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QUESTION 1

1 (a} A difference equation 1s given by
Uy = a
(1) Find all the equlibrium pomnts of the systemn
(n) Find the solution to the system, when the mmtial value 15 ag = 3

(b} Solve the mutial value problem

dy .
Y=0-y). y@)=0 (15)
2 Find the solution to the following

dy

T gy -1, =0 0

== y(2) (10)
[25]

QUESTION 2

1 (a) Assume that a Malthusian population decicases by 10 percent each year How long does 1t
take for the population to dewiease to hall of 1ts utial swwe?

(b) Assume that a radioactive substance decays fiom 6 g to 1 g 1n 500 vears

(1) How long does 1t take until only 5% of an original quantity Ny 15 present?

(1) If today there 15 1 kg of the substance present, how much was there 2000 years ago?
(10)

2 A flu infection 1 spreading 1n a school of 2000 pupils Let X (t) denote the number of pupils who
have the flu after t days Assuine that the epidemic model for the spread of the flu mfection 15
modelled by the followmg two differential equations

(A) % = a(2000)

dX
— =a (2000 - X
(B) 7 a (2000 - X)

where 2 15 a positive constant,

(2} Draw the phase line of the model

(b) Explam how the models differ fiom each other - Whiehh model 15 mote realistic?  Justify your

answor!

(15)
[25]
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QUESTION 3

1 A cake with the mutial temperature 20°C 15 placed 1n an oven, the temperature of which 1s kept at
190°C Assume that the cake heats up n such a way that the rate of change of the temperature
T'(t) of the cake 1s directly proportional to the difference between the temperature of the oven and
the temperature of the cake After 30 minutes the temperature of the cake 15 100°C

{a) How long does 1t take for the cake to reach the temperature 120°C?
(b) What 1s the imtial rate of change of the temperature of the cake?

(c) How long does 1t take until the rate of change of the temperature of the cake has dropped to
0 5°C per mnute”’

(10)
2 Conwsder the model 4
¥
Mg
= = Fly)
where the phase line of the model looks as follows
o o Pu o
2 S Ly L
-2 -1 0 2
{a}) Draw a rough sketch of the function F (8)
{b} Draw a rough sketch of the solution cumve y(¢) 1 the uutial value 1s y(0) = 1 (7)
{25]
QUESTION 4

1 The following differential equation 1s suggested to model the heating up of an obect subjected to

a 1adiation source
dT

dt
wheie k15 a positive constant, T'(¢) 1s the temperature of the object, and « 15 the temperature of
the radiation source

k(T - a)?

{a) In thus model, desciibe how the temperature of the object behaves, 1n each of the following
three cases Justiy vour answers in each case

() ET >,
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() of T = e,
) AT <«

(b) According to this model, what happens i T (0) = 07

(c) Is this a special case of the logistic madel” Justify yow answer (10)

Z Dtaw the phase diagiam of the svstem

dir _

a -
dy

= = -1
at +

You should melude all four quadrants of the ay—plane For full marks, all the following must be

given 1n your answer The wsoclines and all the equbbrium ponts, and the signs of dr/dt and
dy/dl wm different parts of the ay-plane In addition, the following must be correctly and clearly
annotated 1 youwr phase diagram The coordinate anes, all the soclhines all the equilibriutn ponts,
the allowed directions of motion (both vertical and honizontal) 1n all the 1egions mnto which the
1sochines divide the ry—plane, direction of motion along wochnes, wheie applicable, examples of
allowed trajectories 1n all regions, and examples of trajéctones crossing fiotn a region to another,

whenever such a crossing 18 possible

Specify also which equilibtiiun ponts of the system are stable and wlhich are unstable Justify your

answeis'

You do NOT have to hist the possaible outcomes of the system, bevond the stabihty of the equilibiium
poutts {15)
[25]
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