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Introduction

By this time you should have received the following tutorial matter. If you have not received all these
tutorial matter, please contact the Department of Dispatch at the telephone number given in the
inventory you received upon registration.
Tutorial letters:

• COS2633/101/3/2015 General information about the module and the assignments

• COS2633/102/3/2015 Background material

• COS2633/201/1/2015 This letter: Solutions to assignment 1

1 Discussion

1.1 The marking

The marking of this assignment was automated and performed at the assignment division of UNISA.
The result published to students is therefore not, in any case, under lecturers control. All the questions
were marked.

Next we present a model solution on which the marking was based. Note that a list of errata was
provided and we are taking it into consideration as well.

Question 1

The following development will guide you through the answer to questions (1) to (4). In section 4
of the background material (the tutorial COS2633/102/3/2015) we discuss the construction of rough
graphs of functions. In particular, we consider

• the existence, discontinuities and singularities;

• symmetries;

• boundedness;

• behaviour at very small and very large values of x and behaviour at 0;

• roots and zeros;

• turning points; and

• other points

of our functions. So let us investigate the behaviour of the above functions, f(x) = xex − 2.
The function f(x) = xex − 2 is defined and continuous for all real-valued x, therefore also on the
interval [0.5, 1]. The rough graph of f(x) is shown in figure 1, which also shows that x0 = 0.5 and
x1 = 1 bracket the required root.
We can therefore apply the regula falsi and the secant methods (see [1, pages 71, 75]). The computa-
tions are shown in tables 1 and 2.
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Figure 1: Rough graph of f(x) = xex − 2 on [0.5, 1]

Table 1: Calculations with regula falsi, question 1
Regula falsi, x0 = 0.5, x1 = 1

Iteration x f(x)
1 0.810371774952277 −0.177681448436795
2 0.847977577064739 −0.020040299167798
3 0.852103926149831 −0.002178882160758
4 0.852551206774865 −0.000235943712327
5 0.852599625362406 −0.000025538346364
6 0.852604865962733 −0.000002764117727

Table 2: Calculations with secant method, question 1
Secant method, x0 = 0.5, x1 = 1

Iteration x f(x)
1 0.810371774952277 −0.17768144843679
2 0.847977577064739 −0.020040299167798
3 0.852758254751202 0.000663903397311
4 0.852604956977597 −0.000002368590171

(1.1)

From the remarks given above, options (1), (2), (3) and (4) are all true, and thus
incorrect options for the question. However, if option (5) is true, it means options (1),
(2), (3) and (4) are all false, which of course is not the case. Therefore option (5) is
false and thus the correct option for the question.
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(1.2)

From the remarks given above, we need the function f to be continuous and the end
points of the interval to bracket the root, meaning they should have images of opposite
signs. This clearly makes options (1), (2) and (4) false. Also, we can indeed have the
relevant information from the graph of f , which makes option (3) true and hence option
(5) false. Therefore the correct option is option (3).

(1.3)

Note that modification to this question is given in the list of errata. Results from
Table 1 suggest that options (1), (2), (3) and (4) are all true, which means the correct
option is option (5).

(1.4)

Note that modification to this question is given in the list of errata. Results from
Table 2 suggest that options (1), (2) and (3) are all false, which makes option (5) false.
However, option (4) is true. Therefore the correct option is option (4).

Question 2

To tackle this question, we may refer to section 4 of COS2633/102/3/2015 and notice the following:

• f(x) = x4 − 2x3 − 5x2 + 12x− 5 has no singularities and obvious symmetries;

• f(x) does not exhibit particularly interesting behaviour when x→∞ or −∞;

• f(0) = −5;

• f(x) has four zeros, which we need to find using Müller’s method;

• as a starting point we shall investigate the local extrema of f(x).

Local extrema of f(x)

Clearly, f(x), a fourth degree polynomial, is a continuous function. Its derivatives are

f ′(x) = 4x3 − 6x2 − 10x+ 12, f ′′(x) = 12x2 − 12x− 10, f ′′′(x) = 24x− 12.

f ′′′(x) has a zero at x = 0.5, which means that f ′′(x) has a local extremum at x = 0.5. Since the
coefficient of the quadratic term is positive, the local extremum is actually a local minimum. Moreover,
we compute the two zeros α and β of f ′′(x) by means of the well-known formula:

−b±
√
b2 − 4ac

2a
=

12±
√

(−12)2 − 4(12)(−10)

2(12)

i.e.,

α =
12−

√
624

24
≈ −0.5408 and β =

12 +
√

624

24
≈ 1.5408.

