (1 u.-srazm[_ %0 } 0.0684

*7 This Formul is found by substitstisg | — 638 = mil{h + my360] for Bylh + m) and 1 = cAhihs) for
Biolh) im the above eguation for 13 (hi. This procedore expresses the spot prices in terms of their respective
dISCOuRL FRes,



Pricing and Valuation of Futures Contracts mn

In other words, in the T-bill futures market, the rate would be stated as 6,34 percent, which
would imply a fumures price of 0.9829.% Alternatively, the implied futures discount rate
could be obtained from the spot discount rates as

| h + m
1 = rath + m](
1 - rﬂ[h]( h ) m
\ L 360
' 1200
1 —unm{
i =41- } (m) 0.0683
1 - nn::u.':lr 3’”)
L '-35{]

with a slight difference due 1o rounding.

T verify this result, one would buy the 120-day T-bill for 0.9780 and =ell the futures
al a price of (0.9829, Then, 30 days later, the T-hill would be a 90-day T-bill and would be
delivered to settle the futures contract. The trader would receive the original futures price
of 0.9829, The return per dollar invested would be

(.9R29
L97ED

If, instead, the rader had purchased a 30-day T-bill at the prce of 0.9950 and held o for
30 days, the retumn per dollar invested would be

= L0050

|
—— = | ({130
(19950
Thus, the purchase of the 120-day T-hill with itz price in 30 davs hedged by the sale of the
futures contract 15 eguivalent to purchasing & 30-day T-bill and holding it to maturity. Each
iransaction has the same return per dollar invested and is free of risk,
Suppose in the market, the futures price 1s 09850, The implied repo rate would be

fy(h)* J‘""“
hy = | b -
Fulh) lﬁ'u(h + m)

l:‘ (0,9850 880
 OLSETO

Buying the 120-day T-bill for 0.9780 and selling a futures for 09850 generates a rate of
return of 0.9850:0.9780 — | = 0.007157. Annualizing this rate, (10071577 — | =
0.0906, If financing could be obtained in the repo market for less than this annuealized rate,
the strategy would be attractive. If the treder could lend in the repo market at higher than
this rate, he should buy the futures and sell short the T-bill o implicitly Borrow at 9,06 per-
cent and lend in the repo market at a higher rate,

Let us now recap the pricing of Treasury bill fumures, We buy an (h + mi-day bond
and sell a futures expiring on dav h, which calls for delivery of an m-day T-hill. The futures
price should be the price of the (h + m)-day T-bill compounded at the h-day risk-free rate.

= 1 = 00906

™ We should alse probebly note that the IMM Index would be 100 — 8,84 = 9016, Thus, the fistures prics
wiilld e quoted in the markel & 93,16
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That rate 15 the rate of return on an h-day bill. The futures price can also be obtained s the
raftio of the price of the (h + mj-day T-bill o the price of the h-day T-hill. Alicmatively,
we can express the futures price in terms of an imphed discount rate, and we can derive
the price in terms of the discount rates on the (h + mi-day T-hill and the h-day T-hill.
Finally, remember that the actual futeres price in the market relatve to the price of the
th + m}-day T-bill implies a rate of return called the implied repo rate. The implied repo
rafe can be compared with the rate in the actual repo market 1o determine the attractive-
ness of an arbitrage transaction.

Exhibit 3-8 summanzes the imporant formulas imvolved in the pricing of T-ball
tutures. We then turn to the pricing of another shori-term interest rate futwres contract, the
Eurodollar futures.

EXHIBIT 3-8 Pricing Formulas for T-Bill Futures Contract

Futres price = Undeelying T-ball price compounded ar risk-free rae

Futures price in temms of spot T-bdlls:

) Bylh + m)
fh=—“{'—
"= Bgh)

Futures price as spot price compounded i rsk-free rae:
Fulh) = Byih + mif] + ryih]"*
Dnscound rate impdied by fotures price:

R 1 - ein 4 ]h+m_"|
by = [ —f..lh]|L%J= |- o 1"[. 360 l*_w;ﬁl

, -.L L m )
| - riini| 260
Imphied repo eane:
e SN
r._-.-!hl“ = [L] — 1

Bylh + m)

PRACTICE PROBLEM 3

A futures contract on a Treasury bill expires in 30 days, The T-ball matures i 140
davs. The discount rutes on T-bills are as follows:

S0-day bill: 5.0 percent
140-day bll: 2.6 percent
A, Find the approprate futures price by using the prices of the 50- and 140-day T-hills.
B. Find the futures price in terms of the underlving spot price compounded at the
appropriste nsk-free mate,
C. Convert the futures price o the implied discount rate on the futures.

D. MNow assume that the futures contract is trading in the market at an implied dis-
count rate 10 basiz podms lower than 13 appropriate, given the pricing model and
the rule of no arbitrage. Demonstrate how an arbitrage ransaction could be exe-

4
:

P i e

.
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cuted and show the outcome, Calculate the implied repo rate and discuss how it
would be used to determine the profitability of the arbitrage.

SOLUTIONS
A, First, find the prices of the 50- and 140-day boads:
Bo(300 = 1 — (LOS503600 = 0,993

Byi140) = 1 — 0u046(1400360) = 0L.9821
The futures price iz, therefore,

09821

01.9931

B. Firal, find the rate at which to compound the spot price of the 140-day T-hill.
This rate 15 obtained from the 50-day T-bill:

1
0.9931]

We actually do not need to solve for rpth). The above says that based on the raie
ralh), every dollar invested should grow 1o a value of 10069, Thus, the fulures
price should be the spot price (the price of the 140-day T-hill) compounded by
the factor 1.HK:

f(500 = Q9E2 1 1L00G9) = 09889

Annualized, this rate would equal {10069 — 1 = 0.0515.
C. Given the futures price of 0.9589, the implied discount rale is

."IH.I‘]
an

fo( 500 = = {9889

[1 + rglhy]™** = = 1.006%

e (S0) = (1 n.aasm(
= .0kl

v, If the futures is trading for 10 basis points lower, it irades at a rate of 4.34 per-
cent, 50 the furures price would be

(50) = | — ﬂ.m.u(ﬂ)

360
= {19892

D the following:

* Buy the 140-day bomd at 0.9821

® Sell the futures at 09892

Thiz sirategy provides a return per dollar invested of

09892
09821

which compares favorably with a retum per dollar invested of 10069 0 the
futures is correctly priced.

The implied repo rale 15 simply the annualization of this rate:
(10072799 — 1 = 00538, The cash-and-carry transaction would, therefore,
earn 5,38 percent. Because the fulures appears o be muspriced, we could hkely
obtain financing in the repo market at less than this rate,

= 1,072

123
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[

S22 Pricong BurGpolLar FUTURES

Based on the T-bill case, it i5 lempting o argwe that the interest rate implied by the
Eurodollar futures price would be the forward rate in the term structure of LIBOR. Unfor-
tunately, that 15 mot quite the case, In fact, the unusual construction of the Eurodollar
fubures contract relative to the Eurodollar spot market means that no risk-free combination
of a Eurodollar tme deposit and & Evrodollar futures contract can be constructed. Recall
that the Furadollar rime deposit is an add-on instrument. Using Lyj) as the rate (LIBOR)
on & j-day Evrcdollar time deposit on day 0, if one deposits 51, the deposit will grow to a
value of | + Lofjij/26d) j days later. So, the present value of 31 in j days is U]1 +
Loipii/3605]. The Everodollar funeres contract, however, is structured like the T-hill con-
tract—as though the underlying were a discount instrument. So its price is stated in the
form of 1 = LWy e, IT we ry the same arbitrage with Euradollars that we did with
T-hills, we cannot get the LTBOR that determines the spot price of a Eurodollar at expira-
ton o offset the LIBOR that determines the futures price at expiration.

In other words, suppose that on day 0 we buy an (h + m)-day Eurcdollar deposit that
pays 51 on day (h + m) and sell a futeres at a price of fylh). On day h, the futures expira-
tion, the Eurcdollar deposit has m days o go and is worth 111 + Lyimi{m/380)]. The
futures price af expiration is fyh) = 1 = Lyim)i{m/36), The profit from the futures is
fh} — [1 — Lyimiime3600]. Adding this amount to the value of the m-day Evurodollar
deposit we are holding gives a otal positon valee of

_-'_—) F ) = [1 = Lh{mn(a—‘gﬁ)

m
] L’“‘”"(aﬁn

Although fi{h} is known when the transaction is inifisted, Lyim} i= not determined wndil the
futures expiration. There is no way for the Lylm) terms to offser. This problem does not occur
in the T-bill markes becawse the spot price is a discount instrument and the futures contract is
designed as a discount instrument.™ Tt is, nonetheless, common for participants in the futures
miarket o treat the Eurodollar rate as equivalent to the imiplied forward rate. Such an assump-
tion would require the abality 1o conduct the risk-free arbitrage, which, az we have shown, is
impossible. The differences are fairdy small, but we shall not sssume that the Eurodollar
fumires rate should egqual the implied forward rate, In that case, it would 1ake a more advanced
maodel to solve the pricing problem. The essential poants in pricing interest rate fulures on
short-term mstruments can be undersiood by studving the T-hill fulures market.

This mismatch in the design of spot and futures instruments in the Eurodollar mar-
ket would appear to make the contract difficull 1o use a5 a hedging instrument, Although
we cover hedging futures and forwards in Chapter 6. we should note that in the above
equation for the payvefl of the ponfolio combining a spot Eurodallar time deposit and a
short Eurodollar futures contract, an increase (decrease) in LIBOR lowers (raises) the
value of the spot Eurodollar deposit and raises {lowers) the payaff from the shom Euro-
dollar futures, Thus, the Eurodollar futures contract can stll serve as a hedging tool, The
hedge will not be perfect but can still be quite effective. Indeed, the Eurodollar futures con-
tract 15 a major hedging tool of dealers in over-the-counter denvatives,

B 0n is not clear why t5e Chacago Mercaniile Exchange designed the Enrodollar contract as & discount
instrumesd when the underlying Eurndallar depasit is an add-on instrument. The mast likely resson is that the
T-bill fimures concract was already irading, wos successfol, and s design was well undersicod and accepied hy
traders, The CME maost likely felt that this panicular desipn wes seceessfisl and shomld be continued with the
Eurndollar contract. Iromically, the Eurodollar contract became exceptionally soccessful and the T-hill contract
o ks vimmoally no arsding volume,
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We have now commpleted the treatment of futures contracts on shori-term interest rate
instruments. Mow let us look at the pricing of Treasury bomd futures.

