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1 Assume that a proportionally growing population has a birth rate of 0 1 births per population member
per year and a death rate of 0 2 deaths per population member per year At the beginning of each
year, 20 000 new members enter the population

(a) Write down the difference equation to model the population Use P, to denote the number of
population members present at the end of year n

(b) If the current population size at year n 15 0, 1s the population increasing or decreasing? Justify
your answer!

(c) If the current population size at year n 1s 100 000, 1s the population increasing or decreasing?
Justify your answer!

(d) If the current population size at year n 15 500 000, 1s the population mcreasing or decreasing?
Justify your answer!

(e) Is there any 1mtial population size Py > 0 from which the population wall die out? [15%)]

2 (a) Find the solution to the following

dz 1
Ezl—Qm, 56(2):5

(b) Which of the following statements are true and which are false? Justify your answers!

(1} If a rachoactive substance decays from M to N in tume T then 1t decays from M to 1V in
time 27
(1) In the Malthusian model, if £ > 0 then the eqmbbrum pomnt 15 positive
(m) In a predator-prey system, neither the predator nor the prey can ever die out
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(iv) For an autonomous differential equation

dx

= F(z

dt ( )!

equilibrium points are the points where F' (z) neither increases nor decreases.

(v) Assume that populations A and B both grow according to the Malthusian model both with
non-zero imtial populations If ka4 > kg then regardless of the imtial population sizes,
eventually population A will be larger than population B

(v1) Assume that populations A and B both grow according to the Malthusian model both with
non-zero nitial populations If k4 > kp then at any given time ¢, population A grows faster
than population B [20%]

3 (a) The population of a town obeys the Malthusian model, with k = —0 023 and time measured in

years
(1) How long does 1t take for the population to reach 50% of its original size?
(n1) If the town has 10 people today, when was there 10 000 people?
(ni) How long does it take for the population to decrease by 1000 people, if the imtial population
was 20 0007
(b) A logistically growing population has growth constants a = 0.01, b = 0 005, with ¢ measured 1n

years, and the 1mtial population size 18 Py = 20 The solution in the logistic model 1s given by
a

b+ (,%0 \ b) ot

(1) What is the mitial rate of growth of the population?

(ii) For which population size does the population grow at the fastest possible rate? (17%)]

Pt) =

4 The spread of an infection 1n a commumty is modelled by the following differential equation.

dX
—d? = GX(X - 200),

where X (t) 1s the number of infections after ¢ days and a 1s a positive constant

(a) Draw the phase line of the system
{(b) Use the phase line to answer the following questions Justify your answers!

(i) In this model, will the number of infected people always grow without bound?

(1) In this model, 1if there are imtially only few infected people, will the mnfection then die out
(1e X (¢) will approaches zero)?

(i) Is this a special case of the logistic model? [14%]
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5 A cake 15 baked in an oven, the temperature of which 1s kept at 220°. Imtially the cake has the
temperature 25° Assume that Newton’s law of cooling/heating up apphes

(a) Explamn why we do not have enough information to find the value of the constant &

(b) If k = 0 08 (time measured 1n minutes), how long does 1t take for the cake to reach the temper-
ature of 100°7?

(c) If k=008 (tine measured 1n mnutes), what 1s the rate of change of the temperature of the
cake after 60 minutes?

(d) At what time 1s the rate of change of the temperature at 1ts highest? [14%]

6. Draw the phase diagram of the following system

dz
il
dy
T S

You should nclude all four quadrants of the zy-plane For full marks, all the following must be given
n your answer The 1sochnes and all the equlibrium points, and the signs of dz/dt and dy/dt 1n
different parts of the zy-plane In addition, the following must be correctly and clearly annotated
m your phase diagram. The coordinate axes, all the isoclines, all the equilibrium points, the allowed
directions of motion (both vertical and horizontal) in all the regions into which the 1soclines divide the
zy—plane, direction of motion along isochines, where applicable, examples of allowed trajectories in
all regions, and examples of trajectories crossing from a region to another, whenever such a crossing
18 possible

Specify also which equilibrium points of the system are stable and which are unstable Justify your
answers!

You do NOT have to hst the possible outcomes of the system, beyond the stability of the equihbrium
points [20%]

©
UNISA 2013

https://www.coursehero.com/file/17018102/APM 1514-2013-6-E-1/


https://www.coursehero.com/file/17018102/APM1514-2013-6-E-1/
http://www.tcpdf.org

