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@uestlon 1 Context Free Grammars [16]|

(a) Determine a regular expression for the language L over the alphabet {2, b} that con-
sists of all words that start with an « and contain at least one aba substring Note that
the first a of the word and the first « In the aba substring may not be the same a
Example of words in the language are
aabaa, aabaaa abbbbbabua, abababbbbb, abbbbbbabbbbbbbababbbbbba etc

Examples of words that are not in the language are
a, aba, bbab, aabba, aabbbbabbbb, bbaaaabbb, baabbbbaabb etc (2)

(b) Design a deterministic finite automaton (DFA) that will recognise all of the words in £
as defined above (4)

(c) Use Theorem 21 to develop a context-free grammar (CFG) for the language L (4)

[TURN PAGE]
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(d) Convert the following CFG to Chomsky Normal Form (CNF)

Step 1 Kilhing A Productions

S —=YabZ [bXZa
X —=bY|A

Y = aX
Z—=XY |A

[TURN PAGE)
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Step 2 Kiling Unit Productions

Step 3 Chomsky Normal Form
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| Question 2 Pushdown Automata [10]]
Build a deterministic pushdown automata (DPDA) that accepts the language

L = {(ab)™*2(bb){ba)™ | m > L} over the alphabet © = {a, b} (10)
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Question 3 Pumping Lemma [12]]
The pumping iemma with length for context-free languages (CFLs) can be stated as follows
Let Z be a CFL generated by a CFG in CNF with p hve productions
Then any word w in L with fength > 27 can be broken into five parts
W = Uy
such that
length(vzy) < 27
length(z) > 0
length(v) + length(y) > 0
and such that all the words wu™zy™z with n € {2,3,4, } are also in the language 7.

Use the pumping lemma with length fo prove that the language

L= {{a)"*!(8)*(aa)™? | n > 1}

over the alphabet £ = {q, b} 1S non-context-free (12)

The first step of the proof requires that we should assume that the language L i1s context-
free

Next we need to choose a suitable word, say w from L which 1s long enough
Choose an appropriate word to pump.

The next step of the proof requires us to show the possible ways that the word w can be
split up and still meet the restrichons listed above

List the cases which need 1o be considered.

Case 1

Case 2

[TURN PAGE]
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Case 3

Case 4

Caseb
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Once we know what the cases are, we need to argue that each case would lead to a
contradiction of our oniginal assumption

Argue how each case above would lead to a contradiction of our assumption.

Case 1

Case 2

Case 3

[TURN PAGE]
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Case 4

Case 5

Now complete the proof
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lOUGStIOH 4 Closure [@
(a) Consider the language L generated by CFG1 given below
S = AabaB
A ad|A
B-obB|A
The language 18
1 regular and context free,
2 nonregular and context free? (1)

Wnite the number for the correct option below

[ ]

(b} Explain why you made the selection in part (a) above (2)

(c) Consider the language I generated by CFG2 given below

S — ABSAB | A
A=a
B—b

The language 1s

1 regular and context free,
2 nonreguiar and context free? M

Write the number for the correct option below

|

(d} Explain why you made the selection m part ¢ above 2)
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(e) Use the CFGs from the question above (a and ¢) to generate a CFG that generates

the product language 7,

@)

s L,

1 regular and context free
2 nonregular and context free
3 noncontext free?

Write the number for the correct option below

[

(g) Are context free languages always closed under product?
Explain your answer

(3)

[TURN PAGE]
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| Question 5 Decrdeabihty {61
Use the reformulated version of Theorem 42 to decide whether the grammar given below
generates any words (6)

S -5 AB
A BC
C —= DA
B—-0CD
D—a
A—=b

Step -1. Is S nullable?

Step 0: Convert the CFG to CNF

(s there a production of the form S — ¢ where ¢ 1s a terminai?

Step 1.

Step 2:

[TURN PAGE]
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Question 6 Tracing a Turing Machine [71]
Consider the Turing Machine (TM) T (over the input alphabet © = {«, b}) given beiow.

g (AR NGB

!"LE'L

(AT, L)

(a, 4, R)
@e k)
(2 a, R)
(b,b, R)
(A, A, R)

Hint Trace the execution of the TM on a few strings of s and bs so that you can see how

it works.

(a) What s the shortest word that would be accepted by 7°? (1)
(b) What 1s accept(T)? (2)
(¢) What I1s reject(T")? (2)
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{(d) What 1s loop{(7)? (1)

() What s left on the tape if 7" halts? (1)
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LQuestlon 7 Building a Turing Machine i 4][

Build a Turing Machine {TM} that

« accepts all words in {{a)*(0)" | n > 1},
s loops forever on all words starting with &, and
» rejects all other words

Assume that the alphabet is £ = {q, b}

Hint
Write out your solution as high level pseudocode before you start drawing your TM This
will help you to formulate an approach to solving the problem (14)
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Additional space for answering Question 7
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| Question 8 2PDA [10]
Consider the partially complete 2PDA given below This 2PDA, when complete, should
recognise the language L as defined below

L = {(ab)**'b(a)"(b)" | n > 0} (Assume that the alphabet 1s = = {a b} )

}AA

S

Accept
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(a) What 1s the purpose of the section of the 2PDA illustrated in box A?
Explain your answer clearly (3)

(b} What s the purpose of the section of the 2PDA illustrated in box B?

Explain clearly what i1s being done here and how 1t affects or 1s affected by the overall
design of the 2PDA (3}

[TURN PAGE]
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{c) Complete the 2PDA by showing what should be included in Box C of the diagram
shown above

Note that the edges shown in the diagram are the only edges that are needed between
what 1s outside of Box C and what is needed inside Box C (4)

[TURN PAGE]
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|Question 9 Turing Machine Encodings 191
Consider the Turing Machine 7' given below

(b, b, R) (a,a, R)

{a) Convert T into a summary table (3}
1
2
2
3
3
3|
(b) Convert T into CWL (code word language) (3)
|
(c) Which language is accepted by T'? {1)
(d) Does the code word of T belong to ALAN? (Motivate your answer) (2)

Note that the definition provided for ALAN 1n Cohen holds for question 9(d)
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Question 10 Computability 3]/
Suppose that you are given the function tophat(z) as defined below
0 fzeNis <30
1 fzeNis=31
tophat(z) = ¢ 4 fz e Nissuchthat32 <2 <38
1 fzeNis=39
0 feecMNis> 40
Is this function Turing-computable?
Explain your answer (3)

Total: 100
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