F2.3 Pricss Tressury Mot anp Boso FUTURES

Eecall that in Section 6,2, we described the bond futures coniract as one in which there are
a number of deliverable bonds. When a given bond 15 deliverad, the long pays the short the
futures price umes an adjustment term called the conversion facior, The conversion factor
is the price of a 51 bond with coupon equal to that of the deliverable bond and yield equal
e & percent, with calculations based on semiannual compounding. Bonds with a coupon
greater (less) than 6 percent will have a conversion factor greater (less) than 1. Before we
delve inlo the complexities added by this feature, however, lat us stan off by assuming a
fairly generic type of contract: one in which the underdving 15 a single, specific bomd,

When examining bond forward contracts in Chapter 2, we specified a time line and
notation. We return to that specific time line and notation, which differs from those we
used for examining short-term interest rate futures,

[ I |
0 T T+Y
{today) (expiration) (maturity of
underlying bond)

Fecall our notation from Chapter 2:

BT + ¥} = price at time (0 of coupon bond that matures at time T + Y. The bond
has a maturity of ¥ at the futures expiration,

Cl, = coupon at tme 1, where the coupons occur atl imes 4, G, .. ., [, Note
that we care only about coupons prior to the futures expiration at T,

fT) = price at ime 0 of futures expiring at tme T,
By(T) = price m tume O of zero-coupon bond matering at T,

We also need 1o know at time T the accumulated value of all coupons received over the
period from O to T. We need the compound value from 0 1o T of any coupons paid duning
the time the futures contract is alive. This value is denoted as FV{CL0,T). We introduced
this varigble in Chapter 2 and showed how to compats 1t so you may wish o review that
material, It is wraditionally assumed that the interest rate at which these coupons are rein-
vested is known, We also assume that this interest rate applies o the period from 0w T for
money borrowed or lent. We denote this rate as

rp T} = Inmterest rate at time O for period until time T
Az described in the section on T-hill futures pricing, this is the rate that determines the
price of a zero-coupon bond maturing at T.*" Hence,

1

B0 = T s

* Keep in mind, however, tat this rate 15 mol the discount rse thar determines the price of the zero=coupon
bond matering at T. It is the rale of retun, expressed &5 an anmual rale. When warking with T-hills. the symbal
“T represenied Days368, which is consistent with 1is use kere with T-bonds.
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The futures price at expiration is the price of the deliverable bond at expiration:
friTy = BT + ¥}

Mow we are ready to price this bond futures contract. On day 0, we buy the bond at
the price BT + ¥) and sell the futures at the price [4(T). Because the futures does nil
require any cash up fronk, its initial value is zero. The carrent value of the overall transac-
tion 15, therefore, just the value of the bond, BR(T + Y3 This value represents the amoun
of money we must invest 1o engage in this ransaction,

We hold this position until the futures expiration. Dunng this ome, we collect and
reinviest the coupons. On day T, the fulures expires. We deliver the bond and receive the
futures price, fTE We also have the remvested coupons, which have a value af T of
FWiICLO, T These two amounts, £5(T) and FV{CLO,T), are knoan when the transaction was
initiated an dme O, 50 the ransaction i3 risk-free, Therefore, the current value of the trans-
action, BT + Y, should ke the discounted value of its valee at T of fT) + FWiCLO, T

f( T} + FVICL 0, T}
1+ rd T3]

BT + ¥) =

Mote that we are simply discounting the known future value at T of the ranssction at the
risk-free rate of i T).*!

We are, of course, more interested 10 the futures prce, which s the only unknown
in the above equation. Solving, we obtain

fT) = BUT + Y1 + i TH" — FVICLO.T) 3

This equation is a variation of our basic cost-of-carry formula. The spot price, BT + Y,
15 compounded at the risk-free interest rule, We then subtract the compound future value
of the reinvested coupons over the life of the contract. The coupon interest is like a nega-
tive cost of carry; it 1= a positive cash Mow associated wath bolding the underlying bond,

Mow let us work an example. Consider a 51 face valuwe Treasury bond that pays inter-
est al T percent semiannually. Thus, each coupon 15 30,035, The bond has exactly five vears
remaining, so during that time it will pay 10 coopons, cach six months apart. The yield on
the bond 15 & percent. The prce of the bond is found by calculating the present value of
hoth the 10 coupons and the face value: The price is 50,9594,

Mow consider a futures contract that expires in one vear and three months: T = 1,25,
The risk-free rate, T, is 6.5 percent. The accumulated value of the coupons and the
interest on them 15

S0.035(1.065™™ + $0.035(1.065)" = 50.0722

The first coupon 15 pasd in one-hall’ a vear and remnvests for three-quarters of a year, The
second coupon is paid in one year and reinvests for one-quarter of a year.
Mow the futures price is oblzined as
fl Ty = BT + Y[l + Tu['l']IT — FVICLO,T)
ol 1.25) = $0.9594(1.065)" % = $0.0722 = $0.9658

#' W zhall pot teke up the wpic of the implisd repe e again, b nose that §f the furares is selling for £4T),
then el T woeald e the mpdied repo rate.
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This is the price at which the futures should trade. given current market conditions, To ver-
ify this result, buy the five-year bond for 30,9594 and sell the futures for 30.9658. Hold
the position for 15 months until the futures expiration. Collect and reinvest the coupons.
When the futures expires, deliver the bond and receive the futures price of $0.9658. Then
add the reinvested coupons of 3000722 for a total of 5009658 + 30,0722 = $1.0380, If we
invest 30,9594 and end up with $1,0380 15 months later, the return is $1.0380/30.9594 =
1.0819. For comparison purposes, we should determine the annual equivalent of this rate,
which is found as (1.0819)""* — 1 = (.065. This is the same 6.5 percent risk-free rate.
If the fulures contract trades af a higher price, the above ransaction would resull in a returm
greater than 6.5 percent. The amount available at expiration would be higher, clearly lead-
ing to a rate of return higher than 6.5 percent. If the futures trades at a lower price, the arbi-
trageur would sell shon the bond and buy the futures, which would generate a cash inflow
today, The amount paid back would be at less than the risk-free rate of 6.5 percent. ™

Unfortenately, we now must complicate the matter a little by moving to the more
realistic case with a delivery option. Bond futures contracts traditionally permit the shor
i choose which bond o deliver. This feature reduces the possibility of unusual price
hehavior of the deliverable bond caused by holders of short positons scrambling to buy a
single deliverable bond at expiration. By allowing more than one bond to be deliverable,
such problems are avoided. The contract 15 structured as though there s a standard hypo-
thetical deliverable bond, which has a given coupon rate. The Chicago Board of Trade’s
coniract uses a & percent rate. If the short delivers a bond with a higher (lower) coupon
rale, the price received ai delivery is adjusted upward {downward). The conversion factor
is defined and calculated as the price of a $1 face value bond with a coupon and mamrity
equal o that of the deliverable Bond and a vield of 6 percent. Each deliverable bond has
its own conversion factor, The short designates which bond he will deliver, and that bomd’s
conversion factor is multiplied by the final futures price to determine the amount the long
will pay the short for the bond.

The availability of numerous deliverable bonds creates some confusion in pricing the
futures confract, arising from the fact that the underlying cannot be unigueely identified, a
least not on the swurface, This confusion has given rise to the concept that one bond s
always the best one to deliver. If a trader buys a given bond and zells the futures, he cre-
ates a risk-free hedge. If there are no arbitrage opportunities, the return from that hedge
cannot exceed the nsk-free rate. That retum can, bowever, be less than the risk-free rate,
Haow can this be? In all previous cases, if a return from a risk-free transaction is less than
the risk-fres rate, it shoold b2 a simple matter 1o reverse the transaction and caplure an
arbitrage profit. Tn this case, however, a reverse transaction would not work. If the arbi-
irageur sells short the bond and buys the futures, she must be assured that the shor will
deliver the bond from which the potential arbitrage profit was computed. But the short
makes the delivery decision and in all hkelihood would not deliver that particular bond,

Thus, the short can be long a kond and short futures and earn a return less than the
risk-free rate, One bond, however, results in a return closest 1 the risk-free rate. Clearly
that bond is the best bond 10 deliver. The terminology in the business is that this bond 15
the cheapest o deliver.

The cheapesi-to-deliver bond is determined by selecting a given bond and compat-
ing the rate of return from buying that bond and selling the futures to hedge its delivery al
expiration, This calculation is performed for all bonds. The one with the highest rate of
return is the cheapest to deliver.’ The cheapest-to-deliver bond can change, however,

i Again, 2 im the section on T-hill fulsres. this analysis could be conducted m werms of the implicd fepo e,
4% As maed, this raie of rensm will nos exceed the risk-free mie bt will be the highest mic below the risk-free rte.




128

Chapter 3 Futures Markets and Contracts

which can benefit the short and not the long. We ignore the details of deermining the
cheapest-to-deliver bond and assume that it has been identified. From here, we proceed o
price the futures,

Let CFTY be the conversion factor for the bomd we have identified as the cheapest
to deliver. Now we go back to the arhitrage transaction described for the case where there
is only one deliverable bond. Recall that we buy the bond, sell a futures, and réinvest the
coupons on the bond. At expiration, we deliver the bond, receive the futures price f(T),
and have the remvested coupons, which are worth FYOCT0,T), Now, in the case where the
futures contract has many deliverable bonds, we must recognize that when the bond is
deliversd, the long pays fi T) imes CFT). Thiz adjustment does not add any rizk oo this
rizk-free transaction. Thus, the presemt value of the amount received at delivery,
A THCR(T + FYICLO, T, should still equal the onginal price of the bond, which was the
amount we invested to mitiate the transaction:

fTCET) + FViCLOT)
[1 + rATH]"

By(T +¥) =

Solving for the futures price, we obdain

_ BT + Y)[1 + T]" — FY{CLO.T) _
folT) CF(T) (312}

Mote that when we had only one deliverable bond, the formula did not have the
CF(T}) 1erm, but & bermer way (o look at it is that for only one deliverable bond, the con-
version factor is effectively 1, so Equation 3-12 would sall apply.

Consider the same example we previously worked, but now we nesd o conversion
factor, As noted above, the conversion factor is the price of a 51 bond with coupon and
maturity equal to that of the deliverable bond on the expiration day and vield of & per-
cent, with all calculations made assuming semiannuoal interest payments, As noded, we
shall skip the specifics of this calculation here; it is simply a present value calculation,
For this example, the 7 percent bond with maturity of three and three-gquarter years
on the delivery day would have a conversion factor of 1.0505. Thus, the futures price
wistkd be

_ BY(T + Y)[I + rg(T)]" = FV(CLO.T)

o) CFT)
0.9594(1.065)"* — 00722
g = —
f(1.25) | 05E 09193

If the futures is priced higher than 09193, one can buy the bond and zell the futures 1o eam
mre than the risk-free rate. If the futures price is less than 0.9193, one can sell short the
bond and buy the futures to end up borrowing at less than the rsk-free rate. As noted pre-
viously, however, this transaction has o complication: If one goes short the bond and long
the futures, this bond must remain the cheapest o deliver. Otherwize, the shor will not
deliver this particular bond and the arbitrage will nod be successiul.

Exhibit 3-9 reviews the important formuolas for pricing Treasury bond futures
COMTRCLS.
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EXHIBIT 3-9 Pricing Formulas for Treasury Bond Futures Contract

Furures price = Underlying T-bond price compounded &1 risk-free rate less Compound

fature value of reinvested coupons.

