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QUESTION 1

11 Consider the following proportionally growing population The birth rate 1s 0 1 births per popula-
tion member per year There are no deaths but, at the end of each year 50 % of all the population

members who were present at the beginning of the year move out

(a) Write down the difference equation to model the population Use P, to denote the number of

population members present at the end of year n
(b) For which imitial population values Py does the population stay constant? Justify your answer

{c) Assume that we change the birth rate from 0 1 to ¢ births per population member per year
What should the value of ¢ be, to ensure that the population size will stay constant if the
uutial population size 18 Py = 10 0007 Justify your answer {10)

1 2 Consider the population model given by the differential equation

dP

— = —2P? 4 4P - 2
dt +

(a) Which of the following claims are TRUE, and which are FALSE? In each case, justify your
answer
(1) This population grows according to the logistic model
(u) If the population siarts at Py = 0, 1t will forever stay at zero
(1) The limt population size 1s 2

(1v) The population here will grow without bound

{b) Draw rough sketches of the solution curves starting from the following two initial points
(1) Po=05,
(n) =3 (15)

[25]

QUESTION 2

Assume that paraffin and diesel are mixed together 1 a tank with a capacity of 1000 htres Pure diesel
1s pumped 1nto the tank at a rate of 20 litres per day while pure paraffin 1s pumped 1nto the tank at the
rate of 60 hires per day The mixture in the tank 15 always kept well mixed together, and 1s pumped out
at a rate of 80 hitres per day Let X; denote the amount of diesel in the tank on day ¢, measured 1n litres

(a) Wnite down the differential equation for X,
[TURN OVER]
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(b) If Xo = 500, solve the differential equation for X; m (a) above, to detetmine the muitial rate of
change of the amount of diesel 1n the tanks

(c) Prove that for any imtial value Xo, as ¢ increases, X will converge towards the vaiue 250 hitres

[25]
QUESTION 3
31 Consider the model J
Y
JCA
— = Iy
where the phase line of the model 1s given as follows
o ) o )
Ry Z vy )
-2 -1 0 2
(a) Draw a rough sketch of the function F (5)
(b) Draw a rough sketch of the solution curve y(t), if the imit:al value 15 y(0) = 1 (5)

32 An autonomous differential equation can be written as

dx
E—F(-"?)

where F'(x) 15 a function of x An example could be F (x) = x

(a) Give an example of a function F(z) for which the differential equation has no equilibrium

points

(b) Gtve an example of a function F(z) for which no solutions to the differential cquations will
grow without bound

(¢} Give an example of a function F(r) for which the differential equation has one unstable
equilibrium pomt at = = 0 and one stable equilibrium point ai £ = 1, with no other equlibrium
points

[TURN OVER|)



4 APM1514
October/November 2017

(d) Give an example of a function F(z) for which the rate of change of z (¢), the solution to the
differential equation, 1s equal to 10 when z = 1 and equal to 5 when z = 2

(15)
[25]

QUESTION 4

Draw the phase diagram of the system

dzx

= = 3-92

i 3 -2y,

dy

@ -

You should include all four quadrants of the zy—plane For full marks, all the following must be given 1n
your answer The 1soclines and all the equilibrium points, and the signs of dz/dt and dy/dt in different
parts of the zy-plane In addition, the following must be correctly and clearly annotated i your phase
diagram The coordinate axes, all the 1sochines, all the equilibrium points, the allowed directions of
motion (both vertical and horizontal) in all the regions mto which the isochines divide the zy-plane,
direction of motion along 1sochnes, where applicable, examples of allowed trajectories in all regions, and
examples of trajectories crossing from a region to another whenever such a crossing 1s possible

Specify also which equilibrium points of the system are stable and which are unstable Justify your
answers

[25]
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