We now know that f ′(x) has local extrema at α and β. Since f ′′′(α) ≈ −25, f ′(x) has a local maximum
at α. Similarly, since f ′′′(β) ≈ 25, f ′(x) has a local minimum at β.
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Table 3: Starting values for Müller’s method to compute u, v, w
Starting values for u for v for w

x2 α− 2 α β

x0 α− 1 β−α
2

β + 1
x1 α β β + 2

Table 4: Numerical starting values for Müller’s method to compute u, v, w
Starting values for u for v for w

x2 −2.5417 −0.5417 1.5417
x0 −1.5417 1.0417 2.5417
x1 −0.5417 1.5417 3.5417

We now have the following information regarding the three zeros, say u, v and w, of f ′(x):

u < α, α < v < β, β < w.

We apply Müller’s method ([1, pages 91, 92]) to compute the zeros of f ′(x) by using the three sets of
starting values given in tables 3 and 4. Note that in table 4, we could also use numerical starting values
derived from table 3 and obtain similar results. Without showing all the details of the computations,
we obtain the following zeros for f ′(x):

u ≈ −1.5, v ≈ 1, w ≈ 2.

By a similar argument as before, we now know that f(x) has local extrema at u, v, and w. Since
f ′′(u) ≈ 35, f(x) has a local minimum at −1.5. Similarly, since f ′′(v) and f ′′(w) are approximately
−10 and 14 respectively, f(x) has a local maximum at 1 and a local minimum at 2. This leads us to
infer the following regarding the zeros, say r1, r2, r3, and r4, of f(x):

r1 < −1.5, −1.5 < r2 < 1, 1 < r3 < 2, and 2 < r4.

Table 5: Starting values for Müller’s method to compute ri, i = 1, 2, 3, 4
Starting values for r1 for r2 for r3 for r4

x2 −3.5 −1.5 1 2
x0 −2.5 −0.25 1.5 3
x1 −1.5 1 2 4

We again apply Müller’s method ([1, pages 91, 92]) to compute the zeros of f(x) by using the four sets
of starting values given in table 5. Without showing all the details of the computations, we obtain
the following zeros for f(x) with an accuracy of 10−3:

r1 ≈ −2.4321, r2 ≈ 0.5798, r3 ≈ 1.5208, and r4 ≈ 2.3315.

We finally verify that they exhibit the required accuracy. In all four cases the computed zeros yield
function values that are less than 10−3, as given in table 6.
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Table 6:
i ri f (ri)
1 −2.4321 5.9169× 10−5

2 0.5798 −5.1708× 10−5

3 1.5208 5.2297× 10−4

4 2.3315 5.7436× 10−4

Summarising, f(x) has zeros at ri, i = 1, 2, 3, 4, local minima at −1.5 and 2, and a local maximum
at 1.
Using the information obtained above, we obtain the rough graph in figure 2.
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Figure 2: Rough graph of f(x) = x4 − 2x3 − 5x2 + 12x− 5 on [−2.5, 2.5]

(2.1)

Note that modification to this question is given in the list of errata. From the
remarks given above, options (1), (2), (3) and (4) are true (thus not correct for the
question). Moreover, option (5) is false since the local extremum for f ′′(x) at x = 0.5 is
actually a local minimum. Thus the correct option is option (5).

(2.2)

A direct implementation of the Müller’s algorithm to find the zeros of f ′(x) algorithm
leads to the fact that the correct option is option (1).

(2.3)

Note that modification to this question is given in the list of errata. From the
remarks given above, and from the graph of f(x), it is clear that options (1), (2), (3)
and (4) are false, and thus the correct option is option (5).
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(2.4)

A direct implementation of the Müller’s algorithm to find the zeros of f(x) algorithm
leads to the fact that the correct option is option (2).

(2.5)

Note that modification to this question is given in the list of errata. A direct
implementation of the Müller’s algorithm to find the zeros of f(x) algorithm leads to
the fact that options (1), (2), (3) and (4) are true, and thus the correct option is
option (5).

(2.6)

Secant method starts with two initial points and determines the next approximation
by considering the intersection of a line with the x−axis, whilst Müller’s method starts
with three initial points and determines the next approximation by considering the
intersection of a parabola with the x−axis. Therefore Müller’s method might yield a
complex root since a quadratic equation (equation of a parabola), with real coefficients
might have complex roots. However, secant method always yields a real root (if it
converges) since a linear equation with real coefficients has (at most) one real solution.
Thus the correct option is option (3).

Table 7: Summary of Correct Answers
Question: (1.1) (1.2) (1.3) (1.4) (2.1) (2.2) (2.3) (2.4) (2.5) (2.6)
Answer (5) (3) (5) (4) (5) (1) (5) (2) (5) (3)
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