Futures price if undedying bond is the only deliverable bond:
[AT) = BT + Y)1 + el THT — FVCLO,T)
Futures price when there are maltiple deliverable bonds:

_ BET +¥i[1 + e T3] — PY{CLOT)
CHT)

£ T

PRACTICE PROBLEM 4

Consider a three-year 51 par Treazury bomd with a 7.5 percent annueal vield and 8

percent semiannueal coupon, Its price is 3100132, A futures contract calling for deliv-

ery of this bond only expires in one vear, The one-vear risk-lree rate is 7 percent,

A, Find the future valee in one year of the coupons on this bond. Assume a rein-
vestment rate of 3.75 percent per six-month penod,

B. Find the appropriate fulures price,

C. Mow suppose the bond is one of many delreerable bonds. The contract specifi-
cation calls for the use of a conversion factor 1o determine the price paid for a
given deliverable bond. Suppose the bond described here has a comversion factor
of L0372, Now determine the appropriate futures price.

SOLUTHOMS

A, One coupon of 0004 will be invested for half a year at 3.75 percent (half of the
rale of 7.5 percent), The ather coupon i3 not reinvested but 15 stll countesd, Thus,
FV(CLO,1) = 0.04{1.0375) + 0.04 = 0.0815.

B. fuil) = LOI3X .07 — 00815 = L0026

101320007 — OLRLS

= (0,967
1.0372 0.966

C. 1) =

7.3 PRICING  Now let the underlying be either a portfolio of stocks or an individual stock.™ The Tormer

STock INDEX  are normally referred to as stock index futures, in which the portfolio is identical in com-

FUTURES  position to an underlying index of stocks. In this material, we focus on the pricing of stock
index futores, but the principles are the same if the underlying is an individoual stock.

In pricing stock index futures, we must gecount for the fact that the underlying

stocks pay dividends.** Recall that in our previous discussions about the generic pricing of

* Futures an individual stocks have taken o long time o develop, primarily because of regulatory burdles. They
were inreduced in the United Siies in lae 2002 and, as of the publication dme of this book., have achieved omly
eicdal tradeng vodurme, They curremly (rede 10 a few other colines sach & the Lnied Kingdom ahd Australia

#* Ewen if not all of the stocks pay dividends, at lzast some of the siocks slmost surely pay dividends.

LIF T
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futures, we demonstrated that the futures price is lower as a result of the compound future
value of any cash Mlows paid on the asset. Such cash flows consist of coupon inerest pay-
ments if the underlying is a bond, or storage costs if the underlying incurs costs to store,*®
Dividends work exactly like coupon interest.

Consider the same time line we used hefore, Today is time 0, and the futures expires
at time T. During the life of the Tutures, there are n dividends of Dpj=12...,n We
assume these dividends are all known when the futures contract is initiated. Let

F¥(D,0.T) = the compound value over the period of 0 to T of all dividends
collected and reimvested

W introduced this variable in Chapter 2 and showed how to compuie it, s0 you may wish
to review that material. The other notation is the same we have previously used:

&y = current value of the stock index
o T) = futures price today of a contract that expires at T

r = risk-free interest rate over the penod Ot T

Miow that we are no longer working with interest rate futures, we do not nead the more
flexible notation for interest rates on bonds of different maturities or interest rates at dif-
ferent time points. S0 we can use the simple notation of r as the risk-free interest rate, bt
we must keep in mind that it is the risk-free rate for the time period from 0 o T,

We undertake the following transaction: On day 0, we buy the stock portfolio thar
replicates the index. This transaction will require that we invest the amount 5, We simul-
taneously sell the futures at the price [o(T).

Om day T, the futures expires. We deliver the stock and receive the original futures
price f(T)."" We also have the accumulsted value of the reinvested dividends, FV(D,0,T)
for a total of fT) + FY({D0.T). Because this amount is known at time 0, the transaction
is risk free. Therefore, we should discount its value at the risk-free rate and set this egual
tor the initial value of the portfolio, Sq., as follows:

_ LiT) + FVDOT)

S {1+ 07

Solving for the futures price gives
i T) = Syl + " = FV(DO.T) (3-13)

which is the cost-of-carry formula for stock index futures. Notice that it is vireally iden-
tical 1o that for bond futures. Ignoring the conversion factor necessitated by the delivery
option, the only difference is that we wse the compound future value of the dividends
instead of the compound future value of the coupon interest,

Consider the following example. A stock index 15 at 1,452.45, and a futures contract
ot the index expires in three months. Thus, T = 3712 = .25, The risk-fres interest rate is

** We also allowed for the possibility of noncash costs, which we called the convenicnce yield, but there are
ni implicit eosis o bemefits associated with stock index futures.

b Wirtually all stock imdex Fuiures comiraces call for cash senlement al expiration. See the explanation of the
equivalence af delivery and cash senlement in Section 4 and Exhibit 3.2, i

3 g
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5.5 percent. The value of the dividends reinvested over the life of the Tures s 7.26, The
futures price should, therefore, be

fAT) = 5501 + 1" — FW{D,0,T)
Fpi0.25) = 1.452.45(1.055)™ — 7.26
1464, 76

Thus, if the futures contract is selling for more than this price, an arhitrageur can buy the
stocks and sell the futures. The arbitragewr would collect and reinvest the dividends and as
expiration would receive a gain that would excoed the risk-free rate of 5.5 percent, a result
of receiving more than 1464.76 for the stocks, IF the lutures contract 1s selling for less than
this price, the arbitrageur can sell shont the stocks and buy the futeres, After paying the div-
idends while holding the stocks," the arbitrageur will end up buying back the stocks at a
price that implies that he has borrowed money and paid it back at a rate less than the risk-
free rute. The combined activities of all arhitrageurs will force the futures price o 1,464.76,

The stock index futures pricing formula has a number of variations. Suppose we
define FVIDULTW + 6 as the presemt value of the dividends, PV{DDT:

FVIDOT) = PVIDOTHI + 0"
Substituting i the futures pricing formula above for FY(D0,T), we obtain
flTh = ISy — PVIDLOLTIND + r)f (3-14)

Modice here that the stock price 15 reduced by the present value of the dividends. This
adjusted stock price 1s then compounded at the risk-Tree rate over the 1ife of the futures.
In the prablem we worked above, the present value of the dividends is found as

FviD,0,T}
PY(T,0,T) = ~—mtre L
[ : i1+
.26
VDO e ——— =17,
PVID,0.0.25) = s e = 7.16

Then the futures price would be
i T) = (50 — PVIDOTH + 0
fl0.25) = (1,452.45 = 7.16)(1.055"%
1,464, 76

Another variation of the formula defines the yield as & in the following manner:

| _,_ FvpoT
(1 +&" Sl + )’

The exact salution for & is somewhal comples, 50 we shall just leave it in the form above,
Uising thas specification, we find that the futures pricing formula would be

. _ Sy T
fal 1= I:rl n ﬁ,‘lT.jFJ o 315

——_—

. Bemember thal a short seller must make restituzion for any dividends paid while the position is shost.

. R s
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The stock price is, thus, discounted at the dividend yield, and this adjusied sock price is
then compounded at the risk-free rate over the life of the futures.**
In the example above, the vield calculation is

L, Do)
(1+8)7 Sall + 07
1 7.26

= (9951

=1-
{1+ &7 1,452.45(1,055"%

Then {1 + &7 is 1/0.9951 = 1.0049 and the futures price is

oI Ty =

ok 1} = (u Ty )

£,0.25) = ’ 452 43 )[l 155,77
= 146484

The difference between this and the answer we previously obtained is strictly caused by a
rounding ermor.
Another variation of this formula is to express the yvield as

FVIDLOT)  FYIDO TN + r)’

a:l:
Sp Sp

This means that FV(D,0,T) = 8401 + r)"6*, Substituting into our futures pricing formula
for FV{DU.T), we obtain

[ T) = Sl — &1 + )" (3-16)

Here again, the siock price is reduced by the vield, and this “adjusted” stock price is com-
pounded at the rfsk-free rate.
In the problem we warked above, the yvield would be found as

ge _ PVODOT)
Sp
7.16
= = (LIS
8 1,452 45 b

Then the futures price would be
fdT) = Sl — 6%1 + 07
fy(0.25) = 1,452.45(1 = 0.0049)1.055)**
= 146481

Again, the differcnce between the two prices comes from rounding.

¥ Eometimes the Falires price is wrillen as ET) = Sl + r E-;lr where the dividend yield is simply
suhiracred from the risk-free rage 1o give o net cost of cenry. This formula is 2 rough appeoximatien that we do
il consider acceprables

o e e et 1 i gl il i ) e
et At i
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A Ccommon variation uses the assumplion of continuous compounding, The continu-
ously compounded risk-free rate 15 defined as ©° = In(l + r). The continoously com-
pounded dividend yield is 8 = In{l + &). When working with discrete dividends, we
obtained the relationship

1 _, _ BVDoT)

i1+ 8" Soll + 07

We calculated (1 + &), To obtain 8, we take the natral log of this value and divide by
T: & = (LTn[(1 + &)']. The formula for the futures price is

f(T) = Sget —H1

In the above formula, the opportunity cost, expressed as the interest rate, 1s reduced by the
dividend yield. Thus, the formula compounds the spot price by the interest cost less the
dividend benefits, An equivalent variation of the above formula is

(i) = (Spe ¥ The’ " (3-17)

The expression in parentheses is the stock price discounted at the dividend yield rate. The
result 15 an adjusted stock price with the present value of the dividends removesd, This
adjusted stock price is then compounded at the risk-free rate. So, as we have previously
seen, the stock price less the present valoe of the dividends is compounded at the risk-free
rale to obtain the futures price.

In the previous problem, (1 + &7 = 1.004%, Then & = {1/0.25)n{1.0049) =
(L0196, The continupusly compounded risk-free rate is In{1.055) = 00535, The futures
price is. therefore, £5(0.25) = (1452, 45, HIIOEEN D302 = 1464 81; again the dif-
ference comes from rounding,

Exhibit 3-10 summarizes the formulas for pricing stock index futures coniracts.
Each of these formulas is consistent with the general formula for pricing futures, They are
each based on the notion that a fulures price 15 the spod price compounded at the risk-free
rate, plus the compound future value of any other cosis minus any cash flows and benefits.
Alternatively, one can convert the compound future value of the costs net of benefits or
cosh flows of bolding the ssset to their current value and subtract this amount from the spot
price before compounding the spot price at the inerest rate. In this manner, the spol price
adjusted for any cosis or benefits is then compounded at the risk-free interest rate to give
the tutures price. These costs, benefits, and cosh flows thus represent the linkage between
spod and Tutures prices,

EXHIBIT 3-10 Pricing Formulas for Stock Index Futures Contract

Futures pnce = Sk index conpounded at riik={ree rate = Future waloe of dividends, or
(5iock index — Present valoe of dividends) compounded at risk-free rabe.
Futures price as stock index compounded at risk-free rate — Puture value of dividends
folT) = Sgil + 17 = FY(DOT)
Furwres price as siock index - Present value of dividends compounded at msk-free rage-

fuT) = [8y — PVIDOTINI + 11"
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Futares price as stock index discounted st dividend yeebd, compounded al nsk-free rate:
o Th = {T:"Tf"}“ +1)' or
A TH = Sl — 57(1 + )
Fulures price in terms of continuously compounded rate and yield:
I Ty = 51—-":" Ll or
FdTh = {Spe ¥ The T

PRACTICE PROBLEM 5

A stock index is at 75542, A fulures contract on the index expires in 537 days. The
risk-free interest rate is 6.25 percent, At expiration, the value of the dividends on the
index 15 3,54,

A. Find the appropriate futures price, using both the future value of the dividends
and the present value of the dividends.

