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QUESTION 1 [25]
Question 1.1
Consider the following propositional symbols and their intended meanings
p . It 1s windy
q Itis cloudy
r There 1s a dust storm
s There 1s a hail storm
t Temperature 1s above 20°C
(1) Express the following declarative sentence 1n propositional logic using the propositional symbols
as given above
There 1s a hail storm only 1f 1t 1s cloudy and the temperature 15 not above 20°C (2)

(n)  Express the following propositional logic formula in Enghsh where the propositional symbols g, r
and s have the meamngs given above

pa(t—n )

Question 1.2

Use the basic natural deduction rules for propositional logic to prove the valhidity of the following sequents

W gq-rF (o > @E-o0 (6)
(n) q—=2{p—1)rq }— - p (6)
Question 1.3

Show that the following sequent 1s not valid by giving an appropnate valuation

po>(—qgvr), -r F —qg—- —=p 4)

Explain why your valuation proves that the sequent 1s not vald.

Question 1.4

Use the HORN algonthm to prove that the following Horn formula 1s satisfiable Show each step

(TopAP=2>DAPATOQPArAg— 1) (5)
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QUESTION 2 [37]
Question 2.1

Consider the following predicate, constant and function symbols and their intended meanings.

S(x) X 18 a soccer player
R(x) X 18 a rugby player
C(x) X 18 a sport club
W(x) X Wins
P(x, y) x plays for y
M(x, y) x plays against y (think of M as indicating a match)
a Angelina
b Ben
1 Lavender team
b(x) brother of x
(1) Express the following predicate logic formula in English, where the symbols have the meanings as

given above
Vx (C(x) = Jy (Cy) A Mx,y) A 7 W(x))) 3)
()  Express the following declarative sentence in predicate logic using the symbols as given above

If Angelina’s brother plays for some club, all rugby players play for the Lavender team  (3)

Question 2.2

Let
o A,BandP be predicate symbols, with 1, 2 and 3 arguments respectively,
e a b are constant symbols, and
* X,y are vanables

State which of the following are well formed formulas

1) V¥xJadb P(x, a, b)

() (Vx(A(x) = B(x, y))

(1) IX(AX)AV BX,y)

(1v) P—A

(v) (=P aa) (5)
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Question 2.3

Consider the following formula ¢ where P 1s a predicate symbol with two arguments and Q 1s a predicate
symbol with three arguments

(IxP(x,y) v IyP(x,¥)) = VzQX,,2)

{1 Draw the parse tree of ¢ 3
(11}  Mark the free and bound vanables on the tree 2)
(m)  Let f be a function with one argument Is f(x) free for y in ¢? Explain your answer (2)
Question 2.4

Using the basic natural deduction rules for predicate logic, prove the vahdity of the following sequent

Vx(AX) v B(X)), YXx(A(X) = C(x)), Ix=Cix) |- Jdx B(x) (9)

Question 2.5

Let ¢ be the following formula
VxVy[R(x,y) = (R(x,x) A ~R(y, y))]

(1) Show that ¢ 1s satisfiable by constructing a mathematical model (where the universe A of concrete
values 1s the set of positive integers) and a non-mathematical model (where the umiverse A of

concrete values 1s {a, b, c}) Explain why your models satisfy ¢ (5)

() Show that ¢ 1s not vahid by constructing a mathematical and a non-mathematical model (where the
umverse A of concrete values 1s the same as for (1)) Explain why your models falsify ¢ (5
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QUESTION 3 [38]
Question 3.1

Consider the following Krnipke model with worlds x;, X2, X3 and x4

" o ’

(1)  For each of the following relanons, determine whether it holds 1n the above Knpke model and give
reasons for your answer

a x lfo¢g
() x; fop—-p

() x3 |r00p

(d xs folpvy (8)
(1)  Wnte down any modal logic formula containing at least one modal connective which 1s not valid but

1s true 1n the above Knipke model Explain your answer &)
Questien 3.2

Suppose we want to re-engineer basic modal logic to fit the following reading of 0 ¢
o¢  The agent believes that ¢

For each of the following two formulas, state whether it should be valid or not and explain your answer 1n
both cases

1 ¢—->00¢ 3)
m) o¢ —-ood (3)
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Question 3.3

Say we interpret the modal operators 0 and ¢ to represent the temporal notions "always" and "sometime”
(1n the future) respectively, and say we interpret the propositional letters p and q to mean "I will be nich”
and "I will be happy" respectively

(1 Express the following modal logic formula 1n English

op—>0-gq (2

()  Translate the following declarative sentence into modal logic

Even though I will never be rich, sometime 1n the future I will be happy (3)
Question 3.4
()] Express the following modal logic formula in English where K, 1s read as “Agent 1 knows that”
Kip ~n K, Kzg 2)

(1)  Express the following sentence in modal logic where K, 1s read as “Agent 1 knows that”

Not every agent knows not q (Assume there are 5 agents ) 3)

Question 3.5

Using the basic natural deduction rules, the G 1ntroduction and elimination rules of the basic modal logic K
as well as the following three additional rules for KT45

o¢ od -0¢
— T 4 5
) ood o-o¢
prove the validity of the following sequent
o(p—q |‘|cr4s =O-p — ~O0q 9
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