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1 (a) Solve the following different1al equation

dy
LA Y
p7 2 —y

(b) Solve the following nitial value problem

L k10, p0)=5

(c) Consider the difference equation
Qnt1 = 3a, + b
(1) For which value of b 1s & = 1 an equilibrium pomt of the difference equation?
(n) For which value of b can be have ag = 1, ap = —3°?

(d) Formulate a difference equation to model the amount of money 1n a bank account mn the following
case At the end of each month, the bank account pays interest at a rate of 5 % on the amount
of money that was 1n the account during the month An amount of R500 1s added to the bank
account at the beginning of each month, and one third of the amount available on the bank
account 1s withdrawn at the end of the month, after the interest has been paid [17]
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2. In the model of radioactive decay, which of the following statements are true and which are false?
Justify your answers!

(a) The time 1t takes for a quantity of radioactive matenal to decay from 300g to 200g 1s the same
as the time 1t takes for the same material to decay from 200g to 100g

(b) The time 1t takes for a quantity of radioactive material to decay from 100 kg to 10 kg 1s ten
times longer than the time it takes for the same matenal to decay from 10 kg to 1 kg

(c) How much of the material 1s left after a given length of time T does not depend on the imutial
amount of material, but only on T" and the constant of decay, &

(d) If the half-hfe of a certan radioactive material 1s 50 years, then after 100 years all the material
will be gone (The half-life of a material 1s defined to be the time interval after which only half
of the oniginal quantity remains )

(e} If the haif-life of material A 1s twice as long as the half-life of material B, then 1t also takes
twice as long for material A as 1t takes for matenal B to decay until only 10% of the ongnal
quantity is left (13]

3 Consider the model
- =@

where the function F looks as follows

'eq/

(a) For which values of y does the solution y(t) decrease?
{b) Draw a phase line for the model

(c) Draw a rough sketch of the solution curve y(t) if the mitial value 15 4(0) = —05, and if 1t 18
y(0} =15

(d) Can a solution curve ever increase without bound m this model? Justify your answer! [14]
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4 A population model 1s described by the differential equation

dP B
S —_AP-=
dt P

where A > 0 and B > 0 are constants Which of the following claims are true and which are false?

Justify your answers'

(a) The bigger the population gets, the faster 1t grows

(b) The population will never die out 1f 1t starts with an 1mtial population Py with Py > 0
(c) As P increases, population growth slows down due to overcrowding

(d} This model behaves more realistically than the logistic model for small population sizes

() This model behaves more reahstically than the logistic model for large population sizes  [16)

5 An object 15 dropped into a hqud which 15 kept at a constant temperature Assume that the

differential equation

dT
& —aB-T
7 =l )

holds when T'(t) denotes the temperature of the object at time ¢, with ¢ measured 1n minutes

(a) What 1s the temperature of the hqmd?
(b} Should a be positive or negative for the equation to make sense? Justify your answer!

(¢) If T(0) = Tp, what 1s the 1mtial rate of change of the temperature of the object? [8]

6 A tank with a volume of 100 htres 1s used to dissolve a chemical in water At time ¢ = 0 the tank
contains none of the chemical Water contaimng 0 1 kg of the chemical per litre flows into the tank
at the rate 2 litres per minute The mixture mn the tank 1s stirred thoroughly and the tank 1s kept
full at all times The mixture 1s pumped out at the rate of 2 litres per minute Let X(t) denote the
amount of the chemical (1n kilograms) in the tank after ¢+ minutes

{(a) Derive a differential equation for X (¢)
(b) Find the amount of the chemical in the tank after 10 minutes
(¢) Find the rate of change of the chemical m the tank after 10 mnutes

(d) Prove the following result Ast — oo, the concentration of the chemical in the tank converges
towards 0 1 kilograms per lhtre. (12}
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7 A system of differential equations 1s given by

de _ .2
G,
ay _ .3
at = Y

(a) Find the a- and y-1soclines

(b) Find the equilibrium points

(c) Draw the phase diagram of the system Indicate the directions of motion 1n all areas of the phase

line Sketch possible trajectories m the diagram Show what happens n all four quadrants of
the zy-plane

{d) Investigate the stabihity of all the equhbrium points [20]
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