B. Find the approprate futures price in terms of the two specifications of the divi-
dend yield.

L. Uszing your answer i Part B, find the futures price under the assumption of con-
tinuous compounding of interest and dividends,

SOLUTIONS

A. T = 577365 = (1.1562
0, 1562) = 755420006251 — 104 = 75867
Alternatively, we can find the present value of the dividends:

3.94
{10625 1%

Then we can find the futlures price as 0, 1562) = (755.42 — 3.90)(1.0625)""* =
TSE.67.
B. Under one specification of the vield, we have
N S - . S
i1+ &' 755.42(1.0625)" 14

PWITy0,0.1562) = = 3,90

= [LO%4E

We need the inverse of this amount, which is 10,9948 = 1.0052. Then the
futures price 15

_ f T.q.q.q'zl\l 18T _
fol011562) = | o5 Ji1.0625)" 1542 = 758.66
Under the other specification of the dividend vield, we have
3,50
L = [L{HN
5 755.42 (o052
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74 PriCIiNG
Cumremcy FuTURES

The futures price is f,(0,1562) = 75542(1 — 0.0052)(1.0625)™ "% = 758,64,
with the ditference caused by rounding.

C. The continuously compounded nsk-free rate 15 1° = In{1.0625) = 0L.0606. The
continuously compounded dividend yicld is

1562 In{ 10052 = 0L.0332

The futures price would then be

Ful".'l. 1562) = 755,47, 0006 — CLOBITHIL1S63)
= Ta8.66

Given our assumptions about o marking to market. it will be a simple matter o leamn how
to price currency futures: We price them the same as currency forwards. Recall that in
Chapter 2 we described a currency as an asset paying a vield of ', which can be viewed as
the forcign risk-free rate, Thus, in this sense, a currency futures can also be viewed like a
stock index futures, whereby the dividend vield is analogous to the foreign interest rate.

Therefore, an arbitrageor can buy the currency for the spot exchange rate of 5, and
sell a futures expiring at T for f(T). holding the position until expiration, collecting the
forcign interest, and delivering the corrency 1o receive the original futures price. An impor-
lant twist, however, is that the arbitrageur must be careful to have the cormect number of
units of the currency on hand 1o deliver,

Consider a futures contract on one unit of the currency. If the arbitrageur purchases
one unit of the currency up front, the accumulation of imerest on the currency will result
n having morne than one unit at the futeres expiration. To adjust for this problem, the arbi-
trageur should take Sof(1 + )" units of his own currency and buy 141 + )" units of the
foreign currency.™ The arbitrageur holds this position and collects interest at the foreign
rate, The accumulation of interest is accounted for by muluplying by the mierest [actor
i1+t oA expirataon, e number of units of the currency will have grown to [LAT +
)T + 7 = 1. So, the arbitrageur would then have 1 unit of the currency. He delivers
that unit and receives the futures price of £, T

To avoid an arhitrage opportunity, the present valve of the payoll of §(T) must equal
the amount initially invested. To find the present value of the payoff, we must discount at
the domestic risk-free rate, becauze thal rate reflects the opportunity cost of the arbi-
trageur’s investment of his own money. So, first we equate the present value of the future
payoff, discounting at the domestic risk-free rate, to the amount initially invested:

BTy _ S
i+’ N+

Then we solve for the Tutures price o obtain

fAT) ={u—+ﬂﬁﬁj“ + 0T (3-18)
This formula is the same one we uzed for currency forwards,

An alternative variation of this formula would apply when we use continuously com-
pounded interest rates. The adjustment 15 very shight, In the formula above, dividing 5, by

* In other words, if 8 bays 1 undt, then 5400 = 017 buws 141 + ¢ anlis,

. ——
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{1 + )" finds a present value by discounting at the foreign interest rate. Multiplying by
(1 + 17 is finding a future value by compounding &t the domestic interest rate, The con-
tinvously compounded analogs to those rates are ©° = In(1 + r') and ° = In(1 + r). Then
the formula becomes

fofT) = (Spe™" The"T (3-19)

We also saw this formula in Chapter 2.

Consider a futures contract expiring in 55 days on the earo. Therefore, T = 550265 =
0.1307. The spot exchange rate is 30,85, The foreign interest rate is 5.25 percent, and
the domestic risk-free rate 15 6.35 percent. The futures price should, therefore, be

I u
o™ ({I + F]T)U v
0.8590

A0 1507) = (—
':'{ :I [llmzﬁjﬂ.lﬂ:ﬂ

}u.ums].““”’ = [.8603

I the fuures is selling for more than this amount, the arbitrageur can buy the currency and
sell the futures. He collects the foreign interest and converts the currency back at a higher
rate than 00,8603, resulting in a risk-free return that excesds the domestic risk-free rate. IF
the futures is selling for less than this amount. the arbitrageor can borrow the currency and
buy the futures, The end result will be o receive money at the start and pay back money
al & rate less than the domestic nsk-fres rate.

If the above problem were structured in terms of continuously compounded rates, the
domestic rate would be In1.0635) = (L0616 and the fun:lgn rate would be In{l.0525) =
0.0512. The futures price would then be

falT) = (Spe ™" The"
ful:ﬂljﬂ'ﬁl - {D_Ejm—nmlzm.lmﬁeunmm.]mp = ﬂ_sms

which, of course, is the same price we calculated ahove.
Exhibit 3-11 surmmarizes the formulas for pricing currency [ulures.

EXHIBIT 3-11 Pricing Formulas for Currency Futures Contract

Futures price = {Spot exchange rte discounted by Foreign interest rate) compounded at
Domestic interest rate:

. : , el T
Discreie inberest: fATh {{l F o 1+
Continuous interest; FAT) = (Spe™" Tie"T

PRACTICE PROBLEM 6

The spot exchange rate for the Swizs frane 15 30,80, The ULS. interest rate is 6 per-
cent, and the Swiss interest rate is 5 percent. A futures contract expires in 78 days,

A, Find the appropriate futures price,
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7.5 Futumes
Pricivg: A Recap

B. Find the appropriate futures price under the assumption of continuous com-
pounding.
C. Using Part A, execute an arbitrage resulting from a futures price of 50.62.

SOLUTIONS
T = TRAGS = 0.2137

m.w LBt o p
ey (L6 = BLanl2
[]IDS_]I'I'..H."'. ( }
B. The continuously compounded equivalent rates are
1 = Ini1.05) = 0.0488
= = InCl.06) = (LO5E3

A. f(0.213T) =

The futures price is
fg[U'E ljl?:l — {5U.Eilf?e ﬂﬂmmilﬁ?:l]eﬂ(l}ﬁ_l{llllﬁ?:l
= 30,6012

L. Ar 30,62, the futures price is too high, so we will need to sell the futures. First,
however, we must determine bow many wnits of the currency o by, [0 should be

I
{i_ﬂj':l'ﬂ 21T

So we buy this many unis, which costs 9896500600 = 05938, We sell the
futures at S0.62. We hold the position until expiration, During that time the accu-
mulation of interest will make the (0,989 units of the corrency grow 1o 1000
umit. Wi convert the Swiss franc o dollars at the futures rate of 530,62, The return

= ().9E96

per dollar vested 15
062
05038 O

i This is & return of 1.0441 per dollar invested over T8 days. At the risk-free rate
of & percent, the return over 78 days should be (1060277 = 10125, Obviously,

the arbatrage transaction is much bener,

We have now examined the pricing of shori-term interest rate futures, intermediate- and
long-term interest rate futures, stock index futwres, and currency futures. Let us recall the
intuition behind pricing a futures contract and see the commeonality in each of those spe-
cial cases. First recall that under the assumption of no marking to market, at expiration the
short makes delivery and we assume that the long pays the full futures price al that point,
An arbitrageur buys the asser and sells a futures contract, holds the asset for the life of the
futures, and delivers 1t at expiration of the futures, ol which time he 15 pard the futures
price, In addition, while holding the asset, the arbitrageur accumulates costs and accrues
cash flows, such as interest, dividends, and benefits such as a convenience yield. The value
of the position at expiration will be the futures price net of these costs minos benefits and
cash flows, The overall value of this transaction at expiration is known when the iranssc-
tiom is initiated; thus, the value at expiration is risk-free. The return from a risk-free trans-
action should equal the risk-free rate, which is the rate on a zero-coupon bond whose
maturity is the futures expiration day, If the retum is indeed this risk-free rate, then the
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Tutures price must equal the spot price compounded @t the risk-free rete plus the compound
value of these costs net of benefits and cash flows.

It should also be noted that although we have taken the more natural approach of
buying the asset and selling the futures, we could just as easily have sold short the asser
and bought the futures, Because short selling is usually a linle harder 1o do as well as o
understand, the approach we take 15 preferable from a pedagogical point of view. i is
important, nonetheless, o remember that the ability 1o sell short the asset or the walling-
ness of parties who oan the asset to sell it to offset the buving of the futures is critical to
establishing the results we have shown here, Ciberwize, the futures pricing formulas would
be inegqualiies—limited on one side but not restricted on the other,

We should remind ourselves thar this general fosm of the futures pocing model also
applied in Chapter 2 in our discussion of forward contracts. Futures contracts differ from
forward contracts in that the latter are subject o credit risk, Fulures conlracts are marked
1o market on a daily basis and guaranteed against losses from default by the futures clear-
inghouse, which has never defaulted, Although there are centain institutional festures that
distinguish futures from forwards, we consider those features separately from the material
on pricing. Because the general economic and financial concepis are the same, for pricing
purposes, we treal futures and forwards as the same.

8 THE ROLE OF FUTURES MARKETS AND EXCHANGES

We conclude this chapter with a brief look at the role that futures markets and exchanges
play in global Anancial svstems and in society, Virtually all participants in the financial
markets have heard of futures markets, but many do not understand the role that futures
markeis play. Some participants do not understand how futures markets function in global
financial systems and often look at futures with suspicion, if not disdain,

In Chaprer 1, we discussed the purposes of derivative markets. We found that deriv-
ative markets provide price discovery and risk management, make the markets for the
underfving assets more efficient, and permit trading at low transaction costs. These char-
acteristics are also associated with futures markets, In fact, price discovery is often ciled
by oithers as the primary advantage of futures markets. Yed, all derivative markets provide
these benefits. What charactenistics do futures markets have that are not provided by com-
parable markets as forward marke1s?

