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Memo for Assignment 5 52 2017

Basics of differential geometry (§ 3)

Question 1: Arc length

The equation for a length of a curve in an Euclidean plane can easily be generalized to give
the length of a curve that exists in Euclidean (normal) three dimensional space. The length

of such a space curve is given by
/2
Q “Q d\? dy 2 dz\> '
L (P = dl = = - had d
pa=ffa= (&) (@) (&)

Consider the circular helix described by = = sinwu, y = cosw and z = u/10 with the points P

and Q defined by the points where up = 7/2 and ug = 157/4 as shown in the figure below.

What is the length of the curve between points P and Q in arbitrary units?

e 18.79

o 13.42
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e 10.26*
e 10.31

e 1.02

First we calculate the derivatives of the Cartesian coordinates with respect the the parameter

u.
de 4 (sinu) = cosu
du — du B
& _ 4 (cosu) = —sinu
du — du B
2o L2
du — du\10/ 10

The length of the helix is then given by
1/2
“Q dz\? dy 2 dz\>
L (P = — — — d
o= [H((5) (@) (7)) =
157 /4 1\ Y2
= 2 in? — d
/Tr/2 (cos U+ s u + 100) U
157 /4 1\ Y2
= / (1 + —) du
157/4 101 1/2
= / (—) du

B \/157r/4 \/10_1 g

u=157/4
V101

10

u=m/2
B v 101 /157 v 101 <7r>
10 4 10

2
137101

40
= 10.26
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Question 2: Metric tensor

The line element for a certain two dimensional Riemann space is given by
dI? = dr® + 2rsin ¢drdg + r’de¢?® .

What is the metric tensor of this space?

1 2rsin ¢
[ J
2rsing 1’
. 1 rsing \
rsing  r?
rsin ¢ 1
[ ]
1 rsin ¢

r2 2rsing
0 1

1 0
2rsing r?

The line element for a general Riemann space is given by

i’ =) gyda'da’

,j=1

Since we are considering a two dimensional space (n = 2), we can can expand this to

dl? = gndatdz! 4+ grodr'da® + gnda*det + gooda?da®

Choosing ! = r and 22 = ¢, we get

di* = gidr* + giadrdd + ga1dedr + gaadg®

The metric tensor must be symmetric. (This ensures that the distance from the point P to

the point  will be the same as the distance from point Q to point P.) This means that
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we must have g9 = ¢o;. From the given line element, we can see that we have g1, = 1,

g12 = g21 = rsin¢ and gop = 7. Putting this in array format gives

1 7 sin ¢
rsing 1’ '

Question 3: Kronecker delta

The sum

is equal to...

The definition of the Kroneker delta is
1 if =3
5y = ’
0 if 2#y

It is a very common mistake to say that this sum is equal to 1. But it is a sum over number
of components equal to 1 and the answer will depend on the number of dimensions you are

working in. In this case

Zdii = 011 + 022 + 033

= 1+1+41
= 3
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Question 4: Covariant and contravariant forms of vectors
Equation 2.70 in the textbook is written for four dimensional Minkowski space and gives

a rule to determine the covariant form of a vector if the metric and contravariant form is

known. This same equation written for a general two dimensional space is

2
=1

Use this to determine the covariant form of [A?] in two dimensional space described by the

surface of a unit sphere. The metric tensor (with z! = 6 and 2? = ¢) for this space is

1 0
193] = < 0 sin?6 )
4] = ( ] /4) |

and let

° A= 17;2)
(=G )
» A= 7:;2)
()
()

Expanding the given equation for determining the covariant components of [A?] gives

2
4; = Z giin
i=1

= 913’141 + g2jA2

[ ]
=
I

5
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From the information given in the question, we know that g;1 = 1, g1o = go1 = 0, gos = sin? 6,

Al = 7 and A? = 7/4. The covariant components are then given by

A = gnA' +gn A’
= (1) () +(0) (7/4)

= T

Ay = gAl + g A®
= (0) () + (sin®6) (/4)

T .
= —sin“d
4
You could also have computed it with

[Ai] = [gi] [A)

B 1 0
B 0 sin%6
B T

N % sin® 6

Question 5: Riemann tensor

NERE
N——

Calculate R, of the right helicoid shown below that is parametrized as

T = UCOSV
Yy = usinuv
z =

where c is a constant and z' = u and z? = v if it is given that the only non-zero Christoffel

coefficients for the surface are
2 _ 12
[y = Iy =

1 —
I‘22 -
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(c? —2u?) (u? + cz)_z*

o —2(u+c2)7?

e (e

-2

o —u(c®+u+u?) (u?+c?)

o —u(u?+c2)?

Using equation 3.35 in the textbook, the element R',, of the Riemann tensor is given by

ar’ arl - -
R1221 — 21 22 + Z F Fl Z F Fl

0x?
ort ort
= 83:31 B 212 + (P121F112 + F221P122) - (F122F111 + F222F121)

Substituting all the zero Christoffel symbols, this reduces to

GF o'y
ol

R1221 + F F122

Substituting the given values for the non-zero Christoffel symbols and using z' = u gives

Rl B _2 —u n u —u
2L Ju \u? + ¢ u? +c2 ) \u? 4 c?

?—u? u?
- (2 —|—02)2 - (u2 +02)2
_ ? — 2u?
(u? + 02)2