First recall that a major distinction between futures and foreaards is thar futures are
standardized instruments, By having an agresd-upon set of homogencous contracts,
futures markets can provide an orderly, liquid market in which traders can open and close
positions withoul having o worry about holding these positions to expiration, Although
not all futures contracts have a high degree of liquidity, an open position can nonetheless
be closed on the exchange where the contract was initiated.”" More importantly, however,
futures contracts are guaranteed against credit losses. If a counterparty defaults, the clear-
inghouse pays and, as we have emphasized, no cleaninghouse has ever defaulted. In this
MANMET, & party can engage in a ransaction to lock in a future price or rate without having

* Reenll that there ie o bqusd masket for previcusly apened focward contracts to be closed, bai the halder of
a forward contract can re=enier the markes and esiahlish a posstion opposie 10 ke one previously esrablished [T
one helds a kong foraard contract 1o bay an as3¢1 in six months, one can then do a shor forward contract 1o
kel the 2801 in six months. and this tramsaction offsets the risk of changing markei prices. The credit risk on
bath comtraces remains. In some cases, the offseiing contrect can ke done with (he sime counterpasty as in the
original comrse, permanng the e parties o arrange a single cash seitlement o offset both conirmcts.
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KEY POINTS

o worry aboul the credit guality of the counterparty. Forward contracts are subject to
default sk, but of cowrse they offer the advaniage of costomization, the tailoging of & con-
Iract’s terms o meet the needs of the parties involved.

With an open, standardized, and regulated marken for fuleres contracts, their prices
can be disseminated o other invesiors and the general public. Futures prices are closely

waiched by a vast number of market participants, many trving o discern an indication of

the direction of future spol prices and some simply rying o determine what price they
could lock in for fuwre purchase or sale of the underlving assel. Although forward prices
provide similar information, forward contracts are private transactions and their prices are
ned publicly reported, Futures markets thus provide transparency to the financial markets.
They reveal the prices at which parties contract for future iransseiions,

Therefore, futures prces contribute an imporant element 1o the body of information
on which investors make decisions. In addition, they provide opportunities o fransact for
future purchase or sale of an underlying asset withowt having 1o worry about the credit
quality of the counterparty,

In Chapters 2 and 3, we studied forward and fulures contracts and showed that they
have a lot i commen, Both are commitments o buy or sell an asset st a future date at a
price agreed on foday. No money changes hands at the start of cither transaction. We
learned how 1o determing appropriste prices and valees (or these contructs, In Chagler 6,
wie shall look ar & variety of strategies and applications using forward and futures contracts.
For now, however, we take a totally different approach and loeok at contructs that provide
ol the obligation bal rather the right 1o buy or sell an asser al o later date at a price agread
on today, To obtain such a right, in contrast o agreeing o an obligaton, one musl pay
money at the start. These mstruments, called options, are the subject of Chapter 4.

P — - . S—

* Futures contracts are standardized instruments that trade on a futures exchange, have
o secondary market, and are puaranteed againsi defoult by means of o daily settling
of gains and losses. Forward contracts are customized instruments that are not guar-
anteed against default and are created anywhere off of an exchange.

® Modern futures markets primanly onoginated in Chicago out of a need for gram farm-
ers and buyers 1o be able 1o transact for delivery at future dates for grain that would,
in the interim, be placed in storage.

® Futures transactions are standardized and conducted in a public market, are homoge-
neous, have a secondary market giving them an element of liquidity, and have a clear-
inghouse, which collects margins and setiles guins and losses daily to provide a
gurantes agunst defaull Fulures markets are also regulated w the federal govem-
ment level.

* Margin in the secunties markets is the deposit of money, the margin, and a loan for
the remainder of the funds required 1o purchase a stock or bond. Margin in the funires
markets is much smaller and does not invelve a loan. Futures margin s more like a
performance bond or down payment.

* Fulures irading cocurs on a futures exchange, which involves tading either in a phys-
ical location called a pit or via a computer terminal off of the fleor of the futures
exchange as part of an electronie rading system. In either case, a party o a fulures
conlract goes long, committing to buy the underlying asset at an agreed-upon price,
or short. committing to sell the underlying asset ab an agreed-upon price.

L
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¢ A futures trsder who has established & position can re-enter the market and close out
the position by doing the opposite transaction (sell if the original position was long
or bay if the original position was short). The party has offset the position, no longer
has a contract outstanding, and has no further obligation.

* Initial margin is the amount of money in a margin account on the day of & transaction
or when s margin call is made. Maintenance margin is the amount of money 0 & mar-
gin aceount on any day other than when the inital margin applies. Minimum require-
menis exist for the initial and mainienance margins, with the initial margin requirement
normally being less than 10 percent of the futures price and the maintenance margin
requiremnent beimg smaller than the initial margin requirement. Vasiation margin is the
amount of money that must be deposited into the account to bring the balance up to the
required level, The settlerment price is an average of the last few rades of the day and
15 used to determine the gains and losses marked to the parties’ accounts.

® The futures clearinghouse engages in o practice called marking to market, also known
as the daily settlement, in which gains and losses on a futures position are credited
and charged to the trader's margin account on a daily basis. Thus, profits are avail-
able for withdrawal and losses must be paid quickly before they build up and pose a
risk that the party will be unable to cover large losses.

* The margin balance at the end of the day is determined by taking the previous hal-
ance and accounting for any gaing or losses from the day's activity, based on the sa-
tement price, as well as any money added or withdrawm,

® Price limits are restoctions on the price of a futures trade and are based on a range
relative o the previcus day's seitlemnent price, Ko rade can take place outzide of the
price limits. A limit maove is when the price at which two parties would like to trade
15 al or beyvond the price limit. Limil up is when the market price would be at or above
the upper limit. Limit down is when the market price would B2 at or below the lower
lirmit. Locked limit ocours when a trade cannot take place because the price would be
above the limit up or below the limit down prices,

* A futures contract can be terminated by entering into an offsetting position very
shorily before the end of the expiration day. If the position is sl open when the con-
tract expires, the trader must take delivery (if long) or make delivery (if short), unless
the contract requires thit an egquivalent cash settlement be used in lieu of delivery. [n
addition, two participants can agree to alternative delivery terms, an arrangement
called exchange for physicals,

* Delivery options are features associated with a futures contract that permil the shon
some flexibility in what to deliver, where to deliver it, and when in the expiration
month to make delivery,

® Scalpers are futures traders who take positions for very short periods of time and
attempt 1o profit by buying at the bid price and selling at the ask price. Day traders
close out all positions by the end of the day. Position traders leave their positions
open overnight and potenially longer.

* Treasury bill futures are contracts in which the underlying is 31,000,000 of & U.S.
Treasury bill. Eurodollar futures are contracts in which the undertying is $1,000,000
of & Eurodollar time deposit, Treasury bond futures are contracts in which the under-
Iying 15 100,000 of a 1.5, Treasury bond with a minimum 15-year maturity. Stock
index futures are contracts in which the underlying is a well-known stock index, such
as the S&P 500 or FTSE 100. Currency futures are contracts in which the underlying
is a foreign currency.

|
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¢ Anexpiring futures contract is equivalent to a spod transaction, Consequently, at expi-
ration the futures price must converge o the spot price to avoid an arbitrage oppor-
monity in which cne can buy the asset and sell a futures or sell the asset and buy a
futures w capture an immediate profit an oo risk.

* The value of a futures contract just prior to marking to market is the accumulated
price change since the last mark to market. The value of a futares coniract just after
marking to market is zero. These values reflect the claim a participant has as a result
of her position in the contract,

* The price of a futures contract will equal the price of an otherwise equivalent forward
confract one day prior (o expiration, or if inferest rates are known or constant, or if
interast rates are uncorrelated with futures prices,

* A fumres price is derived by constructing a combination of a long position in the
psset and a short positon in the foteres. This straegy guarantees that the price
received from the sale of the asset is known when the transaction is initiated. The
futures price is then derived as the unknown value that eliminates the opportunity to
earn an arbitrage profit off of the tansaction,

® Futures prices are affected by the opportunity cost of funds tied up in the investment
in the underlying asset, the costs of storing the underlying wsset, any cash flows paid
on the underdying asset, such as interest or dividends, and nonmonetary benefits of
helding the underlying asset, referred 10 as the convenience yield,

® Backwardation describes a condition in which the futures price is lower than the spot
price. Contango describes a condition in which the fumres price iz higher than the
spot price.

* The futures price will not egqual the expected spot price if the risk premium in the spot
price is transferred from hedgers 1o futures traders. If the risk premium is transferred,
then the futures price will be biased high or low relative (o the expected fulure spot
price. When the futureés price is binsed low (high), it 15 called normal backwardation
(mormal contango).

® Tohill futures prices are determined by going short a futures contract and going long
a T-bill that will have the desired matority at the futures expiration. At expiration, the
T-hill is delivered or cash settled o a price locked in when the transaction was initi-
ated through the sale of the futures. The correct futures price is the one that prohibits
this combination from caming an arbitrage profit. Under the assumptions we make,
the T-ball futures price is the same as the T-bill forward price.

* The implied repo rate is the rate of return implied by a transaction of buying a spot
aszet and selling a futures contract. If financing can be obtainad in the repo market at
less than the implied repo rate, the iranssction should be undertaken., If financing can
be supplied to the repo market at greater than the implied repo rate, the transaction
should be reversed,

* Eurcdollar futures cannot be priced as casily as T-hill futures, because the expiration
price of a Eurodallar futures 15 based on a value computed as 1 minus a tate, wheneas
the value of the underlying Eurodollar time deposit 15 based on 1 divided by a rate. The
difference is small but not 2ere, Hence, Eurodollar futres do not lend themsalves o
an exact pricing formula based on the notion of a cost of carry of the underlying,

* Treasury bond futures prices are determined by first identifying the cheapest bond o
deliver, which is the bond that the short would deliver under current market condi-
tions. Then one must construct & combination of a short futures contract and a long
position in that bond, The bond is held, and the coupons are collected and reinvested.
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Al expiration, the uderlying bond iz delivered and the futures price tumes the con-
version fector for that bomd is received. The correct futures price 1= the one that pre-
vents this transaction from earming an arbitrage profit.

Stock index Tutures prices are determined by constructing a combimation of a long
portfolio of stocks identical to the underlying index and a short fufures contract, The
stocks are held and the dividends are collected and remvested, Al expiration, the cash
settlement resulis in the effective zale of the stock at the futures price. The cormect
futures price 15 the oo thal prevents this ransacton from eaming an arbitrage profil,

Currency futures prices are determined by buying the underlying currency and sell-
ing a futures on the curmency. The position 15 held, and the underlyving currency pays
interest al the foreign risk-free rate. Al expiration, the corrency is delivered and the
futures price is recerved, The commect [utures price 15 the one that prevents this trans-
action from earning an arbitrage profii.

Futures markets serve our financial systems by making the markets for the underly-
ing asseis more efficient, by providing price discovery, by offering opportunities to
trade al bower ransaction costs, and by providing a means of managing nisk. Futures
markets also provide a homogeneous, standardized, and tradable instrument through
which participants who might not have access to foreard markets can make commit-
mients o buy and sell assets at a future date at a locked-in price with no fear of credit
risk. Because futures markets are so visible and widely reported on, they are also an
excellent source of information, contributing greatly to the ransparency of financial
rnarkels.
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PROBLEMS 1. A. In February, Dave Parsons purchased o June futures contract on the Misdug 100
[ndex. He decides to close out his position in April. Describe how would he do
5,

B. Peggy Smith is a futures trader. In carly Avgust, she took g short position in an
S&P 500 Index futures contract expiring in September. After a week, she decides
i cloge out her position. Describe how would she do so.

2. A gold futures contract requires the long trader 1o buy 100 troy cunces of gold. The
minal margin requirement 1s 22,000, and the maintenance margin requirement 1%
£1,500.

A, Matthew Evans goes long one June gold futures contract at the futures price of
§320 per troy ounce, When could Evans recerve a mainienance margin ciall?

B. Chris Tosca sells one Aogust gold futures contract at a futures price of $323 per
ounce, When could Tosca receive a maimenance mirgin call?

3. A copper futures contract requires the long rader 1o buy 25,000 Lbs of copper. A rader
buys one Movember copper fulures coniract at a price of $0.75/1b. Theoretically, what
is the maximim loss this rrader could have? Another trader sells one November cop-
per fuiures contract. Theoretically, what is the maximom loss this rader with a shon
position could have?

4. Consider a hypothetical futures contract in which the current price 15 5212, The inital
margin requirement 15 510, and the maintenance margin requirement is 35, You go
long 2 contracts and meet all margin calls bl do not withdraw any excess margin.
A. When could there be a margin call?

B. Complete the table below and explain any funds deposited. Assume that the con-
tract is purchased at the setlement price of that day so there 15 no mark-to-market
profit or loss on the day of purchase.

Beginning Funids Futumes Price Ending

Cray Balance Dreposited Price Change  Gainloss  Balance
0 212
1 211
2 214
3 29
4 210
5 20
& 202

L. Hoar mech are your iotal gains or losses by the end of day 67
5. Barah Moore has taken a short position in one Chicage Board of Trade Treasury bond

futures contract with a face valve of 5 100,006 at the price of % &/32. The initial mar-

2in requirement is 32,700, and the maimenance margin requirement i 32,0000 Moore

would meet all margin calls but would not withdraw any excess margin,

A, Complete the table below and provide an explanation of any funds deposited,
Assume that the contract is purchased at the settlement price of that day, so there
is no mark-to-market profit or loss on the day of purchase.
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Beginning Funds Futures Price Ending

Day Balance Deposited Price Change  Gainfloss  Balance
0 36-04
1 GH-31
2 09722
3 97-18
4 97-24
5 9B-04
[ a7-31

B. How much are Moore's total gains or losses by the end of day 67

6. A, The IMM index price in yesierday's ngwspaper for a September Eurodollar futures

contract is 95,23, Whai is the actual price of this contract?

B. The IMM index price in today's newspaper for the contract mentioned above 15
93.25. How much is the change in the actual futures price of the contract since the
previcus day?

7. Jazon Hathaway, a speculator, has purchased a March Eurodollar futures contract at a
price of 93,33,

A, What iz the annualized LIBOR rate priced into this contract?

B. A month later, the mterest rate has decreased 1o 6.5 percent. Would the futures
price go up or down?

C. How much is Hathaway's gain or loss in dollar terms?

8. Mary Crafl is expecting large-capitalization stocks 1o rally close 1o the end of the year,
She is pessimistic, however, about the performance of small-capitalization stocks, She
decides t» go long one December futures contract on the Dow Jones Indusirial Aver-
age al & price of 9020 and short one December futures contract on the S&P Midcap
400 Index at o price of 26940, The multplier for a futures contract on the Dow i 310,
and the multiplier for a futures contract on the S&P Midcap 400 is 3500. When Craft
closes her position towards the end of the vear, the Dow and S&F Midcap 400 futures
prices are 9,086 and 370,20, respectively. How much iz the net gain or loss o Crafi?

9, A, The current price of gold is 5300 per ounce. Consider the net cost of carry for gold
to be zero. The risk-free interest rate is & percent. What should be the price of a
gold fulures contract that expines in 90 days?

B. Using Part A above, illustrate how an arbitrage transaction could be executed if
the futures contract is priced at 3306 per ounce.

C. Using Part A above, illusirate how an arbitrage transaction could be executed if
the futures contract 15 priced an 5303 per ounce,

10. Consider an asset priced at 390. A futures contract on the asset expires in 75 days. The
risk-free interest rate is T percent. Answer the following questions, each of which is
independent of the others, unless indicated otherwise,

A. Find the approprate futures prce if the underlving asset has no storage costs, cash
flows, or convenience vield.

B. Find the appropriate futures price if the underlying asset's storage cosis at the
futures expiration equal 3.

C. Find the appropriate futures price if the underlying asset has positive cash flows.
The future value of these cash flows i3 30,50 at the time of fulures expiration,

D. Find the appropriate futures price if the underlving asset's storage costs al the
futures expiration equal $3.00 and the compound value at the time of the futures
expiration of the positive cash flow from the underlving asset is 30.50.
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11.

12,

13.

14,

15.

E. Using Part I above, illustrate how an arbitrage transaction could be executed if
the futures contract is trading at 595,

F. Using Part A above, determine the value of a long futures contract an instant
before marking to market if the previous settlement price was $89.50,

. What happens 1o the value of the futures contract in Part F above as soon as it is
marked o market?

A 45-day T-bill has a discount rate of 5.50 percent. & 135-day T-bill has a discount

rafe of 5.95 percent,

A. What should be the price of a fulures contract that expires in 45 days? Assume 31
par value,

B. Show that the purchase of a 135-day T-bill, with its price in 45 days hedged by the
sile of a 45-day futures contract that calls for the delivery of a 90-day T-hill, is
equivalent to purchasing & 45-day T-bill and holding it o maturity.

The discount rate on & 60-day T-bill is 6.0 percent, and the discount rate on a 150-day

T-hill i3 5.25 percent.

A. Based on the 60-day and 150-day T-bill discount rates, what should be the price
of a 60-day futures contract? Assume 51 par value.

B. If the actual price of a 60-day futures contract 15 0.9853, outline the transactions
necessary fo take advantage of the arbitrage opportunity, and show the outcome,

C. Calculate the implied repo rate and discuss how you interpret it to determine the
profitability of the arbirage sirategy outlined in Par B,

A futures contract on a T-bill expires in 30 days, The T-bill matures in 120 days. The

dizcount rates on T-bills are as follows:

A0-day bill: 5.4 percent
120-day bill: 5.0 percent

A. Find the appropriate futures price by using the prices of the 30- and 120-day
T-bills,

B. Find the futures price in terms of the onderlving spot price compounded at the

appropriate risk-free rate.

Convert the futeres price to the implied discount rate on the futures.

« Mow assume that the futures is trading in the market at an implied discount rate
20 baziz points bower than is appropriate, given the pricing mode] and the rule of
ni arbitrage, Demonsirate how an arbitrage ransaction could be executed,

E. Now assume that the futures is trading in the market at an implied discount rate

20 basis podnts higher than 15 appropriate, given the pricing model and the rule of
no arbitrage. Demonstrate how an arbitrage rransaction could be executed,

=y

A 31 face value bond pays an & percent semianmual coupon. The annaal vield is 6 per-

cent, The bond has 10 vears remaining until maturity, and i3 price is 51,1488, Con-

sider u futures comtract calling for delivery of this bond only. The contract expires in
1E months, The risk-free rate iz 5 percent,

A. Compuic the appropriaie futures price,

B. Assuming that the futures contract is appropriately priced, show the riskless strat-
egy imvolving the bond and the futures contract that would eam the risk-free rate
of retum,

Consider a six-year §1 par Tréasury bond. The bond pays a & percent semiannual

coupon, and the annual vield is & percent. The bond 15 priced at par. A futures con-

tract expiring in 15 months calls for delivery of this bond only, The risk-free rate 15 5

percent,
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Th.

17.

18.

Find the future value in 15 months of the coupons on this bond.

Find the appropriate futures price.

Mow suppose that the above bond 15 only one of many deliverable bonds. The con-
tract specification calls for the use of a conversion factor to determine the price
paid for a given deliverable bond. Supposs the bond descrbed here has a conver-
sion facior of 10SGT, Find the appropriate futures price.

A stock index is at 1,521.75. A futures contract on the index expires in 73 days. The

risk-free interest rate is 6,10 percent. The value of the dividends reinvested over the

lite of the futures is 5.36.

A, Find the appropriate futures price.

B. Find the approprniate fuwiures price in terms of the two specifications of the divi-
dend yield,

L. Using your answer in Part B, find the futures price under the assumption of con-
tinuwous compounding of interest and dividends,

A stock index is at 443 35, A futures contract on the index expires in 201 days. The

price of the futeres contract is 458,50, The nsk-free interest rate 15 6.50 percent. The

vitlue of the dividends reinvested over the life of the futures is 5.0,

A, Show that the funeres contract above 13 mispriced by computing what the price of
this futures contract should be.

B. Show how an arbitrageur could take advantage of the mispncing.

The spot exchange rate for the British pound is 314390 The U5, interest rate is 6.3

percent, and the British interest rate 1s 5.8 percent. A futures contract on the exchange

rate for the British pound expires in 100 days.

A, Find the appropriate fulures price.

B. Find the appropriate futures price under the asssumption of continuous com-
pounding,

C. Supposc the actual futures price is $1.4650. Is the future contract mispriced? If
ves, how could an arbitragear take advantage of the mispricing? Use discrede com-
pounding as in Part A

N
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SOLUTIONS

1. A. Parsons would close out his position in April by offsetting his long position with
a short position. To do so, be would re-enter the market and offer for sale a June
futures contract on the Nasdag 100 index. When he has a buyer, he has both a
long and a short position o the June futures contract on the Nasdag 100 index.
From the point of view of the clearinghouse, he no longer has a position in the
contract.

B. Smith would close oul her position in August by offsetting her short position with
u long position. To do =0, she would re-enter the market andd purchase o Seplem-
her futures contract on the 5&P 500, She then has bath a short and a long position
in the September futures contract on the S&P 500, From the point of view of the
clearinghouse, she no longer has a position in the contract,

2, The difference betwcen inital and maintenance margin requirements for one gold
futures contract is 32,000 = 51,500 = F500. Because one gold futures contract is for
100 troy ounces, the difference betwesn imtal and mambenancs Margin requirements
per troy ounce is S500/100, or 55.

A, Because Evans hos a long positon, he would recetve a maintenance margin call if
the price were to foll below 33200 — 33, or 5315 per troy ounce,

B. Because Tosca has a short position, he would receive 1 maintenance margin call if
the price were to rise above 3323 + 535, or 5328 per troy ounce,

A, Trader with g long position: This trader loses it the price falls. The maximuom loss
would be incwrred if the futnres price falls 1o zera, and this loss would Be 30,750k =
25,0000 Ibs, or 518, 7500 OF course, this scenano 15 only theoretical, not realistic.
Trader with o short position: This trader loses if the price increases, Becawse there is
no limit on the price increase, there is no theoretical upper limit on the loss that the
irader with a short position could ncur.

4. A. The difference between the initial margin requirement and the mainienance mar-

pin requirermnent 1= 32, Because the inital futures price was 5212, a margin call
wipuld be triggered if the price falls below 3210,

B.
Beginning Funds Futures Price Ending
Day Balance Deposited Price Change Gainfloss  Balance
0 0 200 212 2000
1 200 0 211 -1 —20 150
2 L& 0 214 3 ] 240
3 240 0 A -5 — 100 140
4 L40h H) 210 1 20 220
5 120 0 204 =6 =120 100y
) 100 10D 202 —2 —4l L e

Chn day {1, you deposit 2300 because the initial margin requirement is 310 per con-
traclt and you go long 20 contracts (310 per contract times 20 contracts equals
52004, Avthe end of day 3, the balance is down o 5140, 520 bebow the 3160 main-
tenance margin regquirement {58 per contract times 20 contracts ). You must deposit
enough money 10 bring the balance up 1o the imnal margin regquirement of $200,
50, the next day (day 4), vou deposit 360, The price change on day 5 causes a
paindoss of =%120, leaving you with a balance of 5100 ar the end of day 5. Again,
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this amount is less than the 5160 maintenance margin requirement. You must
deposit encugh money (o bring the balance up to the initial margin requirement of
£200, So on day 6, you deposit $100.

By the end of day 6, the price is 3202, a decreaze of 310 from your purchase price
of 5212, Your loss so far is 510 per contract times 20 contracts, or 520,

You could also ook at vour loss so far as follows. You imitially deposited
£200, followed by margin calls of 560 and 3100, Thus, vou have deposited a iodal
of 3360 so fur and have not withdrawn any excess margin, The ending balance,
however, is only $160. Thuos, the wtal loss incurred by you so far is 3360 — 160,
or 5200,

5 A
Beginning Furds Futures Price Ending
Day Balance Deposited Price Change  Gain/Loss  Balance
] o 2,700.00 56-06 2,700.00
1 2,700.00 0 96-31 25732 —781.25 1,918.75
2 1918.75 TEL.25 §7-22 2332 =T718.75 1,981.25
3 1,561.25 TI8.75 97-18 —4/32 125.00 2,825.00
4 2,825.00 o 57-24 632 ~187.50 2,637.50
5 2,637.50 0 98-04 12732 = 375,00 2,262.50
] 2,262.50 1] §7-31 532 156.25 2.418.75

-

b, A,

Om day 0, Moore deposits 22,700 becauss the initial margin requirement is 32,700
per contract and she has gone short one contract. At the end of day |, the price has
increased from 96-06 to 96-31—that is, the price has increased from $96,187.50
to 596,968, 75, Becauss Moore has taken a shor position, this increasze of 378123
is an adverse price movermnent for her, and the balance is down by $781.253 to
£1,91E,75, Because this amount is less than the 32,000 maintenance margin
requirernent, she must deposit additonal funds to bring her account back to the
initial margin requirernent of 52,700, So, the next day (day 2), she deposits
§781.25. Another adverse price movemnent takes place on day 2 as the price fur-
ther increases by $718.75 w $97,687.50. Her ending balance is again below the
maintenancs mangin requirement of 52,000, and she must deposit enough money
1o bring her account back o the initial margin requirement of 32,700 So, the next
day (day 3), she deposits $718.75. Subsequently, even though her balance falls
below the initial margin requirement, it does not go below the maintenance mar-
gin regquiremnent, and she does not need (o deposit any more funds.

Moore bought the contract at a futures price of 96-06. By the end of day 6. the
price is 97-31, an increase of 1 25/32. Therefore, her loss so far is 178125 percent
of $100,000, which is 51,781.25,

You could also look at her loss so far as follows: She initially deposited
82,700, followed by margin calls of 3781.25 and $718.75. Thus, she has deposited
a todal of 34,200 so far, and has not withdrawn any excess margin. Her ending bal-
wnce is 52,418,758, Thus, the total loss so far is 34,200 — 32 418,73, or 31,T81.25.

Because the IMM index price is 95.23, the annualized LIBOR rate priced into the
contract is 100 — 95.23 = 4.77 percent. With each contract based on 1 million
notional principal of #0-day Eurodollars, the actual futures price is 31,000,000[1 =
0.04T7(90/3600] = $988,073,
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Because the IMM index price 1s 95,25, the annualized LIBOR rate priced into the
contract is 100 = 9535 = 475 percent. The actual futures poce 1s $1,000,000[1 =
D4 T5R03600] = 5988,125. 5o, the change in actual futures price is $988,125 -
SOER075 = 550

You could also compute the change in price directly by noting that the [MM
index price increased by 2 hasis points. Because each basis point move in the rate
maoves the actual futures price by $25, the increase in the actual futures price is 2
* 325, or 350,

« Because the IMM index price 15 93,35, the annualized LIBOR rate priced into the

contract is 100 — 93,35 = 6.63 percent.
Because the interest rate has decreased, the futures price would have increased.
With esch contract baged on 31 million notional principal of $0-day Eurodollars,
the actual fumres price at the tme of purchase was 31,000,000[1 = (.06635
(90V360)] = $983,375. The actual futures price a month later is $1,000,000
[1 = DL0&SH0300)] = 5983750, The increase in futures price is 3983,750 —
£083,373 = 5375, Thus, Jason Hathaway's gain is 5375,

You could also compaute the change in price directly by noting that the inter-
est rate decreased by 15 basis points (and the IMM index price increased by 15
basis points). Because each basis point move in the rate moves the actual futures
price by 325, the increase in actual futunes price i3 15 X 525, or 5375,

. Her gain caused by the increase in the price of Dow Jones Industrial Average futures
is $10{9,086 — 9.,020) = $660. Because Craft had a short position in S&P Midcap 400
futures, her loss caused by the increase in the price of S&P Mideap 400 futures is
£500(370,20 — 360.40) = £400, Craft's net gain is $660 — $400 = 260,

. A, T = 90365 = 0.2466. The futures price is

fTI =841 + 107
f4(0.2466) = 300(1.06)"**% = §304.34 per ounce

B. Do the following:

* Enter a short futures position—ithat is, sell the futures ar 5306,

* Buy gold at 5300,

* Ar expiration, dellver an ounce of gold and receive 3306

This emount is 51.66 more than 3304.34, which i3 the sum of the cost of the asset
($300) and the loss of interest on this amount at the rate of & percent a vear
(54.34). Thus, the overall strategy results in a riskless arbitrage profit of $1.66 per
futures contract, You can also look at thiz scenario in terms of returns: [nvesting
£300 and receiving $306 90 days later is &n annugl return of 8.36 percant, because
3001,0838) V™% = 304, This return is clearly greater than the risk-free returmn
of & percent.

C. The steps in this case would be the reverse of the steps in Part B above. So, do the

following:

* Enter a long futures position; that is, bay the futures st $303,

® Sell short the gold at 3300,

* Al expiration, take the delivery of an ounce of gold and pay 3303,

This amount paid is 31,34 less than 330434, which iz the sum of the funds
received from the short sale of the asset (S300) and the interest earned on this at
the rate of & percent per vear (54.34), Thus, the overall strategy results in a risk-
less arbitrage profit of $1.34 per futures contract. In terms of rates, receiving $300
up front and payving S303 90 days later represents an annual rate of 4.12 percent,
because 300(1.0412)"¥*** = 303, This rate is clearly less than the risk-free rate




150

Chapter 3 Futures Markets and Contracts

1.

N ———

.h=45and h + m = 135

of & percent. Thus, the overall ransaction is equivalent 1o borrowing at a rale less
than the risk-free rte.

. T = T5/365 = 0,2055. The futures price is 50.2055) = 90(1.07" "™ = 91,28,
. Storage costs must be covered in the futures price, so we add them,

F,(0.2055) = 91.26 + 3 = 94.26

« A positive cash flow, such as interest or dividends on the underlving, reduces the

futures price:

(0. 2055) = 91.26 — 050 = M6

. W add the storupe costs and subtract the positive cash flow:

fi0,2055) = 91,26 + 3 — (.50 = 93.76

« We would do the following:

* Sell the futures ar $95.

* Buy the aszset at $900.

* Hecouse the asset price compounded at the interest rafe is 59126, the interesi
forgone 15 1,26, 50 the asset price is effectively 591.26 by the time of the futures
expiration,

* We have incurred storage costs of 33 on the asset. We have received 3050 from
the aszel. Al expiration, we deliver the asset and receive $95. The net investment
in the azser is 591,26 -+ 53,00 — 3050 = 393,76, I we sell 1 for $95, we muke
anet gainof 31,24, Thus, the overall strategy results in a riskless arbitrage profit
of %1.24 per futures contract. One can also look at this profit in terms of retums,
Inwesting 290 and recerving o net of 595,00 — $3.00 + 30,50 = 392 50 75 days
later is an annual retumn of 14,26 percent, because $90(1.14264) 7% =
34250 This return is clearly greater than the risk-free return of 7 percent.

o The last settlement price was 589,50, and the price in our answer in Part A s

391,26, The value of a long futures contract 1% the difference belween these prices,
or 51.76.

. When the futures contact 1s marked to market, the holder of the futures contract

receives a gain of 31,76, and the value of the futures contract goes back (o a value
of zero,

fhih) = 45) = 0.055
rath + m) = i{135) = 0.0595
The prices of these T-hills will, therefore, be

Byih) = | — ;g[hn:ﬁ
i ’

'3
By(45) = 1 = 0.055] %1 = 0.9931

Byfh + m) = I —r*.%.[h+m_|("+'“]

135
Bo(135) = 1 — 0.0 5(* 09777
A135) = 1 — 0,059 w'} 0.9777
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5o the price of a futures contract expinng in 45 davs 15

vy Bglh 4 m)
fall) = T Ram
_ B{135) _ 09777 _ .,
fd5) = By45) 0,993 (.5E45

The discount rate implied in the futures would be

iy = 11 — ol 22
L

360

H:I = [0

sy =1 - n.umﬁi(

In other words, in the T-bill futures market, il rate would be stated as 6,20 per-
cent, which would imply o futures price of 09845, Aliematively, the implied
futures discount rate coald be obrained from the spot rates as

[ .I.h + 1
PO 1 = tith 4 III.I:I; jﬂ::n :| [%}
1~ {505
_ ) s\ )
Fa4s) =4 1 - l UM}S.{MJ [t;ﬂ = 0.0622
1= 1}.[!55{%} '

with the slight difference caused by roanding,

. Buppose one purchases the 135-day T-ball for 0.9777 and sells the 45-day futures

coniract ai a price of (L9845, Then, 45 davs later, the T-bill would be a 90-day
T-bill and would be delivered to settle the futures contract. Thus, at that tme, one
wistild receive the ariginal futires price of 09845, One initially paid 0.9777 and
45 days later received (L9845, The return per dollar invested is

(L9545
09777

= |GG

[f instead one purchases a 45-day T-hill at the price of 029931 and holds it for 45
days, the return per dollar invested 13

1 i
e 100693

Thus, the retum per dollar invested 1= the =ame 0 both transactions (wath a shight
difference caused by rounding), and both iransactions are free of nsk.

. First compuie the prices of the 60-day and 150-day T-hills. With h = 60 and h +

i o= 150,
ety = rhie0) = 0060
raih + m) = r150) = 0.0625
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C

&

13. A,

. We must find the rate a1 which to compound the spot price of the 120-day T-hill.

The prices of these T-hills will, therefore, be
h
B = —_ —
olh) = 1 rﬂih)(am)

Bo(60) = 1 — n.nﬁ(ﬂ) = 0.99

360
e 0 mf25)
150

Bpild0y = 1 = D.DGES(EJ = (0,974
50 the price of & futeres expiring in 60 days is

= Belh+mj
falh) Both)
o By1s50) _ 0974 _
fol45) B,(60) 0.990 0.9838

As the actuel futares price of 0.9853 is more than the implied futures price com-
puted in Part A, you should sell the futures contract, So, do the following.

® Buy the |50-day T-bill at 0.974,

* Sell the 60-day futures contract at 0,9853,

The return per dollar would be
0.9853
0.9740 1.0116
Note that this return is risk free. It compares favorably with return per dollar on
purchasing a 60-day T-bill and holding it to maturity, which is
1
009 1.0101

The repo rate is the annualization of the return per dollar because of the arbitrage
transactions outlined in Part B:

1L.O116%%% - | = 0.0727

Thus, the rate of return from a cash-and-carry transaction implied by the furures
price relative to the spot price is 7.27 percent. If the financing rate available in the
repo market is less than this rate, the arbitrape strategy outlined in Part B s
worthwhile, because the cost of funds is less than the retum on the funds.

First, find the prices of 30- and 120-day bills:
Bp(30) = 1 = QLOS43003600 = 09955
By(120) = 1 — 0.050(120360) = 0,9833

fih) = M; M;]m

_ Bg(120)  0.9833
fld5) = = = (],
) =R T nevss 09877

The spot rate, obtained from the 30-day T-bill, is

+ hedgs _
[1 4 rofhi] 0.9955

= 1005
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A,

Based on the rate rq(h), every dollar invested should grow 1o a value of 10045
Thusz, the futures prce should be the spot price {price of the 120-day T-bill) com-
pounded by the factor 1.00<45:

fu(30) = 0.9833(1.0045) = 0.9877

That is, [| + rg(h)]**** = 1.0045. Note that we do not actually need ryih).

. Given the futures price of 0.9877, the implied raie is

i b
[ = _ E = =
ry (h) = (1 u.mm}t 0 J 0.0492

. If the futures contract is trading for 20 basis points lower, it is trading at a rate of

4.72 percent. 5o the futures price would be

W b
fa(30) = 1 — 0472 —| = (L98E2
a0 [EED.}

D the following:

® Buy the 120-day bill at 0.9833.

¢ Sell the furares ar 0.9882.

This transaction produces a return per dollar invested of

0.9882
0.9833

which is a risk-free return and compares favorsbly with & retum per dollar
invested of 1.0045 (computed in Part B above) for a 30-day T-hill.

= L0050

. If the futures contract is trading for 20 basis points higher than is appropriate, it

trades at & rate of 3.12 percent, 5o the futures price would be

a0
a3 =1 u.{mz( 3!5-1]) = (9872

Do the following:
* Sell the 120-day bill at 0.9833,
® Go long & 30-day futures contract at 09872,
Thus, at the beginning, vou received (.9833, At expiration 30 days later, the 120-
day bill you sold short at the beginning 15 a $0-day bill. You would take care of
this by paying 0.9872 and taking the delivery of a 90-day T-bill (because you had
bought & 30-day futures contract at the beginning). Effectively, what you have
done 15 borrowed at a rate of

09872
0.9833

which compares favorably with the risk-free rate of 1.0045 computed in Part B above,

You could also look at the above as follows, You go long a 30-day futures
contract at 0.9872. You sell the 120-day hill at 09833, Inves: this amount in a 30-
day T-bill, At maturity, you will have 0.9833(1.0045), or 0.9877. This return com-
pares favorably with the 0.9872 that you owe at expiration.

= 1004}

Because the futures contract expires in 18 months, T = 1.5, The risk-free rate,
gl T}, is 0.05. When computing the accumulated valee of the coupons on the bond
and the interest on them until the futures contract expires, note that the first
coupon is paid in exactly six months and reinvested for the one year remaining
until expiratbon. Also, the second coupon is paid in exactly one year and reinvested

——
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for the six moaths remamining until expiration, and the third coupon 12 pand in
exactly one and a half years and nod reinvested. 5o, the accumulated value of the

coupons on the bond and the interest an them is
0.0401.05)" + 0.0 1.05™ + 0.04 = 0.1230

Becouse the underlying bond is the only deliverable bond in this simplistic prob-
lem, the conversion factor is 1.0, so no adjustment is required, Now the Tutures
price 15 easily obtained as

T = BT + Y[l + miTH" — FYICLOT)
foi1.5) = 1.1488(1.05)"F — 0.1230
= 11130

B. Buy the five-vear bond for 31,1488 and sell the futures for 31,1130, Hold the posi-
tion for one and a half years umil the fumres expiration, Collect and reinvest the
coupons in the meantime. When the futures contract expires, deliver the bomd and
receive the futires price of 51,1130, In addition, you will have the coupons amd
interest on them of 5001230 for a total of 311130 + 30,1230 = 512360 You
invested 51,1488 and end up with 51,2360 a vear and a hall later, so the return per
dollar invested is $1.236008]1 14388 = 10759, Because this amount is paid in 1.5
years, the annual equivalent of this is

LO759"" = | 08

This return s eguivalent to the 5 percent risk-tree rate.

15. A, Because the futures contract expires in 15 months, T = 1.25. The risk-free rate,
1l Th, is 005, To compuie the accumulated value of the coupons on the bond and
ihe interest on therm wnnl the fulures contract expires, we nole that the st coupon
is paid in exactly six months and reinvested for the nine months (0075 years)
remaining uintil expiration, Also, the second coupon 15 pamd in exactly one vear and
reinvesied for the three months (0025 years) remaining until expiration. 5o, the
accumilated valoe of the coupons on the bomd and the interest on them is

0.03(1.05)"™ + 0.03(1.05)™ = 0.0615

B. Because the underlving bond is the only deliverable bond in this part of the problem,
the conversion factor is 1, and no adjuestment i= required. So, the futures price is

Ty = BHT + Y[l + rg(Ty" — FViCLO.T)
fu(1.25) = 1(L.05)" ™ — 00615
= 10014

C. The futures price now is the price compated in Part B above divided by the con-
version factor. Becaunse the comversion factor is 1.0567, the futures price is

1004
10567

= 05477

16. A. T = 73365 = 0.20. The futures price should be
fAT) = 81 + )" — FY(DO,T)
fui0.20) = 1,521.7501.06100" % — 5,36
= [,534.52
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Adternatively, we can find the present value of the dividends:

FV(D.0.T}
i+

3.36
(ORI

Then the futures price would be
faT) = [Sp — PYIDOTIN + 07
fof0.200 = (1,521.75 — 5,300 1.061)"*"
= 1,534.52

PVi(DOT) =

P¥iD00.20) = = 5.30

B. Omne specification based on the vield & is

I _, _ FVDOT)
1+ 8 Sall + 17
5.6

T s Ts0e 0.9965

So, {1 + 8" is 1009965 = 1.0035. Then the futures price is

— f SI:l T
M) = {55 mr}“ )

l:‘ 1,521.75
L 105

1,534.51

rl:lﬁ}_zn] L I ﬂ’ﬁl ]I:l M

The difference comes from rounding.
Under the other specification, the yield would be found as
_ V(D0 T)
B 'EIF
5,30

= sargs L0035

h*

Then the futures price would be

fl(T)
0, 20

Sl — B*K1 + "
15217501 — 0.0035)(1.061)%20
= 1,534.49

The difference comes from rounding,

C. The continupusly compounded nsk-free rate is ©° = In(l + r) = In{l.061) =
00592, The continuously compounded dividend yield is 8 = Wn{l + &) =
(LUTinl{1 + &1 = {1/0.200In{ 1.0035) = 0.0175. The futures price is

f(T) = S 47
fof0L.20) = 1,521,751 0% 00175010

I,534. 45

The difference comes from rounding.
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17. A, T = 2001/365 = 0.5507, The fumres price should be
fT) = 5401 + 0" — FV(DO.T)
fa(0.5507) = 443.35( L0650 T — 5.0 = 454.0
Alternatively, we can find the present value of the dividends:

FViD.0,T)

T) = —=t=t=x

PV(DOT) = =0
PV(D,0,0.5507) = 065075 S'L;c, oy = 4.83

Then the futures price would be
fT) =[S — PVIDOTIND + )7
f0.5507) = (443,35 — 4830106505507
= 454.0

Because the futures contract is selling at 458 50, which is higher than the price
computed above, the futures contract 15 overpriced.

B. The arbitrageur will buy the stocks underlying the index at their current price of
£443,35, Also, the arbitrageur will sell the futures coniract at the semlement
price of 5458.50, The arbitrageur will collect and reinvest the dividends, which
would be worth 35 at the time of the futures expiration. At the time of expira-
tion, the arbitrageur will get the settlement price of $458.50. So, the arbitrageur
invests 3443.35 at the beginning and receives $5.00 + 54538.50 = $463.50
the expiration 201 days later. The return per dollar invested over the 201-day
pertod 15

43,50
44135

= 10454

The annual risk-free rate is 6.5 percent, equivalent to a return per dollas invested
of (1.065)™"*" = 1.0353 over the 201-day period. Thus, the return to the arbi-
trageur [rom the transactions described above exceeds the risk-free retum. Aller-
natively, one could see that to the arbitragenr, the return per dollar invested, over
a vear, is 10454 = 1 0832, This annualized return of 8.32 percent is clearly
greater than the annual risk-free rate of 6.5 percent,

18, T = 10(¥365 = 0,274
A. The furures price 15

_ Sy
i1+

1.4350
fy(0.274) = (W 1063727

= 14404
B. The contineously compounded equivalent rates are
= In{1,058) = 0.0564
r = Ind 1.063) = Q0611

il T) -=( ]{I + T
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The futures price is
T} = (Spe ™ The" T

r\'.er]' = r | 43% —a D—"ﬁ"l“ll.:'.'l:l.:lrn 061 162741

= L4400

« The sciual futures price of 31.4650 15 higher than the price computed above—ihe

fulures contract is overpriced. To take advantage, the arbitrageur needs 1o buy the
foreign currency and sell the futures contract. First, however, we must determine
how many units of the currency 1o buy. Because we need o have 1 umt of cur-
rency, incleding the interest. the number of units to buy is

W = (L9847

S0 we buy 09847 units, which costs 0984705143900 = 51.417. We sell the
futures at 314630 and hold until expiration. During that tme, the accomulstion
of imerest will make the 0.9847 units of the currency grow to one unit. Using the
futures contract, at expiration we convert this unit an the Tuleres rate of 31,4650,
The retum per dollor invested 15

14650

= 1.03349
1.417

or i return of 3.39 percent over 100 days. The U.5. annual risk-free rate is 6.3 per-
cent, which is equivalent to a return per dollar invested of {1.063)™™ = 10169,
over the 100-day period. Thus, the retumn to the arbitrageur from the transactions
described above exceeds the risk-free return. Altematively, one could =ee that 1o
the arbitrageur, the return per dollar invested, over a year, is (1.0339%31% =
[.1294. This annualized return of 12,94 percent is more than double the annual
risk-free rale of 6.3 percent.



